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CHAPTER I. 

1. We leam from common experience that such sub- 
stances as air and water are characterised by the ease with 
which portions of their mass can be removed, and by their 
extreme divisibility. These properties are illustrated by 
various common facts ; if, for instance, we consider the ease 
with which fluids can be made to permeate each other, the 
extreme tenuity to which one fluid can be reduced by mixture 
with a largo portion of another fluid, the rarefaction of air 
which can be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility 
of fluid is unlimited : we find, moreover, that in separating 
portions of fluids from each other, the resistance offered to 
the division is very slight, and in general almost inappre- 
ciable. By a generalization from such observations, the 
conception naturally arises of a substance possessing in the 
highest degree these properties, which exist, in a greater or 
léss degree, in every fluid with which we are acquainted, and 
hence we are led to the foUowing 

Definition of a Perfect Fluid, 

2. A perfect fluid M un aggregation of partichs which 
yield cut once to the slightest effort made to separate themfrom 
each other. 

If then an indefinitely thin piane be made to divide such 
a fluid in any direction, no resistance will be offered to the 
diviflion, and the pressure exerted by the fluid on the piane 

B. H. 1 



2 DEFINITION OF A FLUID. 

will be entirely normal to it; that is, a perfect fluid is 
assumed to have no " viscosity," no property of the nature of 
friction. 

The foUowing fundamentaJ property of a fluid is there- 
fore obtained from the above dennition. 

The pressure of a perfect fluid is ahuays normal to any 
surface with which it is in contact 

As a matter of fact, ali fluida do more or less ofifer a 
resistance to separation or division, but, just as the idea of a 
rigid body is obtained from the observation of bodies in 
nature which only change form slightly on the application of 
great force, so is the idea of a perfect fluid obtained from our 
experiences of substances which possess the characteristics of 
extremely easy separability and apparently unlimited divisi- 
bility. 

The foUowing definition will include fluids of ali degrees 
of viscosity. 

A fluid is an aggregation of particles which yield to the 
slightest effort mode to separate them from each otker, if it be 
continued long en&ugh, 

Hence it foUows that, in a viscous fluid at rest, there can 
be no tangential action, or shearing stress, and therefore, as 
in the case of a perfect fluid. 

The pressure of a fluid at rest is ahoays norm^U to any 
surface with which it is in conta^ct 

Thus ali propositions in Hydrostatics are true for ali 
fluids whatever be the viscosity. 

In Hydrodynamics it will be found that the equations of 
motion are considerably modified by taking account of the 
viscosity of a fluid. 

3. Fluids are divided into Liquids and Gases; the former, 
such as water and mercury, are not sensibly compressible, ex- 
cept under very great pressures; the latter are easily com- 
pressible, and expand freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the 
latter elastic fluids. 



DEFINITION OF A FLUID. 3 

4. Fluids are acted upon by the force of gravity in the 
same way as solids ; with regard to liquida this is obvious ; 
and that air has weight can be shewn directly by weighing a 
closed vessel, exhausted as far as possible: moreover, the phe- 
nomena of the tides shew that fluids are subject to the 
attractive forces of the sun and moon as well as of the earth, 
and it is assumed, from these and other simiìar facts, that 
fluids of ali kinds are subject to the law of gravitàtion, that 
is, that they attract, and are attracted by, ali other portions 
of matter, in accordance with that law. 

Measure of the Pressure of Fluids. 

5. Consider a mass of fluid at rest under the action of 
any forces, and let A be the area of a piane surface exposed 
to the action of the fluid, that is, in contact with it, and P 
the force which is required to counterbalance the action of the 
fluid upon A, If the action of the fluid upon A be uniform, 

P . 

then -j is the pressure on each unit of the area A. If the 

pressure be not uniform, it must be considered as varying 
continuously from point to point of the area A, and if tsr be 
the force on a small portion a of the area about a giyen point, 

then — will approximately express the rate of pressure over a. 

When a is indefinitely diminished let — ultimately = /), then 

p is defined to be the measure of the pressure at the point 
considered, p being the force which would be exerted on an 
unit of area, if the rate of pressure over the unit were uni- 
form and the same as at the point considered. 

The force upon any small area a about a point, the 
pressure at which is p, is therefore pa + 7, where 7 vanishes 
ultimately in companson with pa when a (and consequently 
pcL) vanishes. 

6. The pressure at any point of ajluid at rest is the same 
in every direction. 

This is the most important of the characteristic properties 

1—2 . 



4 MEASURE OF THE PRESSURE OF FLUIDS. 

of a fluid ; it can be deduced from the fundamental property 
of a fluid in the foUowing manner : 

If we consider the equilibrium of a small tetrahedron of 
fluid, we observe that the pressures on its faces, and the im- 
pressed force on its mass, forai a system of equilibrating 
forces. 

The former forces depending on the areas of the faces 
vary as the square, and the latter depending on the volume 
and density varies as the cube of one of the edges of the 
solid, which is considered to be homogeneous, and therefore 
supposing the solid indefinitely diminished, while it retains 
always a similar form, the latter force vanishes in comparison 
with the pressures on the faces; and these pressures con- 
sequently form of themselves a system of forces in equi- 
librium. 

Let p, p' be the rates of pressure on the faces ABG^ BCD, 
and resolve the forces parallel to the edge 
AD; then, since the projections of the 
areas ABC, BCD on a piane perpendi- y 

cular to AD are the same (each equal to y^ 
a suppose), we bave ultimately, a^. — 

or P^'P* 

And similarly it may be shewn that the pressures on, the other 
two faces are each equal to p or p\ 

As the tetrahedron may be taken with its faces in any 
direction, it foUows that the pressure at a point is the same 
in every direction. 

7. The foUowing proof of the foregoing proposition is 
taken from Cauchy's Eoserdces*, 

Let P and Q be two points in a fluid at a finite distance 
from each other; about FQ as axis describe a cylinder of 
very small radius, draw a piane through Q perpendicular to 
QP, draw any piane through P, and consider the equili- 
brium of the mass PQ. 

* Seconde Année, 1827, p. 23. 



MEASURE OF THE PRESSURE OP FLUIDS. O 

The pressures on its ends and on its curved surface, and 
the impressed forces which act upon it, form a system of 
balancing forces. 

Let p, fi be the pressures at Q and P, a the area of the 

section Q of the cylinder, and -^ 

«' of the section P ; then the Q ^o (yf 

pressure |>'a' on the end P, " 

resolved parallél to the axis of the cylinder, is equal to ^a, 
and therefore 

p'a—pa= the impressed force, resolved parallél to QP. 

Now whatever be the direction of the piane through P, 
this impressed force, when the radius of the cylinder is in- 
definitely diminished, is ultimately equal to the impressed 
force on the portion QP of the cylinder cut ofif by a piane 
through P perpendicular to the axis*, that is, to 



/ 







where mf is the force on a particle m of the fluid at a dis- 
tance x from Q. Hence 

J 

or p' is Constant for ali positions of the piane through P. 

* The foUowìng considerations may complete this part of the proof : 

Let AB, A'B' he the two 

planes through P; p,p' the mean ___^ . 

denaities of APA\ BPB'\ and fT"~ ' 

/, / the acoelerationa of the ^1*1 

forces which are acting on these ^^ ■- "^ 

portions of fluid. 

Then the difference of the forces on QAB and QA'B' (the volumes of 
which are equal) 

= the difference of the forces on APA' and BPB* 

^{pT-pfì-yol.APA' 

^ò(pf),~aAA', 

/QP 2 

p/dx^— AA\d{pf), 
dir 

The forces being continuous, the last term is obvioasly evaneseent com- 
pared with the other quantities in the equation, and p' is therefore Constant. 
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6 TRANSMISSION OF FLUID PRESSURE. 

Transmission of Fluid Pressure. 

8. Any pressure, or additional pressure y applied to the 
s^urface or to any other pari of a liquid at resi, is transmitted 
equally to ali parts of the liquid. 

This property of liquids is a direct result of experiment, 
and, as such, is sometimes assumed. It is however deducible 
from the definition of a fluid. 

Let P be a point in the surface of a liquid at rest, and Q 
any other point in the liquid; about the straight line PQ 
describe a cylinder, of very small radius, bounded by the 
surface at P and by a piane through Q, perpendicular to QP. 

If the pressure at P be increased by p, the additional 
force on the cylinder, resolved in the direction of its axis, i» 
pa, a being the area of the section of the cylinder perpen- 
dicular to its axis, and this must be counteracted by an equal 
force pa at Q in the direction QP, since the pressure of the 
liquid on the curved surface is perpendicular to the axis. 
The pressure at Q is therefore increased by p, 

If the straight line PQ do not He entirely in the liquid, P 
and Q can be connected by a number of straight lines, ali 
lying in the liquid, and a repetition of the above reasoning 
will shew that the pressure p is transmitted, unchanged, to 
the point Q, 

9. In consequence of this property, a mass of liquid can 
be used as a 'machine' for the purpose of multiplying power. 

Thus, if in a closed vessel full of water two apertures be 
made and pistons Ay A' fitted in them, any force P applied 
to one piston must be counteracted by a force P' on the other 
piston, such that P' : P in the ratio of the area A^ : A, for 
the increased rate of pressure at every point of -4 is trans- 
mitted to every point of A\ and the force upon A^ depends 
therefore upon its area*. 

The action between the two is analogous to the action of 
a lever, and it is clear that by increasing A' and diminishing 
Ay we can make the ratio P' : P as large as we please. 

* Bramah's Press is an instance of the practìoal use of this property of 
liqnids. 
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10. The pressure of a gaseous fluid is found to depend 
upon its density and temperature, as well as upon the nature 
of the fluid itself. 

When the temperature is Constant, experiment shews that 
the pressure varies inversely as the space occupied by the 
fluid, that is, directly as its density. 

This law was first stated by Boyle, but it is a consequence 
of the more general law that the pressure of a mixture of 
gases that do not act chemically on each other is the sum of 
the pressures the gases would exert if they fiUed the contain- 
ing vessel separately. For doubling the quantity of gas in 
the vessel would doublé the pressure, and a similar propor- 
tionate change of pressure would take place for any other 
change of quantity. 

Hence ifp he the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature 
remains the same, 

p = kp, 

where A: is a Constant, to be determined experimentally for 
the fluid at a given temperature. 

K t; be the volume of the gas at the pressure p, and v 
the volume at the pressure p\ 

pv=p'v\ 

or pv is Constant for a given temperature. 

11. The Elobsticity of a fluid is measured by the ratio of 
a small increase of pressure to the cubical compression pro- 
duced by it. 

If V be the volume, the small cubical compression is 

o/o 

, and the measure of the elasticity is 

V 

d/p 

dv ' 
In the case of a gas pv is Constant, 

and .'. |) -f t; -^ = 0, 

so that the measure of the elasticity is equal to that of the 
pressure. 



8 MEASURES OF WEtGHT, MASS, AND DENSITY. 

If the relation between the elasticity and the pressure is 
given, we can deduce the relation between the pressure and 
the volume. 

For instanee, if we can imagine the existence of a fluid in 
which the elasticity is doublé the pressure, we have 

from which it follo ws that pv^ is Constant. 

Measures of Weight, Mass, and Density. 

12. The weight, mass, and density of a fluid are measured 
in the same way as for solid bodies. 

If W be the weight of a mass M of fluid, then, in accord- 
ance with the usuai conventions which define the units of 
mass and force, 

Tr=%. 

If V be the volume of the mass M of fluid of density p, 
then 

and ..*. W = gpV, 

For the standard substance, p = 1, and therefore the unit 
of volume of the standard substance is the unit of mass. 

If the unit of mass is a pound, the equation, W=Mg, 
shews that the action of gravity on a pound is equivalent to 
g units of force. The unit of force is therefore, roughly, equal 
to the weight of half an ounce, and it is called the Poundal. 

13. In the previous articles no account has been taken 
of fluids in which the density is variable; but it is easy to 
conceive the density of a mass of liquid varying continuously 
from point to point, and it wiil be hereafter found that a 
mass of elastic fluid, at rest under the action of gravity, and 
having a Constant temperature throughout, is necessarily 
heterogeneous : the density at a point of a fluid must there- 
fore be measured in the same way as the pressure at a point, 
or any other continuously varying quantity. 
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Measure of the density at any point of a heterogeneous fluid. 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such 
that the mass of a volume v is equal to m, or such that 

then p may be defined as the mean density of the portion v 
of the heterogeneous fluid, and the ultimate value of p when 
V is indefinitely diminished, supposing it always to enclose 
the point, is the density of the fluid at that point. 

14. To find the work done in compressing a gas. 

Let V be the volume of a gas at the pressure p, ds an 
element of the surface of the vessel containing it, and dn an 
element of the normal to ds drawn inwards. 

Then the work done in a small compression 

^pl^dsdn = — pdv, 
and the work done in compressing from F to F' 

V V 



EXAMPLES. 

(In these Ezamples g is taken to be 32, when a foot and a second are units.) 

1. ABCD is a rectangular area subject to fluid pressure; 
AB is a fixed line, and the pressure on the area is a given 
function (P) of the length BG (x) ; prove that the pressure 

at any point of CD is —r- , where a = AB. 

If J. be a fixed point, and AB, AD fixed in direction, and 
if ' AB = OS and AD = y, the pressure at (7 = , , . 



10 EXAMPLES. 

2. In the equation W=gpV, if the unit of force be 100 
Ibs. weight, the unit of length 2 feet, and the unit of time 
ith of a second, find the density of water. 

3. If a minute be the unit of time, and a yard the unit 
of space, and if 15 cubie inches of the standard substance 
contain 25 oz., determiue the unit of force. 

4. In the equation, W=gpV, the number of seconds in 
the unit of time is equal to the number of feet in the unit of 
length, the unit of force is 750 Ibs. weight, and a cubie foot 
of the standard substance contaius 13500 ounces ; find the 
unit of time. 

5. A velocity of 4 feet per second is the unit of 
velocity ; water is the standard substance and the unit of 
force is 125 Ibs. weight ; find the units of time and length. 

6. The number expressing the weight of a cubie foot of 
water is ^th of that expressing its volume, ^th of that ex- 
pressing its mass, and j^th of the number expressing the 
work done in lifting it 1 foot. Find the units of length, 
mass, and time. 

7. If the pressure of the atmosphere be the unit of 
pressure, the velocity of sound the unit of velocity, and the 
acceleration due to gravity the unit of acceleration, find 
roughly the unit of force. 

8. If a feet and b seconds be the units of space and time, 
and the density of water the standard density, find the rela- 
tion between a and b in order that the equation, W=gpV, 
may give the weight of a substance in pounds. 

9. A velocity of 8 feet per second is the unit of velocity, 
the unit of acceleration is that of a falling body, and the unit 
of mass is a ton; find the density of water. 

10. The density at any point of a liquid, contained in a 
cene having its axis vertical and vertex downwards, is greater 
than the density at the surface by a quantity varying as the 
depth of the point. Shew that the density of the liquid when 
mixed up so as to be uniform will be that of the liquid 
originally at the depth of one-fourth of the axis of the cene. 
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11. From a vessel full of liquid of density p is removed 
1/nth of the contents, and ifc is fiUed up with liquid of density 
a-, If this operation be repeated m times, find the resulting 
density in the vessel. 

Deduce the density in a vessel of volume V, originally 
fiUed with liquid of density p, after a volume U ot liquid of 
density a has dripped into it by infinitesimal drops. 

12. The density of a fluid varies from point to point; 
considering directions proceeding from a given point, prove 
that the density varies most rapidly along the normal to the 
surface of equa^ density containing the point ; and of direc- 
tions in the tangent piane to this surface, the tangents to its 
principal sections are tbose in which the rate of variation of 
density is greatest and least. 



CHAPTER II. 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS. 

15. Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at 
rest under the action of given forces, and let it be required 
to determine the conditions of equilibrium, and the pressure at 
any point. 

Let Xy y, z he the co-ordinates referred to rectangular 
axes, of any point P in the fluid, and let Q be a point near 
it, so taken that PQ is parallel to the axis of x. 

Take x + Bxy y, z, as the co-ordinates of Q ; about PQ 
describe a small prism or cylinder bounded by planes per- 
pendicular to PQ. 

Let a be the area of the section of the cylinder perpen- 
dicular to its axis, p the pressure at P, and p + Bp the pressure 
at Q. 

Then, a being very small, the pressure at any point of the 
piane P will be very nearly equal to p, and the pressure upon 
it will therefore be 

(p+7)a, 

where 7 vanishes in comparison with p when a is indefinitely 
diminished. 

We can therefore consider a so small that 7 may be neg- 
lected in comparison with p, and the pressure on the end P 
of the cylinder may be taken equal to pa, and similarly the 
pressure on the end Q equal to 

(p + Sp) OL 

If p be the mean density of the cylinder PQ, its mass 
= paSx, and XpaSx will represent the force on PQ parallel 
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to its axis, if X&m, YSm, Zhm be the components of the forces 
acting on a particle hm of fluid at the point xyz. 

Hence, for the equilibrium of PQ, 

(jp + 8p) a — pa = Xpahxy 

or hp = pXhx. 

' Proceeding to the limit when hxy and therefore 8p, is 
indefinitely diminished, p will be the density at P, and we 
obtain 

By a similar process, 

But dp^-^dx^- ^dy'\' j-dz\ 

,\ dp=^p(Xdx-¥ Ydy + Zdz) (a>, 

the equation which determines the pressure. 

16. The pressure is clearly a function of the indepen- 
dent variables x, y, and Zy and we know that 

d^p _ d^p (Pp _ d^p d^p _ d^p 
dydz dzdy ' dzdx ~~ dxdz ' dxdy dydx ' 

Hence we obtain from the preceding equations, 



(»■ 



* In the above proof , a is taken so small that its linear dimensions may 
be neglected in oomparison with Sx; that is, the change in p, corresponding 
to a change Òx in Xj is considered, nndisturbed by any alterations in y and z. 
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Performing the operations indicated we bave 

^dp^ydp^ /dY_dZ\ 
dy dz '^ydz dyj* 

ydp ^dp ^ /d^ dX\ 
dz dx "\dx dz ) ^ 

dx dy \dy daoj' 

Multiplying by X, F, Z, and adding we obtain 
^fdY dZ\ ^(dZ dX\ „/dX d7\ ^ , . 

as a necessary condition of equilibrium. 

The geometrical interpretation of . this equation is that 
the lines of force, 

dx _dy _dz 

can be intersected orthogonally by a system of surfaces. 

17. HoToogeneous Liquida, If the fluid be homogeneous 
and incompressible, Xdx + Tdy + Zdz must be a perfect 

. difierential in order that equilibrium may be possible. 

In other words, the system of forces must be a conser- 
vative system, and the forces can be represented by the space- 
variations of a potential function. 

We then bave, if V be the potential function, 

dp^ — pdV, 

and .-.^+7=0. 

P 

18. If, for instance, the forces tend to or from fixed 
centres and are functions of the distances from those centres, 
we bave 



x=s 



,|>(r)^}, F=2{^(r)^^|, Z=^[^(rf-^], 



where (a, 6, e) are co-ordinates of the centre to which the 
force <f> (r) tends. 
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Now r* = (a?-a)' + (y-6)» + (^-c)*, 

/. Xdx + Ydy + Zdz = 2^ (r) dr, 
and dp = /^S^ (r) dr. 

In this case, since 

it is obvious that the equation (7) is always satisfied, but it 
is not to be inferred that the equilibrium of a heterogeneous 
fluid is always possible with such a system of forces. 

When the density is Constant, the equations (/8) become 

dX^dX dZ^dY dX^dZ 
dy dx^ dy dz * dz dx' 

which are in this case always satisfied, and therefore the 
equilibrium of a homogeneous fluid under the action of such 
forces is always possible. 

19. Elastic Fluida, When the fluid is elastic, an ad- 
ditional condition is introduced, for, if the temperature be 
Constant, 



:. ^ = \{Xdx+7dy + Zdz) (S). 



k 

If the forces are derivable from a potential F, i.e. if 
Xdx + Ydy 4- Zdz be a perfect diflferential — dF, 



:. A;log^=-F, 



OT p = Ce * , and P = t « * . 
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When the forces tend to fixed centres and are functions 
of the distances, Art. (18), this equation takes the form 

P ^ 
and p can be determined. 

If the temperature be variable, the relation between the 
pressure, density, and temperature is found to be 

p-kp(l + at\ 

where t is the temperature, measured by a Centigrade 
Thermometer, and a = -003665. 

From this we obtain 

fi ì 
p = kpa\-'>tt\-KpT, 

(« J 

where K = À?a, and T=- + t 

a 

T is called the absolute temperature, the zero of which 
is - 273" C. 

T ^, . dp Xdx + Ydy + Zdz 

In this case — = f^ > 

p KT 

and .'. T must be a function of a?, y, z. 

In any of these cases, if the pressure at any particular 
point be given, the Constant can be determined. 

In the case of elastic fluids, if the mass of fluid and the 
space within which it is contained be given, the Constant is 
determined. 

20. The equation for determining p may also be obtained 
in the foUowing manner. 

Let PQ be the axis of a very small cylinder bounded 
by planes perpendicular to PQ, 

Let p and p + Sp be the pressures at P and Q, a the 
areal section, and hs the length of PQ, Then, if Shm be the 
component, in the direction PQ, of the forces acting on an 
element Sm, 

(p + hp) a — pa = paSBs, 
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and therefore, proceeding to the limit, 

dp = pSds. 

That is, the rate of increase of the pressure in any direction 
is equal to the product of the density and the resolved part of 
the force in that direction. 

If a?, y, z be the co-ordinates of P, and X, F, Z the com- 
ponents of S parallel to the axes, 

ds ds ds 

and .*. dp = p {Xdx + Ydy + Zdz) as in Art. 15. 

If the position of P be given by the cylindrical co-ordi- 
nates r, 6, and z, and if P, T, Z be the components of 8 in 
the directions of r, 6, z, 

s^p^ + t'^ + z^, 

ds ds ds 

and the equation for p becomes 

dp = p {Pdr + Trde + Zdz}. 

Again,.if the position of P be given by the ordinary pelar 
co-ordinates r, 0, </>, and if the components of the force be 
R, N, and T, in the directions of r, of the perpendicular to 
the piane of the angle d, and of the line perpendicular to r 
in that piane, it will be found that 

^ = iEdr + J^rsin 0dò + Trd0. 
P 

In a similar manner the expression for dp may be obtained 
for any other system of co-ordinates. 

21. Surfaces of equal pressure. In ali cases, in which 
the equilibrium of the fluid is possible, we obtain by inte- 
gration 

p = (l){x, y, z). 

lip be Constant <^ {x, y, z)=p (A), 

is the equation to the surface at ali points of which the 
pressure is Constant, and by giving diflferent values to p we 
obtain a series of surfaces of equal pressure, and the external 

B. H. 2 



à 
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surface, or free surface, is obtained by making p equal to the 
pressure extemal to the fluid. 

If the extemal pressure be zero the free surface is therefore 

The quantities 

dif> d<f> d<f> 

dx' dy' dz* 

which are proportional to the direetion-cosines of the normal 
at the point (a?, y, z) of the surface A, are equal to 

dp dp dp 
dx' dy' dz* 

respectively, i.e. to pX, pY, pZ, and are therefore proportional 
toZ,r,^. 

Hence the resultant force at any point is in direction of 
the normal to the surfieice of equal pressure passing through 
the point. 

The surfaces of equal pressv/re are therefore the mrfaces 
intersecting orthogonally the lines of force. 

It foUows from this result that a necessary condition of 
equilibrium is the existence of a system of surfaces ortho- 
gonal to the lines of force, a conclusion derivable also from 
the equation (7) of Art. (16), for that equation is the known 
analytical condition requisite for the existence of such a 
system. 

22. If the fluid be a homogeneous liquid, that is, if p 
is Constant, Xdx + Ydy + Zdz must be a perfect difiFerential, 
or in other words, the system of forces must be a conservative 
system. 

In general, when the force-system is conservative, p 
must be a function of the potential V. 

For dp = '-' pdV, and dp being a perfect differential, p must 
be a function of F; hence V, and therefore p, is a function 
o{p, and surfaces of equal pressure are equipotential surfaces, 
and are also surfaces of equal density*. 

* These resulta may also be obtained in the foUowing manner : 

Oonsider two oonseontive surfaces of equal pressure, containing between 
them a stratum of fluid, and let a small oircle be described about a point P in 
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If the fluid be elastic and the temperature variable 

p ■" KT' 

Hence by a similar process of reasoning jT is a function of p, 
and surfaces of equal pressure are also surfaces of equal 
temperature. 

If however Xdx + Ydy + Zdz be not a perfect diflferential, 
these surfaces will not in general coincide. 

Ist. Let the fluid be heterogeneous and incompressible ; 
then the surfaces of equal pressure and of equal density are 
given respectively by the equations 

dp = 0, dp = Oy 

or Xdx + Ydy + Zdz = 0' 

^d^^^dy + ^dz^oì (^>- 

ax ay az 

These then are the differential equations of surfaces which 
by their intersections determine curves of equal pressure and 
density. 

From (B) we obtain 

doo dy dz .p^ 

ydp ^ dp yr dp ^dp ^dp yrdp""" 
^dy-^dz ^dz-^m -^d^-^dy 

one surface, and a portion of the fluid cut out by normals through the 
ciroamferenoe. The portion of fluid is kept at rest by the impressed force, 
and by the pressures on ita ends and on ita oiroumferenee. Being very nearly 
a smaU cylinder, and the pressures at aU points of its oircmnference being 
equal, the difference of the pressures on its two faces must be due to the 
force, which must therefore act in the same direction as these pressures, i.e. 
in direction of the normal at P, 

If the forces are derivable from a potential, the resulting force is perpen- 
dicular to the equìpotential surfaces, and the surfaces of equal pressure are 
therefore identical with the equipotential surfaces. 

Again, considering the equilibrium of the dementai cylinder, the force 
acting upon it, per unit of mass, is equal to the difference of potentials 
divided by the £stance between the surfaces of equal pressure, and as the 
mass of the element is direotly proportional to this distance, it foUows that 
the density must be Constant, that is, the surfaces of equal pressure are 
also surfaces of equal density. 

2—2 



i 
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But from the conditions of equilibrium we bave 

dX , ^dp _ dY ydp 
fd^'^^Ty"^!^^ dx' 

dY . ^dp dZ „d£ 
PTz^^Tz^Pd^-^^dy' 

dZ.^dp^ — +X^, 
^ dx dx ^ dz dz* 

and therefore the equations (C) become 

dx dy d^ 

d 




•(D), 



dy dz dz dx dx dy 
the differential equations of the curves of equal pressure and 

density. 

2nd. Let the fluid be elastic and of variable temperature ; 

dv Xdx + Tdy + Zdz 
then — - KT ' 

and the curves of equal pressure and temperature are given 
by the simultaneous equations 

or Xdx->rYdy + Zdz=(ì 

dT :, dT , ^dT,f. 
^^^Ty^y^Tz^'-'' 

But, since ^ is a perfect differential, the conditions of 

equilibrium are in this case 

d Z d 7 . 
ry-T=dz-T'^-' 

zdT_YdT^Tff-^) 
or ^ dy dz \dy dz J 

^dT „dT_^(dX_dZ\ 
^ dz~ dx \dz dx) 
^dT ydT^rp(d7_d^\ 
^ 1^~ dy \dz dy J 
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But, from the preceding equations, 
dx dy 



dz 



^^^j,^ x9^-^^ f5^-x5^ 

dy dz dz dx dx dy 

dx d y dz 

•'• ^Z^^ ^T^'^ dy _dx_ - 

dy dz dz dx dx dy 

equatìons of the same form as (D), are in this case the 
diflferential equations of the curves of equal pressure and 
temperature, and therefore also of equal density. 

23. We shall no w prove that the conditions of equilibrium 
of a finite mass of fluid are satisfied by the equations of 
Art. 15. 

Consider the fluid within a closed surfistce 8, and take 
2, m, n as the direction-cosines of the normal at any point 
drawn outwards. Resolving parallel to x, and taking moments, 
the equations of equilibrium are 

ffpldS = JSJpXdxdydz, 

ffpdS {ny - mz) =^fjjp {Zy - Yz] dxdydz. 

Now, integrating along a thin prism parallel to x, which 
necessarily crosses the surface ^S an even number of times, 
and cuts out elements dS^, dS^, dS^, dS^, &c., 



///^ ^^y^^ ^ jj p^y^^* 



between the limits P^P^, P^Pn &c., 
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=JJ—PidS^ cos (tt — O^-^p^dS^ cos O^—p^dS^ cos (tt — 6^) + &c., 
taking 0., 0^, 0^,... as the inclinations to the axis of x of the 

= fJ{PilidS^ +/)jijdS2 + ---)=^JIpld8 over the whole surface. 
Transforming JJpnydS and iT^n^d^f in the same manner 

and taking account of the equations 4~=^pXy-^^pY, -j-^ pZy 

we see that the conditions of equilibrium are satisfied. 

Conversely we may employ this method in order to obtain 
the equations alluded to. 

24. We can also prove that p {Xdx + Ydy + Zdz) must 
be a perfect diflferential, by considering the equilibrium of a 
spherical element of fluid. 

For the pressures of the fluid on the surface of the element 
are ali in direction of its centro, and therefore the moment 
of the acting forces about the centro must vanish. 

Let X, y, z be co-ordinates of the centro, and « + a, y + yS, 
^ + 7 of any point inside the small sphere. 

Then, p being the density at the centro, the expression 
Xdm {Zfi — F7) becomes 



f^,dY dT^ dY W 



Now fjjadadj3dy = 0, the centro of the sphere being the 
centro of gravity of the volume, JJJ^ydadfidy = 0, &c., and, 
if 0) = dad^dy, 



= f r47rr'Vr' = ^'7rr'. 



The expression for the moment then becomes, neglecting 
higher powers of o, /8, y, 



r,<'^-éw}¥. 



1 
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and, in order that this may be evanescente we must bave 

25. Fluid ai resi under the action of gravity. 

Taking the axis of z vertical, and measuring z downwards, 

Z = 0, F=0, Z^g, 

and the equation (a) becomes 

dp = gpdzy 

an equation which may also be obtained directly by consider- 
ing the equilibrium of a small vertical cylinder. 

In the case of homogeneous liquid, 

p^gpz-^G, 

and the surfaces of equal pressure are horizontal planes. 

Hence the free surface is a horizontal piane, and, taking 
the origin in the free surface, and H aa the external pressure, 

If there be no pressure on the free surface, 

P = gp^y 

or ihe pressure at omy point is proportional to the depth helow 
the surface. 

In the case of heterogeneous liquid, the equation 

dp = gpdzy 

fihews that p must be a function of z. The density and 

Eressure are therefore Constant for ali points in the same 
orizontal piane. 

As an example, let p x ^" = fiz"^, 
then P—giJ' T + n. 
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26. If two liquids, which do noi mix, meet in a bent tube, 
the tieights of the /ree surfaces above the common surface are 
inversely as the densities, 

For the pressures at the common surface are the same, 
and if z, «' be the heights of the upper surfaces above the 
common surface, and p, p' the densities, these pressures are 
respectively 

gpz + n, gp/ + TI, 
and .*. 3= — . 

27. It is a well-knowh law that if a system be in equili- 
brium under the action of gravity and the pressure of smooth 
surfaces, the equilibrium is stable, if the centre of gravity be 
in its lowest possible position. 

Hence it foUows that, in the case of heterogeneous liquid, 
the density must increase with the depth, for otherwise the 
equilibrium would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 
another, it will settle with the heaviest strata lowest, the law 
of density of course being changed. 

A quantity of liquida the density of which is a given 
function of the depthy is contained in a vessel of given shape; 
if the liquid be transferred to another vessel, it is required to 
find the new law of density, ea^h vessel being in the/orm of a 
surface of revolution with its aods vertical 

Measuring x upwards from the lowest point of the liquid, 
let y ^f{x) he the generating curve of the first vessel, and 
y^<t>{x) of the second. 

Then, if the stratum at the height x in the first vessel 
correspond to the stratum at the height x' in the second, we 
obtain, since the volumes are equal, 

J •'0 

and performing the integrations, we find x in terms of af, and 
therefore p, which is a given function of x, becomes a new 
function of ocf. 
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Moreover, if h and A' be the depths of the liquid in the 
two vessels, h is given in terms of h\ and therefore the 
density, p, can be found in terms of A' — x, the depth. 

If the new law of density be given, and it be required to 
find the shape of the new vessel, we may proceed as foUows : 

The density being a given function of h — x, and also of 
h^ — x\ we can, by equating the two expressions, find x in 
terms of x\ 

Also, equating the volumes of corresponding strata, we 
obtain j^dx = y'^daf, which at once, by substituting for x its 
value in terms of x\ gives the equation required. The vaine 
of h' will be then obtained by equating to each other the 
whole volumes. 

ExAMPLE (1). The density of a liquid in a cylindrical 
vessel varies as the depth; find the new law of density if the 
liquid be poured into a conical vessel having its vertex daym- 
wards. 

In this case p=^ fi(h'-' x), 

and ira^x = ^ttx^ tan* a ; 

also 7ra% = JttA'* tan' a ; 

^ - A'® -a?'' Mtan^'a.^,;^ 01/2. 8\ 
.-. p=;Atan"a 3a» ^ 3a' ^ "" "*" ^' 

if z he the depth. 

ExAMPLE (2). A quantity of liquid the density of which 
varies as the depthy fills an inverted paraboloid to a given 
height; it is required tofind the shape of a vessel, in theform 
of a surface of revolution, such that if this liquid be poured 
into it its density will vary as the square of its depth 

In this case p = /i (A — a?) = ft' (A' — x'Y, 

,\ x = h — (A' — xy, if /A = /i'c. 

The equation 4taxdx — y^daf gives 

cy« = 8a {K - x) {he - (A' - xj], 
To complete the solution, we must equate the total 
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volumes, and we thereby obtain K^^ch as the necessary 
relation between K and a 

28. Elastic fluid at resi under the action of gravity. 
In this case, p = kp, 

and -^ = fd^; 

p k 

.-. log^ = ^andp=!(76*. 

The surfaces of equal pressure are in this case also hori- 
zontal planes, and the Constant C must be determined by a 
knowledge of the pressure for a given value of z, or by some 
other fact in connection with the particular case. 

ExAMPLE. A closed cylinder, the axis of which is vertical, 
contains a given mass of air, 

Measurìng z from the top of the cylinder, 

.'. if Jlf be the given mass, a the radius, and h the height of 
the cylinder, 

r* e - 

M= \ fyrra^dz = Tra' - (e* — 1), 

whence C is determined. 

29. lUustrations of the use of the general eqìwtion. 

(1) Let a given volume V of liquid be acted upon by 
forces 

fix /ly ixz 

■"^«* ""6^' "c^' 

respectively parallel to the axes ; 

then dp =i p {——^ dx — 'M dy -- ^ dzj , 



= i'irabc. ('■ 
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The surfaces of equa! pressure are therefore similar ellip- 
soids, and the equation to the firee surface is 

assuming that there is no extemal pressure. 

The condition which determines the Constant is that the 
volume of the fluid is given, and we have 

'2C\i 
V' 

"" 2 * \4t7rabc/ 

(2) A given volume of liquid ia at rest on a fixed pUme, 
under the action of a force, to a fixed point in the piane, 
varying as tìie distance. 

Taking the fixed point as origin, the expression for the 
pressure at any point is 

where r is the distance from the origin ; and if f Tra' be the 
given volume, the free surface is a hemisphere of radius a, 
and 

The portion of the piane in contact with fluid is a circle 
of radius a, and therefore the pressure upon it 

prdrdO 



= l7rfipa\ 

This result may be written in the form /ifr|a . f 7^/:>a^ which 
is the expression for the attraction on the whole mass of fluid, 
supposed to be condensed into a material particle at its centro 
of gravity, and might in fact have been at once obtained by 
considering that the fluid is kept at rest by the attraction to 
the centro of force and the reaction of the piane. 

(3) A given volume of heavy liquid is at rest v/nder the 
action of af^ce to a fiaea point varying as the distance from 
that point 



-n 
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Take the fixed point as orìgin, and measure z vertically 
downwards ; 

then X = — /iO?, T=^^/iy, and Z—g^fiz; 

.-. dp = p{-fjLadx''fiydy + {g'-fiz)dz], 

and P c-^<^±t±l+g,, 

P ^ 

The surfaces of equal pressure are spheres, and the free 
surface, supposing the external pressure zero, is given by the 
equation 

^ + y« + ^-??^=?^. 

fi fi 

The volume of this sphere is 



Kf%0^ 



equating this to the given volume, the Constant C is deter- 
mined, and the pressure at any point is then given in terms 
of r and z. 

Rotating Fluid, 

30. If a quantity of fluid revolve uniformly and without 
any relative displacement of ita particles (i.e. as if rigid) 
about a fixed axis, the preceding equations will enable us to 
determine the pressure at any point, and the nature of the 
surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle 
of the fluid moves uniformly in a circle, and the resultant of 
the esternai forces acting on any particle m of the fluid, and 
of the fluid pressure upon it, must be equal to a force w©V 
towarda the axis, « being the angular velocity, and r the 
distance of m from the axis; it foUows therefore that the 
external forces, combined with the fluid pressures and forces 
m©V acting yrom the axis, form a system in statical equi- 
librium, to which the equations of the previous articles are 
applicable. 

A mass of honiogeneous liquid, contained in a vessel, 
revolves uniformly about a vertical aosis; required to deter- 
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mine the pressure at any point, and the surfaces of eqvxil 
pressure. 

Take the vertical axis as the axis of z ; then, resolving 
the force wwV parallel to the axes, its components are mcD^x 
and mtì)'y, and the general equation of fluid equilibrium 
becomes 

dp = p {ùD^xdx + (ù^ydy — gdz\ 
and thefefore 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free sur- 
face is given by the equation 

r r 

where II is the external pressure. 

The Constant must be determined by help of the data of 
each particular case. 

For instance, let the vessel be closed at the top and be 
just fiUed with liquid, and let n = ; then, taking the origin 
at the highest point of the axis, p = when x, y and z vanish, 
and therefore C = 0, and 

p=^p{W{x'' + f)-'gz]. 

Next consider the case of elastic fluid enclosed in a vessel 
which rotates about a vertical axis ; 

as before dp = p {©' {xdx + ydy) — gdz]^ 

and p = kp; 

.\khgp==w'-^^-gz + C, 

so that the surfaces of equal pressure and density are para- 
boloids. 

Let the containing vessel be a cylinder rotating about its 
axis, and suppose the whole mass of fluid given; then, to 
determine the Constant, consider the fluid arranged in eie- 
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mentary borìzontal rìngs each at anìform density : let r be 
the radius of one of these rìngs at a heìght z, Sr its hoiizontal 
«, and Sz its vertical thickness, h the height, and a the radius 
of the cylinder : 

the mass of the ring s ì'irpr&rSz, 
and the whole mass (M) of the fluid = j / ìnrprdrdz, 

J 9 J 

the origin being taken at the base of the cylinder. 

e tiV-yg 
Now p = 6*.€ ^ ; 

a ut C «^ qh 

and ...if = f!l^n*(e» -l)(l-r*), 

an equation by which C is determined. 

31. In general the equation of equilibrìum for a fluid 
revolving uniformly and acted upon by forces of any kind, is 

dp = p [Xdx + Ydy + Zdz + ©■ {xdx + ydy)]. 

In order that the equilibrium may be possible, three 
equations of condition must be satisfied, expressing that dp 
is a perfect differential, and, if these conditions are satisfied» 
the surfaces of equal pressure, and, in certain cases, the free 
surface can be determined ; but it must be observed that a 
free surface is not always possible. In fact, in order that 
there may be a free suiface, the surfaces of equal pressure 
must be symmetrical with respect to the axis of rotation. 

Whole Pressure. 

32. Def. The whole pressure of a fluid on any surface 
with which it is in contact is the sum of the normal pressures 
on each ofits elements. 

If then p be the pressure at a point of an element BS of 
the surface, 

pSS is the pressure on the element, 

and fJpdS is the whole pressure, the summation extending 
over the whole of the suiface considered. 
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If the fluid be homogeneous liquid, and gravity the only 
force in action, p = ffp^, measuring z vertically downwards 
from the sur&ce òf the liquid, 

and fJpdS = Jfgp^ffJgpzdS. 

Let z be the depth of the centre of gravity of the surface S, 

then z,S=^JJzdS; 

and .'. the whole pressure =^/ó^^, 

i.e. the whole pressure is equal to the weight of a cylindrical 
column of fluid, the height of which is 0, and the base a piane 
area equal to the area of the surface. 

We now add some examples of the determination of whole 
pressure. 

(1) A hemispherical bowl filled with water. 

Let r be its radius, p the density of water. 

Then the surface = 27rr*, 

_ r 



and 



z = 



2' 



.*. whole pressure = jT/yTTT*, 

i.e. whole pressure : the weight of the fluid :: 3 : 2. 

(2) The density of a heavy liquid varies as the square 
of the depth ; it is required to find the whole pressure on a 
semicircular area immersed vertically with its bounding dia- 
meter in the surface. 

Let OP=-r,AOP = 0; 

then (Art. 25) if the density 
= fi (depth)*, the pressure at P 

= ^ (r sin 0)\ 
o 

and the whole pressure 




= 2^1 ff r' sin' edOdr, 



. 1 



^-^"rgz. 
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(3) A cylindrical vessel is closed ai the top, and very 
nearly filled wiih incompressible fluid, which rotates uniformly 
about the aads of the cylinder ; to find the whole pressure on 
the curved surface and onthetopof the cylinder. 

In this case, taking the centre of the top as origin, and 
measuring z downwards, 

P 

Let a he the radius of the cylinder, h its height ; then at 
a depth z, the pressure at its surface 

\ 2 
an element of surface = 27ra . Bz ; 

.*. the whole pressure on the curved surface 

rh 
= I 27rap ( jG)*a* + gz) dz, 

J 

= TT/oa^Aft)' + TTpagh^. 
The pressure on the top at a distance r from the origin 

an element of its area = 2'nrSr ; 
therefore the whole pressure on the top 






= ( 7r/)a)V dr = ^irpoD^a^. 

J 



(4) A hoUow spherical shell is just filled with homo- 
geneous liquid, and the liquid is at rest under the action of 
a force, to a point on the inner surface of the shell, propor- 
tional to the distance from that point ; it is required to find 
the whole pressure on the shell, 

Let be the centre of force, and r the distance of any 
point from 0. 

Then c?p = — fiprdr, 

and P'=^'~P'Pii ' 



i 



EXAMPLES. 33 

The pressure vanishes at the other extremity of the dia- 
meter OA, and therefore 

a being the radius AC. 

If P be a point in the sphere and ACP = ^, 

then OP = 2a cos ^ , 

Q 

and the pressure at P = 2^pa? sin' ^ . 

ed 

If PCQ = S^, in the piane of 0, the surface generated by 
the revolution of the are PQ about OA 

= 27raS0 . a sin 0, 

and .'. the whole pressure on the surface 

l'ir . . 

= I Ainrfipa* sin* ^ sin ^d^ 

= 27rfipa*^ l (1 — cos ^) sin ^d^ 

J 

= 4i7r/jLpa\ 

EXAMPLES. 

1. A closed tube in the forni of an ellìpse with its major 
axis vertical is fiUed with three different liquids of densities 
Pi> Pq> Ps respectively. If the distances of the surfaces of 
separation from either focus be r^, r,, r^ respectively, prove 
that 

2. A heavy uniform fluid just fiUs a sphere : shew that a 
piane drawn through a horizontal tangent at an extremity of a 
horizontal diameter will divide the surface of the sphere into 
parts the whole pressures on which are equal, if it is inclined 
at an angle tan'^a? to the vertical where or — 2a^ — 2 = 0. 

B. H. 3 
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3. The particles of a given mass of homogeneous liquid 
at rest attract each other according to the law of nature ; 
find the pressure at any point. 

4. The density of a liquid varies as the square of the 
depth below the surface;find the whole pressures, Ist, on a 
rectangular area just immersed vertically with one side in 
the surface, 2nd, on a circular area just immersed. 

5. A parabolic area, bounded by the latus rectum, is 
just immersed vertically, with its vertex in the surface of a 
liquid; find the whole pressure upon it, Ist, when the liquid 
is homogeneous, 2nd, when its density varies as the depth. 

6. Find the surfaces of equal pressure when the forces 
tend to fixed centres and vary as the distances from those 
centres. 

7. A regalar tetrahedron is fiUed with fluid, and held so 
that two of its opposite edges are horizontal ; compare the 
pressures on its several sides with the weight of the fluid. 

8. Prove that if the forces per unit of mass at a?, y, z 
parallel to the axes are 

y(a-z), x{a-z), xy, 

the surfaces of equal pressure are hyperbolic paraboloids 
and the curves of equal pressure and density are rectangular 
h3rperbolas. 

9. In a solid sphere two spherical càvities, whose radii 
are equal to half the radius of the solid sphere, are fiUed with 
liquid ; the solid and liquid particles attract each other with 
forces which vary as the distance : prove that the surfaces 
of equal pressure are spheres concentric with the solid sphere. 

10. Shew that the forces represented by 

X = /^(2/* + y-3^ + A Y=^ijl(/-\-zx-\-x^\ Z^fiix^'+xy-hy*) 

will keep a mass of liquid at rest, if the density x ,. , 

^CilSu. ) 

from the piane x + y + z = 0; and the curves of equal 
pressure and density will be circles. 

11. A given quantity of elastic fluid is contained in a 
hoUow sphere, and its particles are acted upon by a force to 
the centro of the sphere varying inversely as the distance. 
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The sphere being supposed to vary in size, shew that the 
whole pressure on its surface varies inversely as its radius, 
provided fi < 3/c, where fi is the absolute force, and k the 
ratio of the pressure to the density of the fluid. 

12. A closed cylindrical vessel is very nearly fiUed with 
incorapressible fluid, which is acted upon by a force, varying 
as the distance, to the middle point of the axis of the cylinder ; 
if 2a be the length of the axis and e the radius of either end, 
shew that the whole pressure on the curved surface : the 
whole pressure on the ends :: 8a' : 3c'. 

Also find this ratio when the centro of force is at the 
centre of either end of the cylinder. 

13. If a conical cup be fiUed with liquid, the mean 
pressure at a point in the volume of the liquid is to the mean 
pressure at a point in the surface of the cup as 3 : 4. 

14. A vessel is in the form of a right cone without 
weight, the vertical angle being 2a ; the vessel is fiUed with 
liquid and then suspended by a point in the rim : if yS be the 
inclination of the axis of the cone to the vertical, shew that 

3 

cot 2)8 = cot 2a — 7 cosec 2a. 

15. A mass of fluid rests upon a piane subject to a 

centrai attractive force (-jj, situated at a distance e fromthe 

piane on the side opposite to that on which the fluid is ; and 
a is the radius of the free spherical surface of the fluid: shew 
that the whole pressure on the piane 

a 

16. Find the surfaces of equal pressure for fluid acted 
upon by two forces which vary as the inverse square of the 
distance from two fixed points. 

Prove that if the surface of no pressure be a sphere, the 
loci of points at which the pressure varies inversely as the 
distance from one of the centres of force are also spheres. 

3—2 
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17. If the components parallel to the axes of the forces 
acting on an element of fluid at (a?, y, z) be proportional to 

shew that if equilibrium be possible we must bave 

2\=2fi = 2v=l. 

18. A closed cylinder, with its axis vertical, is just fiUed 
witb liquid wbich rotates uniformly about a generating line ; 
find the whole pressures on the base, the upper end, and the 
curved surface. 

19. A sphere of 5 feet diameter revolves about a vertical 

axis 3 feet distant from its centre with angular velocity 2jg; 
if it be just filled with homogeneous fluid, prove that the 
resultant pressure and the whole pressure on the sphere are 
respectively J and ^-^ times the weight of the fluid. 

20. If the force at any point is given by a potential <^, 
and if a tube of small but variable circular section be 
imagined in the liquid, the whole pressure upon which is P, 
prove that 

where r is the radius of the section, and s is measured along 
the axis of the tube. 

21. The density of a liquid, contained in a cylindrical 
vessel, varies as the depth ; it is transferred to another vessel, 
in which the density varies as the square of the depth ; find 
the shape of the new vessel. 

22. A circular cone, of vertical angle ^ , is just filled 

with water, and has a generating line rigidly attached to a 
horizontal piane. The piane is caused to revolve with uni- 
form angular velocity about a vertical axis through the apex 
of the cone : find the greatest velocity which will allow of the 
pressure being zero at the highest point ; and in this case 
find the whole pressure on the base. 

23. A straight rod, every particle of which attracts with 
a force varying inversely as the square of the distance, is 
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surrounded by a mass of homogeneous ineompressible fluid ; 
find the form of the surfaces of equal pressure. 

24. A quantity of heavy liquid is attracted to a fixed 
centre, by a Constant force the intensity of which is equal to 
thè force of gravity, and is supported by a horizontal piane. 
Find the form of the surfaces of equal pressure ; and also the 
pressure on the piane, proving that when the piane passes 
through the centre of force it is equal to four-thirds of the 
weight of the liquid. Find also expressions for the pressure 
on the piane when it is either above or below the centre of 
force. 

25. The interior of a homogeneous shell, bounded by 
two non-concentric spherical surfaces, and attracting according 
to the law of nature, is partially filled with homogeneous 
liquid which revolves uniformly with it round the line passing 
through the centres of the spheres; prove that the free surface 
is a paraboloid of revolution. 

26. A rigid spherical shell is filled with homogeneous 
inelastic fluid, every particle of which attracts every other 
with a force varying inversely as the square of the distance ; 
shew that the diflference between the pressures at the surface 
and at any point within the fluid varies as the area of the 
least section of the sphere through the point. 

27. At the vertex of a solid cone (vertical angle 2a) there 
is a centre of force the attraction to which varies as the 
distance; and a given quantity of liquid is in equilibrium 
under the action of this force alone. Determine the form of 

its free surface. If the volume of the liquid be ^ Tra' cos'* ^, 

prove that the whole pressure on the surface of the cone 
= ^fjLpTra* sin a, where p is the density of the liquid and fi the 
absolute force. 

28. An open vessel containing liquid is made to revolve 
about a vertical axis with uniform angular velocity. Find 
the form of the vessel and its dimensions in order that it may 
be just emptied. 

29. A quantity of liquid (gravity being supposed not to 
act) just fills a hollow sphere, and is repelled from a point in 
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the surface of the sphere by a force = /i x distance : if the 
liquid revolve round the diameter passing through the centre 
of force with uniform angular velocity <», find the whole 
pressure on the surface of the sphere. If, by diminishing 
the angular velocity one half, the pressure is also diminished 
one half, shew that o)' = 6 fi. 

30. A rectangular piate of thin metal of given size is 
bent and held so that two opposite edges are parallel and in 
the same horizontal piane, and the vertical ends are then 
closed by fiat plates ; if this vessel be fiUed with water, find 
its form when the whole pressure upon its curved surface is 
a maximum. 

31. An infinite mass of homogeneous fluid surrounds a 
closed surface and is attracted to a point (0) within the surface 
with a force which varies inversely as the cube of the distance. 
If the pressure on any element of the surface about a point P 
be resolved along PO, prove that the whole radiai pressure, 
thus estimated, is Constant, whatever be the shape and size 
of the surface, it being given that the pressure of the fluid 
vanishes at an infinite distance from the point 0. 

32. A right cone, whose weight may be neglected, is 
suspended from a point in its rim ; it contains as much fluid 
as it can : prove that the whole pressure upon its surface is 

1 ,8 sin a cos f cos (0 + a)ì t 
3 '^P^'' cos» a tcos(d-a)| ' ' 

where h, 2a, are the height and vertical angle of the cone^ 
and is determined from 3 sin 2^ = 4 sin 2(0 — a). 

33. A vessel formed by the revolution of a cardioid 
r = a (1 — cos 0) about its axis which is vertical (vertex up- 
wards) is just fiUed with water and rotates about that axis 
with uniform angular velocity. Find this velocity, when 

the line of no pressure is given by = W' Find also the 

pressure at any other point, and the points of maximum 
pressure. 

34. A closed vessel full of liquid is made to revolve with 
uniform angular velocity ro about a vertical axis through its 
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highest point ; shew that the total pressure of the liquid on 
the surface is increased by ^Aìi^pay* ; A being the area of the 
surface, and k the radius of gyration of the surface about the 
vertical axis. 

35. AH space being supposed filled with an elastic fluid 
the particles of which are attracted to a given point by a 
force varying as the distance, and the whole mass of the fluid 
being given, find the pressure on a circular disc placed with 
its centro at the centro of force. 

36. A closed vessel in the form of the surface formed by 
the revolution of the curve, r = a (1 — cos ff), is just filled with 
water, and held with the cusp upwards, and the axis vertical; 
calculate the whole pressure and the resultant vertical pres- 
sure on its surface, and prove that these quantities are in the 
ratio 263 : 210. 

37. Circles are drawn having their centres on the axis 
of z and touching at the origin the piane osy, and the position 
of a point P is defined by r, 0, (f), where r is the radius of the 
circle through P, centro G, 6 is the angle 0(7P, and é the 
inclination of the piane OGP to a fixed piane through the 
axis of z ; prove that 

^ = i2(l-cose)d!r + rsin^dr + 2Vd^ + i^r8Ìn^d^, 

r 

where wiJ, mT, mN are the forces, on an element m of liquid 
at P, along (7P, alon^ the tangent to the circle at P, and 
perpendicular to the piane of the circle. 

38. A mass m of elastic fluid is rotating about an axis 
with uniform angular velocity (o, and is acted on by an 
attraction towards a point in that axis equal to fi times the 
distance, fi being greater than o)'; prove that the equation 
of a surface of equal density p is 



/i (aj*H-y" + -^*)- ®" (aj" + 2^ = A^log 



fi {fi — 0)')' m' 



Stt» • p»A»J 



39. A quantity of liquid, the density of which varies as 
the depth, fiUs an inverted paraboloid, of latus rectum e, to a 
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height h ; prove that, if it be poured into a vessel of the form 
generateci by the revolution round the axis of x of the curve, 

ay = 2ch^x (a — x) (2a — x), 

where a is any Constant, its density will vary as the square 
of its depth. 

40. A mass of self-attracting liquid, of density p, is in 
equilibrium, the law of attraction bemg that of the inverse 
square : prove that the mean pressure throughout any sphere 

2 

of the liquid, of radius r, is less by ^ TrpV than the pressure 

at its centro. 

41. A quantity of liquid, the density of which varies as 
the depth, is transferred from a cylinder to a hemispherical 
bowl, which it just fiUs ; find the new law of density, and 
prove that the whole pressures on the curved surface of the 
cylinder and on the surface of the bowl are in the ratio of 
80 : 243. 

42. A closed hoUow right circular cene, standing on its 
fiat base on a horizontal piane, is just filled with a liquid, the 
density of which varies as the depth. The vessel is then 
inverted and held with its axis vertical and its vertex on the 
horizontal piane. 

Prove that the resultant pressure on the curved surface is 
unchanged in magnitudo, and that the potential energy of 
the liquid is changed in the ratio 

2 {r a)}« : 3r (§), 

it being assumed that the potential energy is zero when the 
liquid is let out on the piane. 



CHAPTER III. 



THE RESULTANT PRESSURE OF FLUIDS ON SURFACES. 

33. In the preceding Chapter we have shewn how to 
investigate the pressure at any point of a fluid at rest under 
the action of given forces ; we now proceed to determine, the 
resultants of the pressures exerted by fluids upon surfaces 
with which they are in contact. 

We shall consider, first, the action of fluids on piane 
surfaces, secondly, of fluids under the action of gravity upon 
curved surfaces, and thirdly, of fluids at rest under any given 
forces upon curved surfaces. 



Fluid Pressures on Piane Surfaces. 

The pressures at ali points of a piane being perpendicular 
to it, and in the same direction, the resultant pressure is 
equal to the sum of these pressures, that is, to the whole 
pressure, and acts in the same direction. 

Hence, if the fluid be incompressible and acted upon by 
gravity only, the resultant pressure on a piane 

= the whole pressure 

= gp^^, 

where A is the area and z the depth of the centre of gravity. 

In general, if the fluid be of any kind, and at rest under 
the action of any given forces, take the axes of x and y in 
piane, and let p be the pressure at the point (x, y). 
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The pressure on an element of area SxSy=pSa>By ; 

/. the resultant pressure =JJpdydx, 

the integration extending over the whole of the area con-^ 
sidered. 

If polar co-ordinates be used, the resultant pressure is 
given by the expression 

ffprdrd0. 

34. Def. The centre of pressure ù the point ab which 
the direction of the single force, which is equivcdent to the 
fluid pressures on the piane surface, meets the surface. 

The centre of pressure is bere defined with respect to 
piane surfaces only; it will be seen afterwards that the re- 
sultant action of fluid on a curved surface is not always 
re(^uclble to a single force. 

In the case of a heavy fluid, it is clear that the centre of 
pressure of a horizontal area, the pressure on every point of 
which is the same, is its centre of gravity ; and, since pres- 
sure increases with the depth, the centre of pressure of any 
piane area, not horizontal, is below its centre of gravity. 

To obtain formrdce for the determination of the centre of 
pressure of any piane area. 




Let p be the pressure at the point {x, y), referred to rect- 
angular axes in the piane, a? + Sa?, y+ iy, the co-ordinate» 
of Q, 

^» Vi co-ordinates of the centre of pressure. 
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Then y . ffpdydx = moment of the resultant pressure 

about OX, 

= the sum of the moments of the pres- 
sures on ali the elements of area about 
OX, 

= 2 pSy Sx . y 

^IJpydydx; 

. ^ Jjpydydx 

"^ Ilpdydx' 

j • -1 1 - fjpxdydx 

and similarly x = /t j j > 

the integrals being taken so as to include the area considered. 

If pelar co-ordinates be employed, a similar process will 
give the equations 

- _ IIp^ c^s dr dO _ __ jjpr^ sin dr d0 
^"" JJprdrd0 ' ^"" fjprdrd0 ' 

35. If the fluid be homogeneous and inelastie, and if 
gravity be the only force in action, 

p = gph, 

where h is the depth of the point P below the surface ; and 
we obtain 

Jfhxdydx ^ JJhydydx . 

JJhdydx ' ^"" ffhdydx ^ ^• 

It is sometimes usefìil to take for one of the axes the line 
of intersection of the piane with the surface of the fluid : if 
we take this line for the axis of x, and as the inclination of 
the piane to the horizon, p = gpy sin 0^ and therefore 

ffxydydx Sjy^dydx ^ 

Ifydydx ' y-Jfydydx ;- W- 

From these last equations (/8) it appears that the position 
of the centro of pressure is independent of the inclination of 
the piane to the horizon, so that if a piane area be immersed 
in fluid, and then tumed about its line of intersection with 
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the surface as a fixed axis, the centre of pressure will remain 
unchanged. 

If in the equations (a) we make h Constant, that is, if we 
suppose the piane horizontal, x and y are the co-ordinates of 
the centre of gravity of the area, a result in accordance with 
Art. (34) ; but, in the equations {/8), the values of x and y are 
independent of 6, and are therefore unaflfected by the evane- 
scence of 0, This apparent anomaly is explained by con- 
sidering that, however small 6 be taken, the portion of fluid 
between the piane area and the surface of the fluid is always 
wedge-like in form, and the pressures at the different points 
of the piane, although they ali vanish in the limit, do not 
vanish in ratios of equality, but in the Constant ratios which 
they bear to one another jfor any finite vaine of 0, 

The equations of this article may also be obtained by the 
foUowing reasoning. 

Through the boundary line of the piane area draw vertical 

lines to the surface enclosing a mass of fluid ; then the reaction 

of the piane, resolved vertically, is equal to the weight of the 

fluid, which acts in a vertical line through its centre of 

gravity ; and the point in which this line meets the piane is 

the centre of pressure. 

* 

Taking the same axes, the weight of an elementary prism, 
ucting through the point x, y, is gphhxhy cos 0y where is the 
inclination of the piane to the horizon ; and therefore the 
<3entre of these parallel forces acting at points of the piane, 
is given by the equations 

- _ SSyp^ ^ ^^ dy dx _ _Jfgph y cos dy dx 
fjgph cos 0dydx * ^ 5S9P^ cos 0dydx * 

^^JJhxdydx __Jfliydydx 
''' ^-^ JJhdydx' y- JJhdydx' 

Henceit appears that the depth of the centre of pressure 
is doublé that of the centre of gravity of the fluid enclosed. 

36. The foUowing theorem determines geometrically the 
position of the centre of pressure for the case of a heavy 
liquid. 
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If a straight line he taken in the piane of the area,parallel 
to the surface of the liquid and as far below the centre of 
inertia of the area 05 the surfax>e of the liquid is àbove, the 
pole ofthis straight line vrith respect to the momental ellipse 
at the centre of inertia whose semi-axes are equal to the prin- 
cipal rada of gyration at that point will he the centre of 
pressure of the area^ 

Taking A for the area, and 6, a for the principal radii of 
gyration, these are determined by the equations 

^^' = Ily" ^ <^y* -^a' = />' dw dy, 
and the equationof the momental ellipse is 

^ + 2^ = 1 

the co-ordinate axes being the principal axes at the centre of 
inertia. 

Let Xyyhe the co-ordinates of the centre of pressure, and 

X cos ^ + y sin ^ =p 

the equation to the line in the surface ; 

then ^^ ff(p-^^o^^-y^^^^)^dxdy ^ ^\oz 6 

Jj{p — XCO&0 — y sin 6) dxdy p ' 

_ 6' 
and similarly, y= sin 0; 

•*• (^* y) ^ *^® P^l^ of *^® lì^® 

05 cos + y&ui0 = — p 

with respect to the momental ellipse. 

37. Eaumples ofthe determination of centres of pressure. 

(1) A quadrant of a circh just immersed vertically in a 
heavy homogeneous liquid, vrith one edge in the surface. 

If Oo), the' edge in the surface, be the axis of x, 

__!ll^'^yjdydx _ JSfdydx 

""^ LV^^'"^ ydy dx' y^Hydydx^ 

the limits of the integrations for y being the same as for x. 
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!Jfd^dy = iJ{a'-x')*dx^'^''' 



16 ' 



3 3 

.-. ic = g a, ^ = jg •"■«. 



Employing polar co-órdinates and takinj? the line Ox as 
the initial line, we should have p = gpr sin 0, and 



ir 



n 



r* eos sin drdO ^ 
JJi' sin ^drd« 

ir 

H'^r^ én'0 drd0 g 

and ^ = "77 "Tfi'^^ 

jjr'sm0drd0 ^ 

(2) -4 circtiZar area, radivi a, w immer^ed wi% its piane 
verticaly and its centre at a depih e. 

Take the centre as the origin, and the vertical downwards 
from the centre as the initial line ; then if jp be the pressure 
at the point r, 0, 

p==gp(C'\'rcoQ0), 
and the depth below the centre of the centre of pressure 

21 1 r^ cos (c + r cos 0) dr d0 , 

"~4c* 



ih 



c + r cos 0) dr d0 

It will be seen that this result is at once given by the 
theorem of Art. 36. 
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(3) A vertical rectangle, eayposed to the action of the 
utmosphere at a Constant temperature, 

If n be the atmospheric pressure at the base of the 

rectangle, the pressure at a height z is Ile'», Art (28), and 
if 6 denote the breadth, the pressure upon a horizontal strip 
of the rectangle 

= He'^' bSz, 
/. the resultant pressure, if a be the height, 

= He *6d^ = n — (l-€ *), 
^0 9 

and the height of the centro of pressure 



-^ 



1 ze ^ dz 



8* 

fiv. 

k a 



f 






€-dz ^ €*-l 



(4) A hollow cube Ì8 very nearly jUled with liquida and 
rotates uniformly ahout a diagonal which is vertical ; required 
to find the pressures upon^ and the centres of pressure of, its 
several faces, 

I. For one of the upper faces ABCD, 

take -4D, AB, as axes of x and y; z,r, the vertical and hori- 
zontal distances of any point P (x, y) from A, 

then^ = ia)V+5r«, 

r 

OC "^ 7/ 

z = — -^ , projecting the broken line ANP on AE, 
.•. the pressure (P) on ABCD = | 1 pdy dx 
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The centre of pressure is given by the equations 
xP = yP=-pj j 00 \^ (x* + y' - xy) + ^^{x + y) ■ dy dx ; 

____ 21g + 3V3Q)'a 

IL For one of the lower faces EGDF, 
take EFy EG as axes, then, for a point Q, 

IO ^ + y 

^' = 1(^ + 2/"-^^), 
and the rest of the process is the same as in the first case. 

(5) A quadrarti of a drcle is just immersed vertically, 
with one edge in the surface^ in a liquid, the density of which 
varies as the depth. 
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Taking Ox as the edge in the surface, p = fiy and p = ^figy^; 
the centre of pressure is therefore given by the equations 

I I xy^dydx ìjy^dydo) 

^-[7 .and^=^-i ; 

jjy''dydx jjy'dydoc 

or, in polar co-ordinates, 

f^f V sin»^ cos e dr d0 ffr' sin»^ dr dd 
^J^J^ , and yJ-L ; 

J j / sin'^ dr d0 jjr' sin'5 dr d0 

and it will be found that 

_ 16 a ,_ 32 a 
^ = Tk " and 3/ = — - . 

(6) A semidrcular area completely immersed in water 
with ita piane vertical and one end A ofits bounding diameter 
in the surface. 

Let a be the inclination of the diameter to the surface, 
and X, y the co-ordinates of the centre of pressure referred to 
the diameter and the tangent at A. 

Then xfjr^ sin (0 + a) drd0 =Jfr^ cos sin (0 + a) drd0, 

s^à yjfr^ sin {0 + a) drd0 = jy sin sin {0 + a) drd0, 

r being taken froni to 2a cos ^, and from to ^ . 

38. If a given piane area tum in its own piane about a 
fixed point, the centre of pressure changes its position and 
describes a curve on the area. 

Take the fixed point as origin, and the horizontal line 
in the piane as axis of x\ 

B. H. 4 
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Let Oxy Oy be axes fixed in the area ; then, if A be the 
depth of below the surface, 7 the inclination of the area 
to the vertical, and xOx = 0, 

p =^p (h'¥yf cos 7) =5rp (A +a? sin ^ cos y + y cos tf COS7) ; 

_ ffpxdxdy _ a + bsi.n 0-^ccos0 
"" Jfpdxdy d + esiaO+fcosd 

- _ _^ a' + e sin tf + e' cos 

^^"^ y^ d + eBÌa0+fcos0' 

a, 6, d, &e., being known constants, and the elimination of 
gives a conic section as the locus of the centre of pressure. 

We can also obtain this result by aid of the theorem of 
Art. 36. 

Taking the principal axes through G the centre of gravity 
as co-ordinate axes, and taking a, yS as the co-ordinates of 
the point 0, the centre of pressure is the polo of the line, 

il? cos ^ + y sin ^ = A + a cos ^ + ^ sin ^, 

with regard to the momental ellipse, and is given by the 
equations, 

a'costf 6*8in^ , /i . n • /i 

— = — = — z: — = A + a cos ^ + )8 sin ft 
X y 

If and coincide, the locus is -i + ?* = r. • 

a h 

39. A vessel having a piane base and piane vertical sides, 
contains two liquida which do noi mix ; to find the resultant 
pressure on one of the sides, and the centre of pressure. 

Let p be the density and h the depth of the upper liquid, 
p\ h\ corresponding quantities for the lower liquid ; the 
common surface must be a horizontal piane, the pressure at 
any point of which is gph, and the pressure at a depth z 
below the common surface is gph + gp'z. 

Taking 6 for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it = ^gpbh\ and the pres- 
sure of the lower liquid 

= \9 (ph + p'^) bdz = gbh' (ph + yh'). 
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The resultant pressure is the sum of these two and is 
equal to 

The moment of the fluid pressure on this side about its 
line of intersection with the surface 

= I gpbs^dz + / g {ph + p'z) h(Ji-\- z)dz: 

performing the integrations, and dividing by the expression 
for the resultant pressure investigated above, we obtain the 
depth of the centro of pressure. 



Resultant Presmres on Curved Surfaces. 

40. Tofind the resultant vertical pressure on any surface 
of a homogeneovs liquid at rest under the action of gravity. 

PQ being a surface exposed to the action of a heavy 
liquid, let AB be the projection of PQ on the surface of the 
liquid. 




The mass AQ is supported by the horizontal pressure of 
the liquid and by the reaction of PQ ; this reaction resolved 
vertically must be equal to the weight of AQ, and conversely, 
the pressure on PQ is equal to the weight of AQ, and acts 
through its centre of gravity. 

If PQ be pressed upwards by the liquid as in the figure, 
produce the surface, project PQ on it as before, suppose the 

4—2 
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space -4Q to be fili ed with liquid of the same kind, and 
remove the liquid from the inside. 




Then the pressures at ali points oi PQ are the same as 
before, but in the contrary direction, and since the vertical 
pressure in this hjrpothetical case is equal to the weight of 
AQ, it foUows that in the actual case, the resultant vertical 
pressure upwards is equal to the weight oi AQ. 

If the surface be pressed partially upwards and partially 
downwards, draw through P, the highest point of the portion 
of surface considered, a vertical piane PR^ and let AGB be 
the projection of PSQ on the surface of the liquid. 




Then the resultant vertical pressure on PSR^ 

= the weight of the liquid in PSR. 
and on -RQ = CQ, 
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and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PR, 

This might also have been deduced from the two previous 
articles, for PR can be divided by the line of contact of ver- 
tical tangent planes into two portions PS, SR, on which the 
pressures are respectively upwards and downwards ; and since 

pressure on P5 = weight of liquid APS, 

and SR= A8R, 

the difiference of these, i.e. the vertical pressure on PR 
= weight of fluid PR. 

In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to 
the case of a heterogeneous liquid (in which the density must 
be a function of the depth, since surfaces of equal pressure 
are surfaces of equal density), provided we consider that the 
hypothetical extension of the liquid foUows the same law of 
density. 

41. To find the resultarli horizontal pressure, in a given 
direction, on a surfdce PQ. 

Project PQ on a vertical piane perpendicular to the given 
direction, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq, 
the resultant horizontal pressure on PQ, and forces in vertical 
planes parallel to the piane pq. 
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Hence the horizontal pressure on PQ is equal to that od 
pq, and acts in the same straight line, i.e. through the centre 
of pressure o{pq. 

Hence, in general, to determine the resultant fluid pres- 
sure on any surface, find the vertical pressure, and the 
resultant horizontal pressures in two directions at right 
angles to each other. These three forces may in some 
cases be compounded into a single force, the condition for 
which may be determined by the usuai methods of Statics. 

Ex. A hemisphere is filled with homogenepus liquid: 
required to find the resultant action on one of the four 
portions into which it is divided by two vertical planes 
ihrough its centre at right angles to each other. 

Taking the centre as origin, the bounding horizontal 
radii as axes of x and y, and the vertical radius as the axis of 
z, the pressure parallel to x is equal to the pressure on the 
quadrant yOz, which is the projection, on a piane perpen- 
dicular to Ox, of the curved surface. 

Therefore, the pressure parallel to Ox 

Tra* 4a 1 . 

and the co-ordinates of its point of action are 

(O, I a, ^1 Tra) , Art. 37, Ex. 1 ; 

similarly, the pressure parallel to Oy = ^ gpa\ and acts through 
the point, 



(|a, 0, l^ira). 



The resultant vertical pressure = the weight of the liquid 

1 . 3 

= - gpira^, and acts in the direction of the line a? = ^ a = y. 
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The directions of the three forces ali pass through the 
point . 



/3 3 3 \ 



and they are therefore equivalent to a single force 

^gpa^y/i^r^ + 8) in the line 
3 3 2/ 3 \ 

2 
or x = y = — z, 

TT 

a straight line through the centre, as must obviously be the 
case, since ali the fluid pressures are nonnal to the surface. 
The point in which it meets the surface of the hemisphere 
may be called * the centre of pressure/ 

42. To find the resultant pressure on the surface of a solid 
either wholly or particdly immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied fiUed 
with liquid of the same kind ; the resultant pressure upon it 
will be the same as upon the originai solid. But the liquid 
mass is at rest under the action of its own weight, and the 
pressure of the liquid surrounding it : the resultant pressure 
is therefore équal to the weight of the liquid displaced, and 
acts in a vertical line through its centre of gravity. 

The same reasoning evidently shews that the resultant 
pressure of an elastic fluid on any solid is equal to the weight 
of the elastic fluid displaced by the solid. 

This result may also be obtained by means of Arts. 40 and 
41, as foUows: Draw parallel horizontal lines touching the 
surface, and forming a cylinder which encloses it ; the curve 
of contact divides the surface into two parts, on which the 
resultant horizontal pressures, parallel to the axis of the 
cylinder, are equal and opposite ; the horizontal pressures on 
tue solid therefore balance each other and the resultant is 
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whoUy vertical, To determine the amount of the resultant 
vertical pressure, draw parallel vertical lines touching the 
surface, and dividing it into two portions on one of which the 
resultant vertical pressure acts upwards, and on the other 
downwards ; the differenee of the two is evidently the weight 
of the fluid displaced by the solid. 

43. If a solid of given volume (F) be completely 
immersed in a heavy liquid, and if the surface of the solid 
consist partly of a curved surface, and partly of known piane 
areas ; the resulting pressure on the curved surface can be 
determined. 

For the piane areas being known in size and position, 
we can calculate the resultant horizontal and the resultant 
vertical pressure, X and F, upon those areas ; and, since the 
resulting pressure on the whole surface is vertical and equal 
to gp V upwards, it foUows that the resultant horizontal and 
vertical pressures on the curved surface are respectively equal 
to X and gpV^ F. 

Ex. A solid is formed by turning a circular area round 
a tangent line through an angle 0, and this solid is held under 
water vrith its lower piane face horizontal and agivendepthh. 

In this case, 

V= iro^Q, X = gpira^ (h-'a sin 0) sin 0, 

and F = gfyrra^ (h — hcos0 + a sin cos 0). 

44. To find the resultant pressure on any surface of a 
fluid at rest under the action of any given forces. 

Let p he the pressure, determined as in Chapter IL, at 
any point (x, y, z) of a surface, u = 0, exposed to the action of 
the fluid. Then if 

P« W ^ [dyj ^ [dzj ' 

pdu j^du pdu 
dx' dy' dz^ 

are the direction-cosines of the normal at the point (a?, y, z). 
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Let ss be an element of the surface aboutthe same point. 
The pressures on this element, parallel to the axes, are 

p^'ì''- p^'t'"' ^^£'^' 

.'. if X, Y,Z,a.nà L, M, iV, be the resultant pressures parallel 
to the axes, and the resultant couples, respectively, 

z.//,p|is, r=//,p|^, z.JI,P''£^. 

the integrations being made to include the whole of the 
surface under consideration. 

These resultants are equivalent to a single force if 

XL + TM + ZN^O. 

45. The surface may be divided into elements in three 
■diflferent ways by planes parallel to the co-ordinate planes. 

Thus, SxSy = projection of SS on xt/ = P ^ B8; 

and .-. Z = JJ pcLvdy ; and similarly, X = fj pdydz, and 
^ = Jfpdzdx, 

L = ffp {ydxdy — zdzdx\ 

= ffpiydy-zdz)da), 

M = jjp {zdz — xdx) dy, 

N = jjp {xdx — ydy) dz, 

46. K the fluid be at rest under the action of gravity 
only, and the axis of z be vertical, p is a function of z^ <f> {z) 
«uppose, and therefore, 

X^Sf<f>{z)dydz, 



58 CENTBE OF PRESSURE. 

which is evidently the expression for the pressure, parallel to 
Xy upon the projection of the given surface on the piane yz ; 
and similarly Y is equal to the pressure upon the projection 
on xz, 

Again, if the fluid be incompressible and acted upon by 
gravity only, pBxSy is equal to the weight of the portion of 
fluid contained between BS and its projection on the surface 
of the fluid ; 

/. Z, or JJpdxdy, is the weight of the superincumbent fluid. 

These results accord with those previouslyobtained, Arts.. 
40 and 41. 

47. If a solid body be whoUy or partially immersed in 
any fluid which is at rest under the action of given forces, the 
resultant fluid pressure on the body will.be equal to the 
resultant of the forces which would act on the displaced fluid. 

For we can imagine the solid removed and the gap filled 
up with the fluid, which will be in equilibrium under the 
action of the forces and the pressure of the surrounding 
fluid ; and the resultant pressure must be equal and opposite 
to the resultant of the forces. 

In fiUing up the gap with fluid, the law of density must 
be maintained, that is, the surfaces of equal density must be 
continuous with those of the surrounding fluid. 



EXAMPLES. 

1. A heavy thick rope, the density of which is doublé 
the density of water, is suspended by one end, outside the 
water, so as to be partly immersed ; find the tension of the 
rope at the middle of the immersed portion. 

2. Water is poured into a hoUow sphere, determine the 
depth of the water when the resultant pressure is half the 
total normal pressure. 

3. A conical wine-glass is filled with water and placed 
in an inverted position on a table ; if the whole pressure of 
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the water on the glass be doublé its resultant pressure, find 
the vertical angle of the cone. 

4. A vessel in the form of a regular pyramid, whose base 
is a piane polygon of n sides, is placed with its axis vertical 
and vertex downwai'ds and is fiUed with fluid. Each side of 
the vessel is moveable about a hinge at the vertex, and is 
kept in its place by a string fastened to the middle point of 
its base and to the centro of the polygon : show that the 
tension of each string is to the whole weight of the fluid as 
1 to 71 sin 2a, where a is the inclination of each side to the 
horizon. 

5. Find the centro of pressure of a square lamina having 
one angular point in the surface of a liquid ; and supposing it 
to be moved about the angular point in its own piane, which 
is fixed, and to be always totally immersed, find the locus on 
its own piane of its centro of pressure. 

6. Find the centro of pressure of an elliptic lamina just 
immersed in water; and supposing it turned round in the 
same vertical piane, so as to be always just immersed, find 
the locus with respect to its axes of the centro of pressure. 

7. A cubical box, filled with water, has a close-fitting 
heavy lid fixed by smooth hinges to one edge ; compare the 
tangents of the angles through which the box must be tilted 
about the several edges of its base, in order that the water 
may just begin to escape. 

8. A system of coaxal circles is immersed in water with 
the line of centres at a given depth ; prove that the centres 
of pressure of those circular areas, which are completely 
immersed, lie on a parabola. 

9. Find the centro of pressure of a semi-ellipse (axes 2a 
and a) which is bounded by a diameter inclined at the angle 

^ to its major axis, its piane being vertical, and the diameter 

in the surface. 

10. A semi-ellipse bounded by its axis minor, is just 
immersed in a liquid the density of which varies as the depth; 
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if the axis minor be in the surface, find the eccentricity in 
order that the focus may be the centre of pressure. 

11. A square lamina ABCD, which is immersed in water, 
has the side AB in the surface ; draw a line BE to a point E 
in CD such that the pressures on the two portions may be 
«qual. Prove that, if this be the case, the distance between 
the centres of pressure : the side of the square : : ^^505 : 48. 

12. From a semicircle, whose diameter is in the surface 
of a liquid, a circle is cut out, whose diameter is the vertical 
radius of the semicircle ; find the centre of pressure of the 
remainder. 

13. A semicircular lamina is completely immersed in 
water with its piane vertical, so that the extremity A of its 
bounding diameter is in the surface, and the diameter makes 
with the surface an angle a. 

Prove that if E he the centre of pressure and the angle 
between AE and the diameter, 

>j 37r+16tana 

tan e/ = ^^ . .. g — i • 

lo + loTrtana 

14. If the depths of the angular points of a triangle 
below the surface of a liquid be a, b, e, prove that the depth 
of the centre of pressure below the centre of gravity is 

12(a + 6 + c) 

15. A piane area immersed in a fluid moves parallel to 
itself and with its centre of gravity always in the same verti- 
<ìal straight line. Shew (1) that the locus of the centres of 
pressure is a hyperbola, one asymptote of which is the given 
vertical, and (2) that ii c^, a + h, a + h\ a + h!\ be the depths 
of the e. G. any positions, y, y + hy + *'> y + ^', those of the 
centre of pressure in the same positions, then 



k h hik-h) 



= 0, 
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1 6. Find the centre of pressure of a segment of a parabola 
bounded by the curve and the latus-rectum, the tangent at 
one end of the bounding ordinate being in the surface. If the 
liquid rise, the parabola remaining stationary, shew that the 
centre of pressure describes a straight line. 

17. A cone is totally immersed in water, the depth of 
the centre of its base being given. Prove that, P, P', P", 
being the resultant pressures on its convex surface, when the 
sines of the inclination of its axis to the horizon are 8, s', s'\ 
respectively, 

P* («' - O + F' {8" - 5) + F"" {8 - 8') = 0. 

18. Find the centre of pressure of the area between the 

curve Jx + ^/y = Ja, and the axes, taking the axes rectangu- 
lar and one of them in the surface. 

19. A quantity of liquid acted upon by a centrai force 
varying as the distance is contained between two parallel 
planes ; if J., P, be the areas of the planes in contact with 
the fluid, shew that the pressures upon them are in the ratio 

20. A hoUow sphere is full of liquid, the density of which 
varies as (the depth)'*; shew that the whole pressure on the 
surface of the sphere : the resultant pressure : : ?i + 3 : n + 1. 

21. One asymptote of a hyperbola lies in the surface of 
a fluid ; find the depth of the centre of pressure of the area 
included between the immersed asymptote, the curve, and 
two given horizontal lines in the piane of the hyperbola. 

22. A cone is immersed in water with the centre of its 

5 
base at a distance of ;r of its altitude below the surface. A 

6 

paraboloid of the same base and altitude is also immersed 

with the centre of its base at the same distance below the 

surface as that of the cone, and with its axis inclined at the 

same angle to the vertical. Find what this angle must be in 

order that the resultant pressures on the convex surfaces of 

the two solids may be equal. 
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23. A closéd cylinder, very nearly filled with liquid, 
rotates uniformly about a generating lioe, which is vertical ; 
find the resultant pressure od its curved surface. 

Determine also the point of. action of the pressure on its 
upper end. 

24. Shew that the depth of the centre of pressure of the 
area included between the are and the asymptote of the curve 

(r — a) cos ^ = 6 is -T . -^—^ — r- , the asymptote being in the 

4? OTTO -|- 4flt 

surface and the piane of the curve vertical. 

25. A cone is filled with liquid, and fitted with a heavy 
lid, moveable about a hinge ; it is then made to revolve 
uniformly about the generating line through the hinge, which 
is vertical; find the greatest angular velocity consistent with 
no escape of the liquid. 

26. A portion of a spherical shell is cut off by a piane, 
and the remainiag portioa is placed on a horizontal piane so 
that the circular section is in contact with the piane and is 
then filled with water through a small hole at the highest 
point. Find the largest piece which can be cut off so that, 
however light the shell may be, the water may not escape. 

In this case, prove that the whole pressure on the shell is 
to the weight of the liquid in the ratio 2 : 1. 

27. If a piane area immersed in a liquid revolve about 
any axis in its own piane, prove that the centre of pressure 
describes a straight line in the piane. 

28. A cube whose edge is 2a, and whose faces are hori- 
zontal and vertical, is surrounded by a mass of heavy liquid, 

the volume of which is 8a' {ttJQ — 1} ; the liquid is acted on 

by a force tending to the centre of the cube, and varying as 

the distance, the force at the distance a being g : find the 

form of the free surface and the pressure at any point : also if 

one of the vertical faces of the cube be moveable about a 

horizontal line in its own piane, shew that the face will be at 

4 
rest, if this line be at a distance ^ a from the lowest edge of 

that face. 
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29. A solid paraboloide cut off by a piane through the 
focus perpendicular to its axis, is completely immersed, its 
vertex being at a given depth, and its axis inclined at a given 
angle to the vertical. Find the direction and magnitudo of 
the resultant pressure on its curved surface. 

30. A solid is formed by turning a parabolic area, bound- 
ed by the latus-rectum, about the latus-rectum, through an 
angle ; and this solid is held under water, just immersed, 
with its lower piane face horizontal. Prove that, if ^ be the 
inclination to the horizon of the resultant pressure on the 
curved sur&ce of the solid, 

38in"(?tan </) = 5 sin 5- 3sin^cos^-2ft 

31. In the midst of a mass of fluid attracting according 
to the law of nature, and rotating in relative equilibrium 
about an axis, a small particle is introduced, and started with 
the velocity of the fluid whose place it occupies. Will it 
approach or recede from the axis ? 

32. In an infinite mass of fluid of density p, every part 
of which attracts every other part according to the law of 
nature, are placed two shells, whose internai and external 
radii are a, 6 and a', V respectively, and densities <r, a. The 
shells also attract each other and the fluid as in nature. Find 
the resultant force on each shell, and show that in certain 
cases this force is a repulsive one. 

33. A given area is immersed vertically in a heavy liquid 
and a cono is constructed on it as base, the cono being whoUy 
immersed: find the locus of the vertex when the resultant 
pressure on the curved surface is Constant, and shew that 
this pressure is unaltered by turning the cono round the 
horizontal line drawn through the centro of gravity of the 
base perpendicular to the piane of the base. 

34. A conical vessel, axis vertical and vertex downwards, 
is divided into two parts by a piane through its axis, and the 
parts are prevented from separating by a string which is a 
diameter of the rim of the vessel, and is perpendicular to the 
dividing piane, and by a hinge at the vertex. 
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The vessel being fiUed with water, compare the tension of 
the string with the weight of the water. 

35. A hollow cone open at the top is fiUed with water ; 
find the resultant pressure on the portion of its surface cut 
off, on one side, by two planes through its axis inclined at a 
given angle to each other ; also determine the line of action 
of the resultant pressure, and shew that, if the vertical angle 
be a right angle, it will pass through the centro of the top of 
the cone. 

36. A vessel in the form of an elliptic paraboloid, whose 

9 S 

uC XI z 

axis is vertical, and equation — + ^ = r , is divided into four 

equal compartments by its principal planes. Into one of 
these water is poured to the depth A, prove that, if the 
resultant pressure on the curved portion be reduced to two 
forces, one vertical and the other horizontal, the line of action 
of the latter will pass through the point (^a, -^6, f A). 

37. A bowl in the form of a hemisphere is fiUed with 
water; find the direction and magnitudo of the resultant 
pressure on the upper portion of the bowl cut off by a piane 
through its centro inclined at a given angle to the horizon. 

38. An open conical shell, the weight of which may be 
neglected, is fiUed with water, and is then suspended from a 
point in the rim, and allowed gradually to take its position of 

2 

equilibrium ; prove that, if the vertical angle be cos'* „ » the 

surface of the water will divide the generating line through 
the point of suspension in the ratio 2 : 1. 

39. A regular polygon whoUy immersed in a liquid is 
moveable about its centro of gravity ; prove that the locus of 
the centro of pressure is a sphere. 

40. A hemispherical bowl is fiUed with water, and two 
vertical planes are drawn through its centrai radius, cutting 
oflF a semi-lune of the surface ; if 2a be the angle between the 
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planes, prove that the angle which the resultant pressure on 
the surface makes with the vertical 



.1 /sin a\ 



41. A volunae of fluid of density p surrounds a fixed 

sphere of radius b and is attracted to a point at a distance 
e (< 6) from its centre by a force fir perunit mass ; supposing 
the external pressure zero, find the resultant pressure on the 
fixed sphere. 

42. A vessel in the form of a surface of revolution has 
the foUowing property ; if it be placed with its axis vertical, 
and any quantity of water be poured into it, the ratio of the 
total normal pressure to the resultant vertical pressure varies 
as the depth of the water poured in. Shew that the equation 
to the generating curve is 

cs = xy. 

43. Find the equation of a curve symmetrical about a 
vertical axis, such that, when it is immersed with its highest 
point at half the depth of its lowest, the centre of pressure 
may bisect the axis. 

44. Find the surfaces of floatation and of buoyancy 
in the case of a right circular cylinder floating with one 
end immersed. 

45. The vertices A, B, (7 of a triangular lamina are 
sunk in a homogeneous liquid to depths h^, h^, h^ respec- 
tively : prove that if p^, p^, p^ be the respective perpen- 
diculars from A, B, C on BC, CA, AB, then the trilinear 
coordinates of the centre of pressure are 

46. A triangular lamina is totally immersed in a homo- 
geneous liquid, the depths of the angular points being 
p, q,r; prove that if the centre of pressure of the triangle 
coincide with the mean centre of its angular points for 
multiples Z, m, w, then 

p :q:r :: Sl-(m + n) : 3m — (w+Z) : 3n — {l + m). 

B. H. 5 



CHAPTER IV. 



THE EQUILIBRIUM OF FLOATING BODIES. 

48, To find the conditions of equilibrium of a floating 
body. 

We shall suppose that the fluid is at rest under the action 
of gravity only, and that the body, under the action of the 
same force, is floating freely in the fluid. The only forces 
then which act on the body are its weight, and the pressurj^ 
of the surrounding fluid, and in order that equilibrium may 
exist, the resultant fluid pressure must be equal to the weight 
of the body, and must act in a vertical direction, 

Now we bave shewn, that the resultant pressure of a 
heavy fluid on the surfece of a solid, either whoUy or partially 
immersed, is equal to the weight of the fluid displaced, and 
acts in a vertical line through its centro of gravity. 

Hence it foUows that the weight of the body must be 
equal to the weight of the fluid displaced, and that the 
centres of gravity of the body, and of the fluid displaced, must 
lie in the same vertical line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. If it be heterogeneous, the displaced fluid 
must be looked upon as foUowing the same law of density as 
the surrounding fluid ; in other words, it must consist of strata 
of the same kind as, and continuous with, the horizontal strata 
of uniform density, in which the particles of the sun-ounding 
fluid are necessarily arranged. 
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If for instance a solid body float in water, partially im- 
mersed, ita weight will be equal to the weight of the water 
displaced, together with the weight of the air displaced ; and 
if the air be removed, or its pressure diminished by a diminu- 
tion of its density or temperature, the solid will sink in the 
water through a space depending upon its own weight, and 
upon the densities of air and water. This may be further 
explained by observing that the pressure of the air on the 
water is greater than at any point above it, and that this sur- 
face pressure of the air is transmitted by the water to the 
immersed portion of the floating body, and consequently the 
upward pressure of the air upon it is greater than the down- 
ward pressure. 

49. We now proceed to illustrate the application of the 
above conditions, by the discussion of some particular cases. 

Ex. 1. A portion of a solid paraholoid, of given height, 
Jloats with its aads vertical and vertex downwards in a homo- 
geneous liquida required tofind its position of equilibrium. 

Taking 4a as the latus rectum of the generating parabola, 
h its height, and x the depth of its vertex, the volumes of 
the whole solid and of the portion immersed are respectively 
27rah^ and 27raa? ; and if p, a; be the densities of the solid 
and liquid, one condition of equilibrium is 



p . 2'7rah^ = a . ^iroof ; 

, m X -— * / flf» 

V o- 



which determines the portion immersed, the other condition 
being obviously satisfied. 

Ex. 2. It is required to jmd thepositions of equilibrium 
of a square lamina floating with its piane verticale in a liquid 
of doublé its own density. 

The conditions of equilibrium are clearly satisfied if the 
lamina float half immersed either with a diagonal vertical, or 
with two sides vertical. 

5—2 
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To examine whether there is any other posìtìon of equi- 
librium, let the lamina be held with the line DOG in the 
surface, in which case the first condition is satisfied. 

But, if the angle CO A = 5, and if 2a be the side of the 
square, the moment about of the fluid pressure, which is 
the same as the diiference between the moments of the rect- 
angle AK, and of twice the triangle GBD, 




a 



oc 2a* . ò sin 6 — 0? tan 6 . 



a sec ^ + a cos 6 



X sin 5 (1 - tan* ^ ; 

and this vanishes only when 5 = or 7 . 

Hence there is no other position of equilibrium. 

Ex. 3. A triangular prism floats with ita edges horizontaly 
to find its positions of equilibrium, 

Let the figure be a section of the prism by a vertical piane 
through its centro of gravity. 

PQ is the line of floatation and H the centre of gravity 
of the liquid displaced. When there is equilibrium the area 
APQ is to ABC in the ratio of the density of the prism 
to the density of the liquid, and therefore for ali possible 
positions of PQ the area APQ is Constant ; hence PQ always 
touches, at its middle point, an hyperbola of which AB, AC, 
are the asymptotes. 
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Also HG must be perpendicular to PQ, and therefore since 

AH : HE = AG : OF, 

FÉ must be perpendicular to PQ, that is, FÉ is the normal 
at ^ to the hj^erbola. The problem is therefore reduced to 
that of drawing normals from F to the curve. 

Let xy = e* be the equation of the curve referred to AB, 
ACdi& axes, and let 

Z BAC=-0,AB = 2a,AC^2b (a). 

Let X, y, be the co-ordinates of E ; the co-ordinates of F 
are a, 6, and the equation of the normal at E is 

' ^ xcosd — y^^ ^ 

And if this pass through F, the co-ordinates of which 
are a, 6, 

(6 — y) {x cos — y) — {(i — x){y cos 6 — x), 

or a?' - (a + 6 cos ^) a? = y' - (acos ^ + 6) y ()8). 

The equations (a) and (^) determine ali the points of the 
hyperbola, the tangents at which can be lines of floatation. 
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Also 08) is the equation to an equilatera! hyperbola, re- 
ferred to conjugate diameters parallel to ABy AC; thepoints 
of intersection of the two hyperbolas are therefore the posi- 
tions of E. 

To find X, we have 

a?* — (a + 6 008 5) . aj* + (a cos + b) (?x — e* = 0, 

an equation which has only one negative root, and one or three 
positive roots, and there may be therefore three positions of 
equilibrium or only one. 

If the densities of the liquid and the prism be p and o-, we 
have, since the area P-4Q 

= i^P . ^Qsin e= 2a^sin ^ = 2c*sin B, 

2pc^ sin = 2<ràb sin 0, 

or pc' = (rab, 

from which e is determined. 

Suppose the prism to be isosceles, then putting a = 6, the 
equation for x becomes 

a?*-c*-a(l + cos^) (a^'-c'a?) = 0; 

from which we obtain a? = e, which gives y = e, and makes BG 
horizontal, an obvious position of equilibrium, and also 

^ = I (1 + cos ^) + ||*(H- cos ^)« - c»| 

= a cos' ^ + (a cos*5 — e ) ; 

the isosceles prism will therefore have only one position of 
equilibrium, unless 

a cos ^>c; 

and, since />c' = a-a^, this is equivalent to 

,0 /a 
^^«2^Vp- 
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Ex. 4. Determine the position of equilihrium of a balloon 
ofgiven size and weight, neglecting the variations of tempera'- 
ture at different heights in the atmosphere» 

If the temperature be Constant, the pressure of the air at 

-2* IT --* 

a height -^ = 116 *, and its density =x^ *' -"^ being the 

atmospheric pressure at the level from which the height is 
measured. 

The air displaced consists of a series of strata of variable 
density, and if z he the height of the lowest point of the 
balloon, x the distance from that point of any horizontal 
section (X) of the balloon, and h its height, the weight of a 
stratum of the air displaced is 

and the whole weight of air displaced 

f^Ua -^^^^ Ha 'Si eh _(B 

The form of the balloon being given, X is a known func- 
tion of X, and if W he the weight of the balloon and of the 
gas it contains, the height z will be determined by equating 
W to the expression we bave obtained for the weight of the 
air displaced. 

50. A homogenecms solid floats, wholly immersed, in a 
liquid of which the density varies as the depth ; to jvnd the 
depth ofits centre of gravity. 

Let a, e, be the depths of the highest and lowest points of 
the solid, Z the area of a horizontal section of the solid at a 
depth z, and jjlz the density ; 

the weight of the liquid displaced = j gfizZdz. 

J a 

Let z he the depth of the centre of gravity of the solid, 
and V its volume, then 

Vz^C" Zzdz; 

J a 
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therefore the weìght of displaced liquid ~ gfJi^V, and if p be 
the density of the solid, its weìght ^^gpV; hence p^^ìz, or 
the solid floats in such a position that the density of the 
liquid at the depth of the centre of gravity of the solid is 
equal to the density of the solid. 

51. If a solid float under constraint, the conditions of 
equilibrium depend on the nature of the constraining 
circumstances, but in any case the resultant of the con- 
straining forces must act in a vertical direction, since the 
other forces, the weight of the body, and the fluid pressure, 
are vertical. 

If for instance one point of a solid be fixed, the condition 
of equilibrium is that the weight of the body and the weight 
of the fluid displaced should bave equal moments about the 
fixed point ; this condition being satisfied, the solid will be at 
rest, and the stress on the fixed point will be the difference of 
the two weights. 

As an additìonal illustration, consider the case of a solid 
floating in water and supported by a string fastened to a point 
above the surface ; in the position of equilibrium the string 
will be vertical, and the tension of the string, together with 
the resultant fluid pressure, which is equal to the weight of 
the displaced fluid, will counterbalance the weight of the 
body; the tension is therefore equal to the difierence of the 
weights, and the weights are inversely in tbe ratio of the dis- 
tances of their lines of action from the line of the string, 
these three lines being in the same vertical piane. 

52. For subsequent investigations, the foUowing geome- 
trical propositions will be found important. 

If a solid he cut hy a piane, and this piane be mode to 
tura through a very small angle about a straigkt line in itself, 
the volume cut off will remain the same, provided the straight 
line pass throiLgh the centroid o/the area o/the piane section. 

To prove this, consider a right cylinder of any kind cut by 
a piane making with its base an angle 0. 
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Lei z be tbe distance from the base of the centroid 
of the section A, hA an element of the area of the section 
and y the volume between the planes. Then 

^"". A ' 

.-. ^cos^ = S(S^cos5.PJV) = F, 

or F = (area of base). 

Now the centroid of the area A is also 
the centroid of ali sections made by planes 
passing through it, as may be seen by pro- 
jecting the sections on the base of the cylin- 
der ; it follows therefore, that, z being the 
same for ali such sections, the volumes cut 
oflf are the same. 

In the case of any solid, if the cutting 
piane be tumed through a very small angle 
;about the centroid of its section, the surface 
near the curves of section may be considered, 
without sensible error, cylindrical, and the above proposition 
is therefore established*. 

* The following form of proof may also be given. 

Lei ACB, the cutting piane, be tumed through a amali angle (Q) about a 
line Cx, and let àA be an element of the area. 





Then the algebraical yalue of the additìonal volume out off is equal to 
JdydA^ and, if this vanishes, fydA=Of which is the condition that the 
centroid of A should lie in the axis of x ; and, taking C as the centroid) any 
j>lane through C will satisfj the same condition. 
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In other words, the diflference between the volume lost 
and the volume gained by the change in the position of the 
cutting piane will be indefinitely small compared with either. 

53. Definitions. If a body float in a homogeneous liquid, 
the piane in which the body is intersected by the surface of 
the liquid is the piane of jloatation. 

The point Hy the centro of gravity of the liquid dis- 
placed, is the centre ofìmoyancy, 

If the body move so that the volume of liquid displaced 
remains unchanged, the envelope of the planes of floatation 
is the surface of floatationy and the locus of H is the surface 
ofhuoyamyy. 

54. If a piane move so as to cut from a solid a Constant 
volume, and if H he the centroid of the volume cut off, the 
tangent piane at H to the surface which is the locus of H i^ 
parallel to the cutting piane» 

In other words, the tangent planes at any point of the 




surface of floatation, and at the corresponding point of the 
surface of buoyancy are parallel to one another. 

We may observe that the algebraical moment about the axis of y of the 
volnme cut off is fdxydA, which vanishes if fxyd A =0, that is, if the axes 
Cx, Cy be the prinoipal axes of the area. 
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Turn the piane AGB, the cutting piane, through a small 
angle into the position aCb, the volumes of the wedges ACa^ 
BUb being equal. 

Let and G^ be the centroids of these wedges. 
In OH produced take a point E such that 
EH : HG :: Volume ACa : Volume aDB. 

Join Eff and take H such that 

EH : HO' : : Voi. BCb : Voi. aDB; 
then H is the centroid of aDb ; 

.-. EH : HG :: EH : H0\ 
and HH is therefore parallel to GG\ 

Hence it foUows that ultimately when the angle AGaìs^ 
indefinitely diminished, 

HH is parallel to ACB ; 

and HH is a tangent at H to the locus of H 

This being true for any displacement of the piane ACB 
about its centroid, it foUows that the tangent piane at H 
to the locus of H is parallel to the piane ACB. 

55. The positions of equilibrium of a body floating in a 
homogeneaas liquid are determined by dravnng normals from 
G, the centre ofgravity ofthe body, to the surface ofbuoyaricy, 

For if OH be a normal to the surface of buoyancy, the 
tangent piane at Hy being parallel to the piane of floatation, 
is horizontal, and OH is therefore vertical. 

The two conditions of equilibrium are then satisfied, and 
a position of equilibrium is determined. 

The problem comes to the same thing as determining the 
positions of equilibrium of a heavy body, bounded by the 
surface of buoyancy, on a horizontal piane. 

56. It should be noticed that the shape of the curve of 
buoyancy is entirely determined by the form of the bounding 
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surface, and is uuaffected by an alteration of the form of 
that portion of the body which always remains immeraed. 

Let HQ he an are of the surface of buoyancy for a 
boundary BAC, and an immersed volume V, and imagine 
a volume v, the centroid of which is h, to be cut ofif. 




Taking hlT : hH :: hQ^ : HQ :: V : F-v, the surface 
H'Q' is the new curve of buoyancy which is obviously similar 
to the surface HQ. 

57. Particular cases o/curves of buoyancy. 

For a triangular prism, as in Art. 49, the curve of floata- 
tion is the envelope of PQ, which is an hyperbola having ^5, 
AC for asymptotes ; and, since AH = ^AE, the curve of 
buoyancy is a similar hyperbola. 

If the body be a piane lamina bounded by a parabola, 
the curves of floatation and buoyancy are equal parabolas. 

If the boundary be an elliptic are, the curves are arcs of 
similar and similarly situated coneentric ellipses. 

If the immersed portion of a lamina (or prism), be a 
rectangle, the curve of floatation apparently is a single point, 
and the curve of buoyancy is a parabola. 

To prove this, let H, W be positions of the centroid 
corresponding to the positions AGB^ A GB! of the line of 
floatation. 

Then, if AO=GB = a, -B5' = /3, GH = e, and fif=:the 
area cut off, 
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8y = 



Sx = 






and 



.•. Sy =^x. 




This Ì8 a particular case of the triangular prism, and, a» 
in that case, the curves of floatation and buoyancy are similar 
curves, the fact being that the curve of floatation is a parabola, 
with its vertex at 0, flattened down to a straight line. The 
identity of the cases will be clearly aeen by the application of 
a powerful microscope to the figure, capable of enlarging the 
evanescent parabola to a visible size. 

In the case of Ex. (2), Art. 49, S = 2a', and the curve of 
buoyancy is the parabola, 3y^ = 2ax. 

The radius of curvature at the vertex, JJ, of this parabola 
is Ja, which is less than HQ, 

Hence it will be seen that three normals can be drawn to 
the curve of buoyancy, giving the three positions of equili- 
brium. 

58. If the body be a lamina bounded by an hyperbolic 
are, the curves are similar hyperbolas. 

Thus, if QVQ be a line of floatation, and if 2a\ 2V be the 
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diameters conjugate and parallel to QQ\ inclined at an angle 
0, so that ab' sin = ab, 




the area QV(^ = 2 - V^» - a" sin 0dx 

Ja'Cb 

so that the ratio of x' to a', that is, of CV to CP is Constant. 

Moreover, 

?/ *_' 

(area) (CE) = 2 -, sin ^ 1 a; Va;» - a'^dx' 

a Ja- 

and therefore the ratio of GH to CP is Constant. 

These results can also be obtained by purely geometrica! 
reasoning. 

59. In the case of a right circular cone floating with its 
vertex beneath the surface, the surfaces of floatation and 
buoyancy are hyperboloids of revolution. 

If Fis the vertex of the cone, AGB the major axis of a 
section, and VK the perpendicular upon AB, the volume 
VAB is equal to 

^VK . ^ttAB .{AV. BVsin' a]K 
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But VK.AB=-VA.rB8Ìa'2oL, 

€ach expression being doublé the area VAB ; therefore, the 
volume being Constant, it foUows that the area VAB is Con- 
stant. 

The locus of C, the centroid of the piane section, is there- 
fore a hyperboloid of revolution, and VH being three-fourths 
of ve, the surface of buoyancy is a similar hyperboloid. 

60. If the floatinff body be such that the boundary of the 
portion immerseci is fhe sJrface of an eUipsoid, it iJ easily 
seen that the surfaces of floatation and buoyancy are portions 
of similar and similarly situated concentric ellipsoids. For if 
the boundary be a portion of a spherical surface, this is ob- 
yiously true, and the sphere 'can L homogeueously strained 
into an eUipsoid. 

61. A solid of revolution floats in a liquid which rotates 
tmiformly, as if solid, abont a vertical axis, the cucis of the 
solid coindding with the cuds of rotation; required to find 
the condition of equilibrium. 

In a mass of rotating liquid, suppose a surface of revo- 
lution described, having its axis coincident with the axis of 
rotation, and consider the equilibrium of the liquid within 
this surface. The resultant of the fluid pressures upon the 
liquid must be equal to its weight, and the same pressures 
being exerted on the surface of any solid occupjdng the 
same space, it foUows that any such solid will be in equi- 
librium, if its weight be equal to the weight of the fluid it 
displaces. 

It will be seen moreover that it is quite indifferent 
whether the solid rotate with the fluid, or with a diflferent 
angular velocity, or be at rest. 

Ex. A cylinder floats in rotating liquid; to find the 
depth to which it is immersed, 

If ft) be the angular velocity, the equation to the gene- 
rating parabola of the free surface, taking its vertex as the 
origin, is «y = 2gz, and if / be the depth of the. base of the 
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cylinder below the circle of floatation, that is, the circle in 
which the free surface intersects the surface of the cylinder^ 
and e the radius of the cylinder, the volume of the displaced 
fluid is the difference between the volume of a height z of 

fi) e 

the cylinder, and the volume of a height -^— of the para- 

boloid. 

Hence, if a he the density of the cylinder and p of the 
fluid, 

81 / « / 7ra)V\ 
airch = p [ iTtyz j^ 1 , 



^g 



and z =-h-\- -.- , 

9 ^9 



62. A more general case is that of a body floating, 
whoUy or partially immersed, in a liquid at rest under the 
action of any given forces, the same forces being supposed 
to act on the molecules of the body. 

If the body be in equilibrium, the resulting force upon it 
will be equal to the resulting force on the liquid displaced, 
and the lines of action of the two forces will be the same. 

For, if the body be removed, and its place occupied by the 
displaced liquid, the resulting pressure of the liquid upon the 
body will be the same as upon the displaced liquid, and will 
therefore be equal and opposite to the resultant force upon 
the displaced liquid. 

Ex. A mass of liquid is at rest imder the action of a force 
to a fixed point varying OjS the dista^ice, and a solid in theform 
of a spherical sector is at rest partly immersed in it, with its 
vertex at the fixed point ; it is required to compare the densities 
of the liquid and the solid. 

In the state of equilibrium, let r be the radius of the free 
surface of the liquid, and a the radius of the spherical sector. 
The volumes of the sector and of the displaced liquid are in 
the ratio of a' to r^\ and the distances of their centres of 
mass from the centro of force are in the ratio of a to r ; 

.'. if p and cr be the densities, /oa* = crr*. 
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63. Potential energy stored up by the immersion of a solid 
in a liquid. 

If a solid body be immersed in a vessel containing liquid, 
work is done, and therefore potential energy is gained by the 
elevation of the centre of gravity of the liquid. 




Let OS be the depth of liquid, z the depth of immersion of 
the solid, X and Z the corresponding areal sections of the 
vessel and the solid, V the volume of liquid, and V of the 
immersed portion of the solid. 



Then, 



Vx = rXWdoo' ^\' Z{x^z + z') dz\ 
J a J 



and the increase of potential energy is the variation of the 
expression gpVx, due to an increase &c in x. 

Taking gp = 1, this variation 

= XxSx — (&» — 8z) V — {ce — z) Zhz — Zzhz, 
and, observing that 

and therefore that 

Xhx = Zhz, 

the variation = V {Bz — 8x), 

This result can of course be obtained at once by observing 
that V is equal to the resultant vertical pressure on the 
solid, and that Bz — Bx is the descent of the solid due to the 
ascent Bx of the liquid. 

B. H. 6 



82 EXAMPLES. 



EXAMPLES. 

1. Prove that a homogeneous solid, in the form of a right 
circular cone, can float in a liquid of twice its own density 
with its axis horizontal, and find, in that case^ the whole 
pressure on the surface immersed. 

2. A solid formed of two co-axial right cones, of the same 
vertical angle, connected at the vertices, is placed with one 
end in contact with the horizontal base of a vessel : water is 
then poured into the vessel ; shew that if the altitude of the 
upper cone be treble that of the lower, and the common den- 
sity of the spindle four-sevenths that of the water, it will be 
upon the point of rising when the water reaches to the level 
of its upper end. 

3. A cone, of given weight and volume, floats with its 
vertex downwards; prove that the surface of the cone in 
contact with the liquid is least when its vertical angle is 

2 tan"' 



V2* 



4. A square board is placed in liquid of four times its 
density; shew that there are three different positions in 
which it will float with one given corner only below the 
surface of the fluid. 

5. A body is floating in water; a hoUow vessel is in- 
verted over it and depressed : what effect will be produced in 
the position of the body, (1) with reference to the surface of 
the water within the vessel, (2) with reference to the surface 
of the fluid outside ? 

6. A hoUow hemispherical shell has a heavy particle 
fixed to its rim, and floats in water with the particle just 
above the surface, and with the piane of the rim inclined at 
an angle of 45® to the surface ; shew that the weight of the 
hemisphere : the weight of the water which it would contain 

::4V2-5 : 6V2. 
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7. A sphere of given radius r floats in equilibrium in a 
quantity of water contained in a cylindrical vessel, revolving 
xiniformly about its axis which is vertical; the velocity of 
rotation o) is such that cdV = ^; prove that the whole pressure 
iipon the sphere varies as the cube of the surface immersed. 

8. A cene of semi-vertical angle 30^ and axis h floats 
with its axis vertical and vertex downwards in a fluid whose 
density is one-third greater than its own ; shew that the rim 
of its base will be just immersed if the fluid rotate, as if rigid, 
with angular velocity \Jgl»Jh about a vertical line coinciding 
with the axis of the cone. 

9. A solid cone is divided into two parts by a piane 
through its axis, and the parts are connected by a hinge at 
the vertex ; the system being placed in water with its axis 
vertical and vertex downwards, shew that, if it float without 
separation of the parts, the length of the axis immersed is 
greater than h sin* a, h being the height of the cone, and 2a 
its vertical angle. 

10. A cone, the vertex of which is fixed at the bottom of 
a vessel containing water, is in equilibrium, with its slant side 
vertical and the lowest point of its base just touching the 
sur&ce. Compare the density of the cone with that of the 
water. 

11. The curved surface of a cup is formed by the revolu- 

tion of a portion of the curve - = log f about its asymptote. 

It floats in liquid with its axis vertical and narrow end down- 
wards, and a heavier liquid is poured into it. Shew that 
if the cup be made of proper weight, the distance between 
the surfaces of the two liquids will be Constant. 

12. A cylinder floats in a liquid with its axis iuclined at 
an angle tan"^ 2/5 to the vertical, and its upper end just above 
the surface ; prove that the radius is 4/7 of the height of the 
cylinder. 

« 

13. Two rods of the same substance bave their euds 
fastened together, and float in a liquid with the angle 
immersed ; shew that the curve of buoyancy is a parabola. 

6—2 
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14. If a given quantity of homogeneous matter be formed 
into a paraboloid of revolution and allowed to float with the 
vertex downwards, the square of the distance of the centre of 
gravity from the piane of floatation will be inversely propor- 
tional to the latus reetum. 

15. A hoUow hemispherical cup is closed by a lid of the 
same small thickness and of the same siibstance ; shew that, 
if it float in a liquid with its centre in the surface, the in- 
clination of the lid to the vertical will be 11* 15'. 

16. A right circular cone has a piane base in the form of 
an ellipse; the cone floats with its longest generating line 
horizontal; if 2a be the vertical angle, and )8 the angle 
between the piane base and the shortest generating line, 
shew that 

5 cot yS = 5 cot 4a — cosec 4a. 

17. If the height of a right circular cone be equal to the 
diameter of the base, it will float, with its slant side hori- 
zontal, in any liquid of greater density. 

18. A cone, whose height is h and vertical angle 2a, has 
its vertex fixed at distance e beneath the surface of a liquid ; 
shew that it will rest with its base just out of the liquid if 

o-c* . cos® a . cos ^ = ph^ [cos (^ — a) . cos {6 + a)]^ 

where <t and p are the densities of the liquid and cone, and 
is given by the equation e cos a = h cos {6 + a). 

19. A tetrahedron floats in water with one corner im- 
mersed. The three edges which meet in this corner are equal 
and mutually at right angles. Shew that there are one, two, 
or three distinct positions of equilibrium, according as the 
ratio of the density of the tetrahedron to that of the water is 
greater, equal to, or less than 4 : 27. 

20. A hemispherical shell (radius 2a) containing water 
rotates with an angular velocity JSg/j7a about its axis 
which is vertical : a sphere (radius a) rests on the water with 
its lowest point in contact with the shell without pressure 
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on it. If the free surface passes through the rim of the shell, 
ehew that 

density of sphere : density of water :: 128 : 189. 

21. An isosceles triangular lamina ABC, right-angled at 
C, floats with its piane vertical and the angle C immersed, in 
a liquid of which the density varies as the depth ; prove that, 
if 7r/4 + ^ be the angle which AB makes with the vertical, in 
either of the positions of equilibrium in which AB is not 
horizontal, the vaine of is given by an equation of the form 

m sin* cos" = (sin + cos 0y. 

22. A right circular cylinder, whose axis is vertical, con- 
tains a quantity of liquid, the density of which varies as the 
depth, and a right cone whose axis is coincident with that of 
the cylinder and which is of equal base, is allowed to sink 
slowly into the liquid with its vertex downwards. If the 
cone be in equilibrium when just immersed, prove that 
the density of the cone is equal to the initial density of the 
liquid at a depth equal to -^th the length of the axis of the 
cone. 

23. A solid cone, of height A, vertical angle 2a, and 
density p, is moveable about its vertex, and its vertex is fixed 
at a depth e below the surface of a liquid, the density of 
which, at a depth z, is fMZ. The cone is in equilibrium with 
its axis inclined at an angle to the vertical, and its base 
above the surface; prove that 

fic'^ cos* a cos ^ = 5ph^ {cos (0 + a) cos (0 — a)}i 

24. A hoUow paraboloidal vessel floats in water with a 
heavy sphere lying in it. There being an opening at the 
vertex, the water occupies the whole of the space between the 
vessel and the sphere. If the resultant pressure on the sphere 
be equal to half the weight of the water which would fili it, 
shew that the depth of the centre of the sphere below the 
surface of the water is 4a*/3c, where 4a is the latus rectum 
of the paraboloid, and e the distance of the piane of contact 
from the vertex. 
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25. A right cone floats with its vertex downwards in 
a fluid of which the density varies as the depth. Shew that 
if its axis can make an angle 6 with the vertical in a position 
of equilibrium, then 

5 cos a sec d (cos* 6 — sin' a)* = ^il^nrjp, 

where a is the semi- vertical angle of the cone, a its density, 
p that of the fluid at a depth equal to the slant side of the 
cone. 

26. A right-angled triangular prism floats in a fluid of 
which the density varies as the depth with the right angle 
immersed and the edges horizontal ; the curve of buoyancy is« 
of the form 

r' sin* e cos* = c\ 

27. A life-belt in the form of an anchor-ring generated 
by a circle of radius a floats in water with its equatoreal 
piane horizontal ; shew that Zy the depth immersed, is given 
by the equations 

£r = a (1 — cos /3), 

27r = s (2^ - sin 2y9) ; 
where s is the specific gravity of the material of the belt. 

28. A parabolic lamina, bounded by a doublé ordinate 
perpendicular to the axis, floats in a liquid with its focus in 
the surface and its axis inclined at the angle tan"V'^/2 to- 
the vertical ; prove that the density of the liquid is to that 
of the lamina as 216 : 121, and that the length of the 
bounding ordinate is three times the latus rectum. 

29. A solid right cone of density cr, height A, and vertical 
angle 2a can tum freely about ita vertex which is fixed at a 
height d above the surface of a liquid of density p, If it 
float with its base wholly immersed, and its axis inclined 
obliquely at an angle with the vertical, shew that 

A* (p — a) {cos {0 + a) cos (0 — a)}^ = d^p cos cos* a. 

30. An indefinitely small piece of ice, the shape of which 
may be taken to be that of a right circular cylinder, is float- 
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ing in water with its axis vertical. The part immersed 
receives deposits of ice in such a manner as to continue 
cylindrical, the radius and axis receiving equal increments 
in equal times. Find the ultimate shape of the part not 
immersed. 

If the specific gravity of ice be '96, prove that the surface 
is formed by the revolution of the curve 
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THE STABILITY OF THE EQUILIBRIUM OF FLOATING BODIES. 

64. If a floating body be slightly dìsplaced, it wìU in 
general either tend to return to its originai position, or will 
recede farther from that position ; in the former case the 
equilibrium is said to be stalle, and in the latter unstable, for 
that particular direction of displacement. 

Consider first a small vertical displacement: it is clear 
that, if the body be floating partially immersed in homogene- 
ous fluid, or if it be immersed, either whoUy or partially, in a 
heterogeneous fluid of which the density increases with the 
depth, a depression will increase the weight of the fluid dis- 
placed, and on the contrary an elevation will diminish it ; in 
either case the tendency of the fluid pressure is to restore the 
body to its position of rest, and the equilibrium is stable with 
regard to vertical displacements. This, it will be observed, is 
only shewn to be true of rigid bodies ; if the increased pres- 
sure, caused by depression, bave the effect of compressing any 
portion of the floating body, the equilibrium is not necessarily 
stable, and in fact it may be unstable. 

An arbitrary displacement will in general involve both 
vertical and angular changes in the position of the body ; if 
however the displacement be small, as we bave supposea to 
be the case, the e£fects of the two changes of position can be 
treated independently ; and we proceed to consider the effect 
of a small angular displacement, on the supposition that the 
weight of fluid displaced remains unchanged, and conse- 
quently that the fluid pressure has no tendency to raise or 
depress the centro of gravity of the body. 
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65. A solid, floabing at resi in a komogermms liquid, Ì8 
Tnade to tum through a very smaU angle in a given vertical 
piane ; to determine whether the fluid pressure will tend to 
restore it to its originai position or not 

Suppose the volume of liquid displaced to remain un- 
changed, and that the centro of buoyancy remains in the 
vertical piane of displacement through HQ, This will be the 
case if CN be a principal axis of the piane of floatation. 

Let AEG be the originai piane of floatation and BGb the 
water-line after displacement through a small angle ^, the 
centro of gravity of the solid, H of the fluid onginally dis- 
placed, and V the volume of the fluid displaced. 




In the second figure CN is the line of intersection of the 
two planes ACa^ BCb, which is perpendicular to the piane 
ACB, in the first figure. 




The resultant fluid pressure is the weight of BDab acting 
upwards, and is therefore equivalent to the weight of ABa, 
or gpV, acting upwards through H, of the wedge aCb acting 
upwards, and of the wedge A GB acting downwarda 
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These wedges being equal, the resultant action of the two 
wedges is a couple, the moment of which about G is equal to 
its moment about (7. 

Taking for convenience gp as unity, the weight of an ele- 
ment PN of one of the wedges 

where x = CN, and y = PN\ and the distance from CN of its 
centre of gravity is \y ; 

.'. the moment about GN of the wedges 

^t{^f0hx) 

^es^fhx=e.Aify 

where A is the area of the section AGa of the body by the 
piane of floatation, and k its radius of gyration relative to the 
line GN. Hence the restorative moment of the fluid pressure 
about a horizontal axis through (?, parallel to GN, 

^(Ak*-'V.HO)0; 

and if this moment is positive the solid tends to return to its 
originai position, i.e. the equilibrium is stable 

when HG< -y-, 
and conversely, is unstable 

when HO > -^ . 

If M be the point in HO through which the resultant ver- 
tical pressure of the fluid acts, in other words, if the vertical 
line through the centre of buoyancy meet HO in My the 
moment is 

V.OM&ìne, 

or r(HM''H0)6; 

.'. HM^^^y 

and the equilibrium is stable or unstable according as HM> 
okHG. 

The point M is called the metacentre. 
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If HO = AI(^/Vy that is, if M and G coincide, the equili- 
brium is said to be neutral, and, when this is the case, the 
approximation must be carried to a higher power of 0, in 
order to determine whether the equilibrium is stable or 
unstable for small displacements. 

Replacing gp, it will be seen that, in the general case, the 
restorative moment, for a displacement through a small angle 
6, is 

gp0 (AI(^ - V , HO). 

66. A body, which isjloating in a liquid, is tumed through 
a small angle ^ round a prindpal aads at the centroid of the 
piane offloa;tation; to determine the a/mount of work eocpended 
in produdng the displacement. 

Let the displacement be about the line CN in the second 
figure, 

Then, if K represent the expression gp (Ak^ — V , HG)^ 
K0 is the couple required to hold the body at the displace- 
ment 0, and K0B0 is the work done in producing the addi- 
tional displacement 80. 

Hence the work done in producing the small displace- 
ment <t> 

= rK0d0 = iK<l>\ 

Jo 

67. We bave assumed, in the preceding investigations,, 
that the centro of gravity of the displaced liquid remains in 
the vertical piane of displacement passing through HG ; when 
this is not the case, the expression 

gp(AI(?--r.HG)0, 

will stili represent the moment of the fluid pressures, but the 
line of action of the resultant fluid pressure will not neces- 
sarily He in the piane ABa. 

Let X be the distance measured in the direction CN', from 
the vertical piane ADa, of the vertical through the centro of 
gravity {H') of the solid Bab, then 



92 METACENTRE. 

SO tbat X depends upon the product of inertia of the area, and 
vanishes when Cx and Cy are principal axes. 

If the projection of the vertical through H' on the piane 
ABa meet HG in M, the moment of the fluid pressures about 
G will stili be represented by F. GM, 0, and therefore as in 
the previous case V, HM=^ l^A^ and if rotation in the direc- 
tion of the piane ABa only be allowed, the position of the 
point M defines the stability of the equilibrium. 

68. It must be observed that the above investigation is 
essentially statical ; it is simply an inquiry into the direction 
in which the moment of the fluid pressure about a certain 
horizontal axis through G is acting in the position of dis- 
placement contemplated. 

Considered dynamically, if the horizontal axis through G 
be not a principal axis, the forces introduced by displacement 
will cause accelerations about other axes through G, and will 
oonsequently produce rotations about varying axes. 

Moreover a rotation about G would, except in the case in 
which E and G are coincident, cause a change in the quantity 
of fluid displaced, and vertical oscillations would therefore 
ensue. 

69. The question of stability may be treated somewhat 
dilFerently. 

Defining the metacentre as the point of intersection with 
the line HG of the vertical line through the new centro of 
buovancy after a slight displacement, we are led to the fol- 
lowmg theorem ; 

The metacentre is the centre of curvature of the curve of 
buoyancy at the point in the same vertical line with G. 

This is at once obvious from the fact that the point M is 
the point of intersection of consecutive normals to the curve. 

Hence it appears that for any displacement, consistent 
with the condition that the volume displaced remains the 
same, the direction of the fluid pressure is always a vertical 
tangent to the evolute of the curve of buoyancy. 
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70. From the preceding theorem we can detertnine the 
expression for the height of the metacentre above the point H, 

Let H be the eentre of gravity of the volume ADB, and 
ET of aDh, aCA being a small angle 0. 

Then, if a be an element of the area of the piane of 
floatation, 




H'N\ HN, perpendiculars upon the vertical line throuffh G 
ITNW- HN . V = l(Gn .e .a . Gn)-hX(Gn\ . a' Cni, 
or H'L.V=^0A}(^; 

but, if M be the eentre of curvature at H, 

HX = H'M.0 = HM.0, 
,\ V.HM^](?A. 

The restorative moment, for a small displacement 0, 
= gpV.GM.0=gp0(AI(?'-r.HO). 

71. The preceding article assumes that the vertical line 
of action of the fluid pressure, after a slight displacement, in- 
tersects HO. This will be true only when the piane of dis- 
placement is a principal section, at H, of the surface of 
buoyancy. When this is not the case, the projection of the 
line of action on the vertical piane of displacement will inter- 
sect HO in a point J/, which will be the eentre of curvature 
of the normal section of the surface. 
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The radius of curvature of any normal section at H, of the 
sur&ce of buoyancy, is therefore A^jV, and, if / and T be 
the principal moments of inertia of the piane of floatation at 
its centroid, the principal radii of curvature, at H, of the 
surface of buoyancy are 

^andp., 

and the principal sections are parallel to the principal axes 
of the piane of floatation. 

72. A most important case naturally presents itself ; that 
is, the question of the stability of equilibrium of a ship when 
displaced by roUing. 

In this case the vertical piane through HO, perpendicular 
to the piane of displacement, divides the floating body sym- 
metrically, and consequently the vertical line HO passes 
through the point C in the piane of floatation. 

The line HO also divides the curve of buoyancy symmetri- 
cally, and the point JET is a point of maximum or minimum 
curvature. In the first of these two cases the cusp of the 
evolute is pointed downwards ; in the second case it is pointed 
upwards. 
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The figures at once shew the effects of displacement. 

In the first case the righting moment, which is the stati- 
cai measure of stability for a given angle of displacement, is 
proportional to G^Fthe perpendicular from G on the tangent 
PQ, and increases with an increase in the angle of displace- 
ment. 

In the second case, the righting moment increases to a 
maximum value, and then diminishes, vanishing for the 
position given by the tangent OQ'P*, 

This is a position of equilibrium, but it is of unstable 
equilibrium, in accordance with the general mechanical law 
that positions of stable and unstable equilibrium occur alter- 
nately. 

If the equation to the curve of buoyancy be obtained in 
the form p =/(<^), G being the origin, 



and the righting moment is 



W 



dp 



if W be the weight of the ship. 

In general the curve of buoyancy, for moderate displace- 
ments, is approximately an are of an hyperbola ; in the case 
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of a ' wall-sided ' ship, that is of a ship witb the sides vertical 
near the water-line, the curve is an are of a parabola. 

73. Taking the case of a ship floatiog upright, the 
expression for the radius of curvature of a transverse section, 
2-4, of the surface of floatation is 

__ jy* tan ads 

ds being an element of the perimeter of the water-section, 
and a the inclination of the side of the ship to the verticaL 

To prove this, let C he the centre of gravity of a section 
through C making a small angle with the water-section 
ACB, and let aCb be the projection of the perimeter of the 
new section upon the water-section, E being the projection 
ofC". 

Taking PQ = efo, and drawing Pp and Qq normals to the 
perimeter, the element of area PQqp = yO tan ads ; 

.-. CE. (2^) = 2 Jy»^ tan ads, 

and, since GC = r^d, and CE^CC ultimately, it foUows that 

r^A = /y* tan adsy 



// 
/ / 

/ / 


X 


// ^ 

/ / 
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X * 
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a 



an expression first given by Mons. C. Dupin, in a memoir 
given to the Académie des Sciences in 1814. 
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A corresponding expression obviously exists for the radius 
of curvature (JBj) of the longìtudinal section. 

74. Calling r and R the metacentric heights for trans- 
versal and longìtudinal dìsplacements, that is, the radii of 
curvature of transverse and longìtudinal sections of the 
surface of buoyancy ; we know that 

r = ^ and JB = -^ , 

where i and / are the prìncipal moments of inertia of the 
water-section. 

Mons. E. Leclert has establìshed the following relations 
between* these quantities ; 



dV 



dV 



dV 



dV 



A translation of Leclert's paper is given by Mr Merrifield 
in the Proceedings, for 1870, of the Institution of Naval 
ArchitectSy and in the Messenger of Mathematics, March, 1872. 
The following is the first of the two proofs which are given. 

Taking a section parallel to the water-section, and at a 
distance dz from it, 

dV = Adz. 




Let apqb he the projection of this new section upon the 
water-section ; then di is the moment of inertia of the area 
between ab and AB ; 



.*. di = ^y^dz . tan a ds, 



B. H. 



4 



à 
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and 



Hence 



, =/y*tanacfo. 

_^ 1 di ^ di 
^'^ATz^dV' 
di i Vdi — idV 



or 



Vdr 



VdV 



M 



75. Effect of a slight increase in the load of a ship on 
the position of the metacentre, 

Assuming that a ship has two vertical planes of symmetry, 
lei C be the centroid of the 
piane of floatatìon, and consider 
the stability in one of these 
planes. 

Taking C as the new posi- 
tion of C when the load is 
slightly increased, let SFrepre- 
sent the additional displacement. 

Then, if H' and M' are the 

new positions of H and M, 

but GH\SV=V.HH\ 



C 



^^^ir.-r + CH), 

r^ representin^ CD, the radius of 
curvature of the surface of floatation. 

Hence MM' = -y.{CD- HM + CE) 



H 
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SO that the metacentre is elevated or depresseci, relative to 
the ship, according as the metacentre is below or above the 
centro of curvature of the surface of floatation. 

76. Heeling over of a screw-steamer due to the action of 
its screw*. 

If L is the turning couple of the engine, measured in 
foot-pounds, and if n is the number of revolutions per 
minute, the work dono in one minute is 2*7rnL. But, if H is 
the horse-power at which the engine is working, 

the work dono = 33000 JB"; 

.-. 27mi = 33000 if. 

If is the angle through which the steamer heels over, 
h the height of the metacentre above the centro of gravity, 
and W the weight of the steamer in tons, 

1=224:0 Whsm0; 

. • . 33000 H=27rnx 2240 Wh sin 0, 

an equation which determines 0. 

The heeling effect can be counteracted by placing a 
weight w Bt Sk given distance e from the mediai piane, such 
that 

or 27rn cw = 33000 H. 

In the case of a paddle steamer, the heeling over will be 
in the longitudinal direction, and in this case h will be the 
longitudinal metacentric height. 

It will be seen that the heeling over is in the opposite 
direction to the rotation. Thus, in the case of a paddle 
steamer going ahead, the bow is slightly lifted and the stem 
is slightly sunk. 

77. We now append some examples of the determination 
of the metacentre. 

* This artide is due to Prof. Greenhill. f : 

7—2 



C * 

4 J 
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Ex. 1. A solid cylinder of radiua a and length h floating 
vrith ita aads vertical. 

In this case the piane of floatation ìs a circular area, and 

JO J Q 

ir 

= fa* I cos*^ d6, putting ce = a sin 0, 

J 



Tra* 



" 4 ' 
therefore, if h' he the length of the axis immersed, 

and the equilibrium is stable if 

a' h h' 



^h'^2 2 • 

Ex. 2. A cylinder floating vrith its axis horizontal and 
in the mrface is displaced in the vertical piane througk the 
aocis. 

The piane of floatation is a rectangle, and 

Al^ = iah\ 

h being the length of the cylinder, and a its radius ; 

h' 
tra' 

and the equilibrium is stable, if 



.-. HM=:^ 






(. <- 



. . .^ ^ ór h > 2a. 



<- ■- t e- 
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Ex. 3. A solid cone floating with its aods vertical and 
vertex dovmwards, 

Let h be the length of the axis, 

z the portion of thè axis immersed, 

2a the vertical angle of the cone. 

Then Al^ = Jtt-s* tan* a, 

and V = ^irs? tan* a ; 

.-. JTJf = f 2: tan' a ; 

also HG=-ih'-iz, 

and therefore the equilibrium is stable or unstable, according 
as 

z tan" a > or < A — 0, 

or z>or <h cos* ou 

But if /), o- be the densities of the fluid and cone, 

therefore the equilibrium is stable or unstable as 



- > or < (cos a)\ 
P 

Ex. 4. An isosceles triangvlar prism floating with its base 
not immersed, and its edges horizontal. 

Referring to Art. 49, consider first the position of equi- 
librium in which the base is inclined to the horizon. 

In this case, ìt AQ = 2y and AP = 2x, x and y are given 
by the equations 

a; + 1/ = 2a cos* ^ , 
xy = c^. 
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The co-ordinates of O and H referred to AB, AC ba axes 
are respectively, 

fa, fa, and §ìp, |y, 

= |{^+2/' + 2an/cos^-2a(l+cos^)(a? + y) + 2a*(l + co8^)}, 
from which, by means of the above equations, we obtain 

i?G = fsm|(a»cos»|-c')*. 

The area Pj1Q = 2c'sin 0, and if M be the metacentre, 
and l the length of the prism, 



HM= 



PO' 



24c* sin ' 
But PQ^^^é^ix' + y^-'ìicy cos 0) 



= 16 cos' ^ (a* cos' rt — e') ; 



2^ 

cosS^ 



.•.irif=f |(a'cos'|-c')*> 

• e' sin ^ 

and HM > HO, if e' sin' | < cos' | (a' cos' | - e'). 

Le. II cos^> -. 
2 a 

Next, consider the case in which the base is horizontal, 
and PQ therefore parallel to BC, 

The area P-4Q = 2c' sin ^, 

AP = AQ = 2c, and PQ = 4csin|. 
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2 

Hence, HM = |c x , and HO = $ (a — e) cos ^ > 



cos 2 

and HM> HO a cos'i <^. 

2 a 

Now in the Art. 49, before referred to, we bave shewn that 

there are three positions of equilibrium, or one only, according 

as 

^0 e 

cos ^ > or < - . 
2 a 

Hence it foUows, that when there are three positions of 
equilibrium, the intermediate one, in which GB is horizontal, 
is a position of unstable equilibrium, while in the other two 
positions the equilibrium is stable. 

If there be only one position in which the prism will rest, 
ita equilibrium is stable. 

It will be a useful exercise for the student to obtain these 
results by investigating the equation to the curve of buoy- 
ancy, and determining the position of its centro of curvature. 

78. Finite displacemerUs, If a solid body, floating in 
water, be turned through any given angle from its position 
of equilibrium, then, as before, the moment of the fluid pres- 
sure is restorative or not according as the point L at which 
the vertical through the new centro of buoyancy meets the 
line HO is above or below 0, 

It is not to be inferred that if Z is above O, the body 
will when set free return to its originai position aud oscillate 
through it, or even that the originai position is one of 
stable equilibrium, according to our previous definition of 
stability : it is a general law of mechanics that positions of 
stable and unstable equilibrium occur altemately, and the 
body may bave been displaced from its originai position 
through other positions of equilibrium. 

As a particular example take the foUowing. 
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A solid corte, floating witk ita aads veridcal and vertex 
downwards, is tumed through an angle in a vertìcal piane, 
the volume of fluid displaced remaining the same; to deter- 
mine the direction of tìie mxmient of the fluid pressure. 

Let AB be the major axis of the elliptic section made by 
the surface piane of the fluid, C its middle point, Aa, Bb, Ce, 
lines at right angles to AB, and let the angle A VB = 2a and 
VA = d. Then 

VAa=0''a, and F56 = 7r-^-a. 




TT 1 /TT . TTi.\ 1 f 7sm(^~a) , ,cos(^-a)sm(^ + a)) 
^^ l ^^^ cos(^ + a) sm5 ] 

rfcos 
"'cos(^ + a)' 

The semi-minor axis of the ellipse ^j5 is a mean propor- 
tional between the perpendiculars from A and B on the axis 
of the cone, 
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.-. its area = tt^ABìVA . VB . sin» a)* 

_^^sinasm2a (cos (0 — a) )\ 
""2 cos (0 + a) • lcor((9Ta)j ' 
therefore the volume of the fluid displaced 

= j^d cos (^ — a) . (area of ellipse) 

, ,3 . a (cos(^-a)ì* 

= Ì7rd"sin'acosa'^ — t^ (^y . 

^ (cos {0 + a)J 

Hence, if p, a- be the densities of the fluid and the cone, 
since the weight of the fluid displaced is equal to that of the 
cone, we have 

'cos(^-a)ì^ ,,. , 

7^-T\f =o-A'tan»a, 

cos {0 + a)) 

fcos(^ + a)ì* 1 



pcP sin*a cos a 



And VL > va if 



(cos (0 - o)j 



cos®a 



, cos ^ , 
cos (^ + a) 



.« Vo* cos a cos (^ + a) fcos(^ — a))^ 

V /> cos ^ (cos (^ + a) 

Supposing indefinitely small, we obtain the condition of 
stability for an infìnitesimal displacement, 



^/: 



3/(7 

- > cos'a ; as before, Ex, 3, Art. 77. 



Let the equilibrium of the cone be neutral, that is, let 

o- = /t) cos*a, 

then, after a finite displacement, the action of the fluid will 
tend to restore the cone to its originai position, if 

cos a . cos ^ > Vfcos (5 + a) . cos (0 — a)}, 

a condition which is always true, a and being each less than 
a right angle. 

In the case of neutral equilibrium of a cone, the equili- 
brium may therefore be characterised as stable for any finite 
displacement. 
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79. Wheu liquid is contaiiied in a vessel, which is 
slightly displaced from ita originai position, the preceding 
investigations enable us to determine the line of action of the 
resuJtant downward pressure. 

The problem in fact in this case, as in the previous case, 
is the following. 

A given volume, the centre of gravity of which is H, is 
cut from a solid ABC by a piane, and the line CH is perpen- 
dicular to the piane; the same volume being cut off by a 
piane making a very small angle with the piane ^j5, to 
determine the position of the straight line perpendicular to 
the second piane, and passing through the centre of gravity 
of the volume cut off by it. 

If the interior surface of the vessel is symmetrical with 
respect to the piane through H perpendicular to the line of 
intersection of the two planes, the line whose position is 
required will intersect GH in a point M, the metaoentre, the 
position of which is determined by our previous results. 

80. A hollow vessel containing liquid, floats in liquid ; re- 
quired to determine the nature of the equilibrium, supposing 
that the body is symmetrical with respect to the vertical piane 
of displacement through its centre of gravity , and that the 
centres of gravity of the body and of the liquid are in the same 
vertical line. 
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Let M be the metacentre for the displaced fluid, and M' 
for the contained fluid, TT, W\ the weights of the displaced 
and contained fluid*. 

Taking moments about O, the centre of gravity of the 
vessel, the resultant fluid pressures will tend to restore equi- 
librium, or the reverse, according as 

W.OM-W.OM 

is positive or negative, i.e. as 

W GM 



Ex. A hollow cane containing water floats in water with 
its aids vertical. 

Let h = the length of the axis of the cone, 

A' = the length of the axis in the contained fluid, 

;8: = the length beneath the surface of the external 
fluid. 

Taking 2a as the vertical angle of the cone, we bave 

£rJlf=f^tan'a. 
But HG='ih-ìz; 

.-. OM = ^z sec^a " ^h. 
Similarly OM' = f A' sec'a - f A, 

also ^, — ^,8 > 

therefore the equilibrium is stable if 

9h' sec*a - Sh 



(j)" 



9z sec'a - Sh ' 
z being given by the equation 

W—W' = igpTT tan'a (^ — h'^) = weight of cone. 

81. In the case in which the centres of gravity of the 

* This is the case of a leaky ship roUing ; the next article disoasses the 
pitching of a leaky ship. 



108 



METACENTRE. 



contained and of the displaced fluid are not in the same 
vertical, suppose the displacement to take place in direction 
of the vertical piane through the centres of gravity, and that 
the body is symmetrical with respect to that piane. 

Let O be the centre of gravity of the body, H of the fluid 
displaced, H' of the contained fluid, and M, M\ the meta- 
centres. 




Also let GNN' be horizontal in the position of equili- 
brium, and OLL' the horizontal line through O in the dis- 
placed position. 

Then TT, W\ having the sanie meanings as before, and 
being the angle of displacement, the equilibrium is stable or 

unstable, as 

W.OL>oT<W\QL\ 

or 

W(ONco^0-^ MN sin ^) > or < TT ( Gif cos + MIT sin 0\ 

i.e. since W.GN^W.GN', 



as 



W M'N' 



82. Staòility of the eqvbilihriwm of bodies floating under 
constraitvt. 

In those cases of constraint, in which, for a small displace- 
ment, the volume of liquid displaced remaìns unchanged, the 
theory of the metacentre determines the line of action of the 
fluid pressure, and the question of stability is then easily 
determined. 
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Suppose, for instance, that a body, partially immersed, is 
moveable about a horizontal axis, which is vertically beneath 
the centre of gravity (C) of the piane of section of the body 
by the surface of the liquid. 

The effect of a displacement through a small angle will 
be to depress the point through a space which depends 
upon 0^, and therefore, to the first order of small quantities, 
the volume displaced remains unchanged, and the metacentre 
is the same as if (7 remained in the surface. 

If the body be moveable about a horizontal axis which is 
not vertically beneath the point G, the change in the volume 
displaced cannot be neglected, and the question of stability 
must be treated by a direct consideration of the action of the 
displaced liquid. 

Ex. A rectangvlar lamina resta in a liquid of tvnce its 
(yivn density with two of its sides verticale and is moveaòle in 
its ovm 'piane ahout the middle point of one of its vertical 
sides. 

The figure represents the lamina when slightly displaced 
through an augle AOB, (0), the point which is in the 
surface being the middle point. 




Then if OA = a, and if the height = 26, 
the area AOB = i a^0, 
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and, taking moments about 0, the equilibrìum is stable if 

UN being the vertical through H; 

or, since 

if, 2a" > 36». 



Oi^=OGcos^-Jffffsin^ = |-|^, 



83. In the particular case in which the centre of gravity 
of the body and the azis about which it is moveable are in 
the surface of the liquid, a formula can be given, for the 
determination of stability, analogous to that of Art. 65. 
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Taking Oy as the axis, and V as the volume of displaced 
liquid. 

Loss of moment due to the displacement of H 

^gpV.NN'=gpV.HN.0, 

and restorative moment due to the increase of the displaced 
liquid 

Al? being the moment of inertia about Oy of the area of the 
piane of noatation ; 

.'. the equilibrium is stable, if Al(? > F. HN. 
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In the general case of a horìzontal axis, if 0\ L, and N 
he the projections, on the piane of floatation, of 0, O, and H, 
the test of stability is that 

gpAl(^^gpV.HN+W.GL 

must be positive^ with the condition, 

W.aL = gpV.O'N', 

Al^ being the moment of inertia, about (Xy, of the area of 
the piane of floatation. 

84. The equilibriwìi of hodies fioaking in two liquids. 

Suppose the body to be whoUy immersed with the 
portion V of its volume in the upper liquid and V in the 
lower. 

Take the case in which the centres of gravity H, H\ of 
the liquids displaced by V and F', and therefore the centro 
of gravity G of the body, are in the same vertical. 

Displace the body through a small angle about an axis 
through the centro of gravity of the section AGB of the 
body by the common surface of the liquids. 

The action then consists of a pressure gp'V acting 
upwards through M' the metacentro for the lower liquid, and 
of a pressure ^roF acting upwards through M the metacentro 
for the upper liquid. 

If M be above G and ikf' below G, the equilibrium is 
stable, if 

gpV.GM>gp'V\GM\ 

or, observing that HM is measured downwards from jff, 

if pV, HG - pAk' >pV\ H'G - p'A¥, 

or {p'-p)Ak'>p'V\HV''pr.HG, 

Aìf being the moment of inertia of the area AGB about the 
axis through (7. 
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li Khe the centre of gravity of the fluid displaced, L the 
resultant metacentre, and W the weight of the body, 

W. KL=gpV.KM-gp'V'.KM' 

= gp V(KH - HM) - gp'V'(KH' - H'M') 
=gÌp'-p)Al<*, 
and the equilibrium is stable, if L is above 0. 

85. The preceding question may be aLso usefuUy treated 
in the following manner. 

The body may be supposed to be completely immersed in 
a liquid of density p, and we can then imagine a liquid of 
density p—p superposed. 

Let E be the centre of gravity of the whole volume 
r+ V\ so that (V+r).EO=V\HV-V.HO. 

If the body be displaced through a small angle 0, the 
restorative moment is 

g {fi' - p) {AF - V . H'Q) -gp(V+V'). EG, 

which by the above relation becomes 

g{p'-p)Al^^gpT\E'Q + gpV.HO, 

and the stability depends upon the sign of this expression. 

86. Stability of a body floating in heterogeneous liquid, 

We shall consider only the case in which the body is 
symmetrical with regard to the line HQ so that this line 
passes through (7, the centre of gravity of the water-section, 
and contains the 'centro of gravity of ali the strata of liquid 
displaced. 

The eflfect of this limitation is that a small displacement 
{&) about (7, or about any point in HQ, raises the centre of 
gravity of any horizontal section through a height of the order 
6^, and we can therefore employ the formulse of Arts. (65) 
and (84). 
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87. Determmation of the metacentre for a body floating 
in heterogeneous liquid. 

A liquid in which the density is a function of the depth, 
can be conceived as made up of a series of homogeneous 
liquida having successive descending surfaces, and the centre 
of gravity H of the whole mass U displaced, will be the 
centre of gravity of the aggregate of these liquida. 

Tuming the body through a small angle 0, the vertical 
tilt of the centre of gravity of each portion will vary as d\ 
and therefore the vertical tilt of H will vary as , 

If E be the surface, p the density, and V the volume dis- 
placed of one of these liquids, and if h be the centre of gravity 
of F, then, as in Art. (70), 

h'I . F= 0AÌ(Ì', 

A being the area of the section E ; 

therefore H'L.U= Vi'l . Vp = 0XpAl^. 




Further, if M be the metacentre, 

E'L = H'M.0=^HM.0, 

and therefore HM, U= l^pAi^. 

This formula includes the case in which the solid bulges 
cut below the water-section. 



B. H. 
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Taking CA as the axis of y, and considering the case 
when the solìd does not bulge out, 

IpAìé" =//2(/)) y" dody, 

the doublé integration extending over the water-section, and 
the summation of p down the vertical ordinate NP ; hence, if 
p' he the density at P, 

HM. U=Jfpydxdy. 

88. If the floating body be a solid of revolution, having 
its axis vertical, the formulse can be somewhat simpiified. 

For, transferring to polar co-ordinates, 



VI 

HM. Cr=4 r rp^r^ sin* 0drd0 
JoJo 

= I TTpr^dr, 
Jo 





p' being the density corresponding to the section of radius r. 

Suppose, for example, that the density varies as the 
depth, and that the floating body is a cone, vertex down- 
wards. 

If h be the length of axis immersed, 

TT Tini r**^* /L j, \^j 7rfih!'ta.t*a 

U ,HM= TT/A (A - r cot a) r'dr = ---^t. — , 

and U = I irfiz (h — zf tan* ddz = — -^ ^ — , 

Jo 1^ 

.-. irifar=fAtan»a. 
Also, if F be the vertex, 
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89. The following is another method of determining the 
stability or the instability of the equìlibrium of a floating 
body*. 

Takìng the case in which the body is symmetrical with 
regard to the vertical piane zx of displacement, let ACB 
be the piane of floatation, C being its centroid, and 
aCb the Uquid-surface after the body has been tumed about 
Cy through a small angle dy Cx being horizontal and Cz 
vertical. 




■3f 



Let a?, y, z be co-ordinates of a point P in the surface 
of the body, and let the vertical ordinate Pn meet the piane 
xy mny and the piane ACB in JV, then 

Nn = x0, and PN = z + x0. 

Let H' he the centro of gravity of aDb, Hot ADB, and O 
of the whole body. 

Then, V being the volume of liquid displaced, and HK, 
H'K* perpendiculars on Cz, 

r.H'K' = lJxzdydx,andV.HK=^jjx(z + xe)dydx; 



.'. V.HL^jja^Odydx. 



* Alta. (89—92) were originally pnblished in the Second Edìtion (1867) 
of thìs Treatise. 

8—2 
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But, if the vertical through H' meet HO in M, the 
metacentre, 

HL^HM.e, 



.'.V.HM 



= lì a^dydx. 



is 




and if HM he greater than HO, 
the eqiiilibrium is stable. 

The expression II a? dy cfc», ii 

the moment of inertia of the piane 
area aCh about Oy, and is ulti- 
mately the same as that of ACB about Cy. 

Hence, if A be the area ACB, the equation may be 

written 

• V.HM^l^A. 

90. This result may also be 
obtained by taking GA as axis of 
Xy but the process is then some- 
what longer, as it becomes neces- 
sary to shew that, tp the first order 
of small quantities, 

CK^GK'. 

This however is easily seen, for 

V.GK=H^.zdydx, 

and F. GK' =jji (z + x0) (z - w0) dy dx, 

z — xd being the portion of z below the surface in the displaced 
position ; 

.'. F KK'= Il \o?ffdydx, which is of the second order. 

Again, we may give another form to the process by a 
direct investigation of the moment, about Cy, of the fluid 
pressure. 
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91. A body is floating in equilibrium in a liquid, of 
which the density is, at any point, a fv/nction of the depth of 
that point; it is required to find the condition of stability, 

Taking ACB as the piane of floatation, and aCb as the 
liquid-surfaee after displacement, let H' be the centre of 
gravity of the fluid displaced by aJ)b, 




Take the vertical through C as axis of z, and Ca as axis 
of X ; then if P be any point (x, y, z) within the body, and 
PI the perpendicular on GA, 

Pl^zcosd + x sin 

= £r + a:^ ultimately. 

And if the density p =/ (the depth), the density at P 
before displacement 

=f(z + x0) 

=f(z) + x0f(zl 
to the first order. 

Hence, if IT be the mass of liquid displaced, 
U.EK=jjj {f(2) + xdf(z)}aìdzdyda!. 



U . ET = fjj^ f(z) xdzdydx, 
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where / is the length, nP^t of the ordinate nP produced to 
meet the surface of the body in P', 

By subtraction, we obtain 

U.HL=^jjf f(z)icdzdydx-hjjf doff {z)dzdydx. 

In the first integrai z is less than xO, and therefore f{z) 
to the first order is equal to 

/(0)+*/(0); 

the first integrai then 

=/(0) \ io? Odydx io the first order, 
and the second integrai 

= ^// {/(O - /(- ^0)] a? dydx. 
Further, /(- x0) =/(0) -xdf (0), 

and therefore U, HL — & \\ ^f{^') dy dx, 

neglecting small quantities of the second order. 
But HL = . HM, and we thus obtain 

U.HM=jja^f(2f)dydx, 

the integration extending over the piane of floatation. 

This result can also be obtained, as in the previous case, 
by taking CA as the axis of x, or by directly investigating 
the moment of the fluid pressure about Cy. 

92. For the particular case of a solid of l'evolution, the 
foUowing proof may be given. 

Take the vertex as origin, the axis of the body for 
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axis of Zy and Ox horìzontaL Let PE(^ be a horìzontal 
section, and PEQf a section through E inclined at a small 
angle 6 to PJ5?Q. 




Then if </> be the angle between EF and the tangent 
at P, 

EP^EF^-EP.e^ot^, 

and EQ=^EQ-EQ,e cot <;fr, ultimately ; 

/. Pq^PQ to the Ist order, 

and the area P'EQ = that of PEQ. 

li E he the middle point of FQ\ 

EE = ^(EP-EQ') = EP.0.cot4> = ic0cot<l>. 

In the position of displacement, let 
OX' be the perpendicular from upon the 
vertical throiigh E^ ; 

then OL'=OE.e + EE 

=^z0-\-xd cot 0, 

and the moment about of the fluid 
pressure 

= Xgpira^dz [z0 + x0 cot 0} 

dx\ 
dz 







= I g0pira? Xz + x 



d-STjWhere 00= e. 



If • the equilibrium be stable, this moment must be 
greater than 

W.OG.0, 

W being the weight of the body. 
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Also 
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W . OH = Igpira^zdz, 



and, if the line of action of the resultant fluid pressure meet 
the axis in M, the moment = W, OM, 6 ; 



and 



.-. W .OM^Ìgpira^iz-^-x-jAdz', 
W.HM^j'gpira?^^dz, 

= ì gpira?dx, if GA = a, 



remembering that /o is a function of z and therefore of x. 

93. To find the condition of stahility whm a body, flodting 
in heterogeneous liquid, is wholly immersed. 

In the position of equilibrium, let OH, measured verti- 
cally downwards, be the axis of z, and suppose that the body 
is displaced through the smali angle abóut the horizontal 
axis Oy, the body cìarrying with it the axes Qx and Oz. 

In the position of displacement, let ff be the projection, 
on the piane zx, of the centro of gravity of the displaced 
liquid, and H'K' the distance of H' from the vertical piane 
through Oy. 

Then, if x, y, z are the co-ordinates of a point P of the 
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body, the co-ordinates of the same point, referred to the 
originai positions of the axes, are 

x — zO, y, z + x0. 

Takìng e as the depth of below thè surface, and /(e + z) 
as the density at P of the displaced liquid in the position of 
equilibrìum, the density at P in the position of displacement 
iaf{c-hz + x0y 

The mass of liquid now displaced 



= llìf{c-^Z'^x0)dzdydx, 
= U+0 llìxf(c + z)dzdydx, 



U being equal to the mass of liquid displaced in the position 
of equilibrìum, and therefore equal to the mass of the body. 

The mass of liquid displaced will therefore remain un- 
changed if 

jjjxf{c + z)dzdydx = 0, 

a condition which is satisfied if the body is symmetrìcal with 
respect to the piane yz. 

To this case we shall confine our attention. We there- 
fore obtain the equations ; 

U.H'K'=jjj(x-'Z0)f(c + z + x0)dzdydx, 
U.OK= [jj(z + x0)f(c + Z + X0) dz dy dx, 

U.y=lljyf(C'\'Z + x0) dz dy dx, 

y being the distance from the piane zx of the centro of 
gravity of the displaced liquid. 

Observing that H is in the axis of z, and that, if the 
vertical through ff meet HQ produced in Jf, H'K^ = QM. 0^ 
we obtain 

U.GM=:--U.QH+jjja^f(c + z)dzdydx, 
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or 



1 1 j zxf (e + z) dz dy dx. 



U.OK^U.GH+d 

and U.y=^0llj osyf (c-\'Z)dzdy dx. 

As we have taken the body to be symmetrical with 
regard to the piane yz, it foUows that the vertical displace- 
ment of H, and also the horizontal displacement parallel to 
Gh/, i.e. y, are each small quantities of the second order. 

Hence it foUows that th^ position of the metacentro is 
given by the equation, 

U.HM:=jjja^f(C'^z)dzdydx, 

the integration extending over the whole of the body. 

94. If the floating body is a right circular cylinder, 
of height 2h and radius a, and having its axis vertical, we 
obtain 

U.HM = (fi^-p;)jjo^dydx = (p^-p,)^, 

where p^ and p^ are the densities at the ends of the cylinder ; 
but if <r is the density of the cylinder, 

U= 2ira^h(r, and .". Sah . HM -= (p^ — p^) a". 

For another example consider the case of the same 
cylinder floating, with its axis horizontal, in a liquid the 
density of which varies as the depth, and suppose the 
cylinder to be tilted round the centrai horizontal diameter. 

In this case, if p = fi(c + z), 



also 



U^l fi(c + z) dF== éfjJi I (e + «) Ja*'-2^dz=2irpLhca\ 
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and JJ . OH = l /jl(c + z) zdV^ ^7r/jLha\ 

so that HM=-^ , and Gif = ^ — t" • 



EXAMPLES. 

1. An inverted vessel formed of a substance which is 
heavìer than water contains enough air to make it fioat; 
prove that, if it be pushed down through a certain space, it 
will be in a position of equilibrium which for vertical dis- 
placement will be unstable. 

2. If a solid paraboloid, bounded by a piane perpen- 
dicular to its axis, float with its axis vertical and vertex 
immersed, the height of the metacentro above the centro of 
gravity of the displaced liqiiid is equal to half the latus 
rectum. 

3. A cono, whose vertical angle is 60°, floats in water 
with its axis vertical and vertex downwards; show that its 
metacentre lies in the piane of floatation; and that its equili- 
brium will be stable provided its specific gravity > fj. 

4. An isosceles wedge floats with its base horizontal, 
and its edge immersed ; show that the equilibrium is stable 
for displacements in a piane perpendicular to the edge, if the 
ratio of the density of the wedge to that of the fluid is greater 
than the ratio (cos a)* : 1, 2a being the angle of the wedge. 

5. A closed cylindrical vessel, quarter-fiUed with ice, is 
placed floating in water with its axis vertical ; the weight of 
the vessel is one-fourth of the weight of the water which it 
can contain; examine the nature of the equilibrium before 
and after the ice melts, neglecting the change of volume 
consequent on the change of temperature. 

6. A solid in the shape of a doublé cono bounded by 
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two equal circular ends floats in a liquid of twice its density 
with its axis horizontal : prove that the equilibrium is stable 
or unstable according as the semivertical angle is less or 
greater than 60°. 

7. The cross section of a cylindrical ship is two equal 
arcs of equal parabola^ of latus rectum l which touch at the 
keel, the common vertex of the two parabolas, so that the 
sides of the ship are concave to the water. The ship is- 
floating upright with its keel at a depth h. Prove that the 
height of the metacentre above the keel is 




8. Find a solid of revolution such that, when a segment 
of it is immersed in liquid, the distance between the centre 
of buoyancy and the metacentre may be Constant, whatever 
be the height of the segment. 

9. Water rests upon mercury, and a cone is too heavy to 
rest without its vertex penetrating the mercury; find the 
density of the cone that the equilibrium may be stable. 

10. If the floating solid be a cylinder, with its axis verti- 
cal, the ratio of whose specific gravity to that of the fluid is o-, 
prove that the equilibrium will be stable, if the ratio of the 

radius of the base to the height be greater than {2(r (1 — <r)}*. 

11. A paraboloidal uniform shell floats with its axis 
vertical and | immersed in water when fiUed to a depth J of 
its axis with a fluid of density 5. Shew that the equilibrium 
is stable. 

12. A vessel in the form of a paraboloid of revolution 
contains water, and rests with. its vertex on the highest point 
of a fixed rough sphere ; find the condition that the equili- 
l>rium may be stable. 

13. If a cylindrical shell without weight contain liquid 
and float in another liquid, shew that the equilibrium will 
be stable, unless the ratio of the density of the internai 
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to the extemal fluid is less than uoity, and greater than 
half the duplicate ratio of the radius of the eylinder to 
the depth of the internai fluid. 

14. A hemispherical shell, containing liquid, is placed 
on the vertex of a fixed rough sphere of twice its diameter ; 
prove that the equilibrium will be stable or unstable, as 
the weight of the shell is greater or less than twice the 
weight of the liquid. 

15. A solid of revolution floats with its vertex down- 
wards, determine its form when the position of the meta- 
centro is independent of the density of the liquid. 

16. A conical shell, vertex downwards, floats in unstable 
equilibrium; how much water must be poured in to make 
the equilibrium stable? . 

17. A solid cene is placed in a liquid with its axis 
vertical, and with its vertex downwards and resting on the 
base of the vessel containing the liquid. If the depth of 
the liquid be half the height of the cono, and its density 
four times the density of the cone, prove that the equi- 
librium will be stable if the vertical angle of the cone 
exceeds 120°. 

Replacing the solid cone by a thin conical shell of the 
same height, of vertical angle 60°, containing liquid, up to 
the level of the middle point of its axis, of half the density 
of the liquid outside, prove that the equilibrium will be 
stable if the weight of the shell be less than three-fourths 
of the weight of the liquid inside. 

18. A cylindrical vessel, the weight of which may be 
neglected, contains water, and the vessel is placed on the 
vertex of a fixed rough sphere with the centro of its base in 
contact with the sphere. Find the condition of stability for 
infinitesimal displacements, and prove that, if the equilibrium 
be neutral for such displacements, it will be unstable for 
small finite displacements. 

19. Find the form of a solid of revolution floating with 
its axis vertical, and such that the distances of the metacentro 
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and the centre of buoyancy from the lowest end of the solid 
may be in a Constant ratio whatever be the density of the 
liquid. 

20. A semicircular cylinder rests with its axis vertical in 
a liquid of twice its own density ; if it be moveable about 
the line of interseetion of its vertical piane foce with the 
surface, find the condition of stability. 

21. A right circular cone floats with its axis horizontal 
in a liquid the density of which is doublé that of the cone, 
the vertex being attached to a fixed point in the surface 
of the liquid ; prove that for stability the vertical angle must 
be less than 120°. 

22. A cylindrical vessel is moveable about a horizontal 
axis passing through its centre of gravity, and is placed so as 
to bave its axis vertical ; if water be poured in, shew that 
the equilibrium is at first unstable ; and find the condition 
which must be satisfied, in order that it may be possible to 
make the equilibrium stable by pouring in enough water. 

23. A thin conical vessel of given weight is moveable 
about a diameter of its base, which is horizontal, and is partly 
fiUed with a heavy fluid ; shew that the equilibrium is sdways 
stable if the semivertical angle of the cone is < 30° ; and if 
it be greater than this, determine when the equilibrium is 
stable or unstable. 

24. Water is contained in a vessel having a horizontal 
base, and a paraboloid whose specific gravity is four-ninths 
that of water, and the length of whose axis is to the latus 
rectum as nine to eight, is supported partly by the fluid and 
partly by the base on which the vertex rests ; find the least 
depth of the fluid for which the equilibrium is stable. 

25. A parabolical cup, the weight of which is TT, stand- 
ing on a horizontal table, contains a quantity of water, the 
weight of which is nTT; if A be the height of the centre of 
gravity of the cup and the contained water, the equilibrium 
will be stable provided the latus rectum of the parabola be 

>2(n + l)h. 
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26. A solid of revolution floats with its axis vertical, and 
is sunk to different depths by placing weights at a fixed 
point on its axis. 

Find the form of the solid that the equilibrium may 
always be neutral. 

27. A solid cone whose axis is vertical and vertex down- 
wards is moveable about an axis coincident with a generating 
line ; to what depth must the system be immersed in water, 
in order that the equilibrium of the cone may be stable ? 

28. A solid of cork bounded by the surface generated 
by the revolution of a quadrant of an ellipse about the axis 
major sinks in mercury up to the focus. If the equilibrium 
be neutral for small angular displacements, prove that 

2e* + 4e' + 2e»-e-2 = 0. 

29. A solid cone, whose vertical angle 2a is less than 
60°, is moveable about a smooth straight wire through its 
centre of gravity perpendicular to its axis. If the wire is 
held in the surface of a liquid, prove that the cone will be 
in a position of stable equilibrium when its axis is inclined 
to the horizon at the angle sin"^ (2 sin a). 

30. Prove that the work done in tuming a floating body 
in a piane of symmetry through a small angle 6 round its 
centre of gravity is \gp{A¥'\'AV-'cV)6l*y where e is the 
distance between the centres of gravity of the body and the 
liquid displaced, and 6 is the horizontal distance between the 
centre of gravity of the body and that of the area of the 
piane of fioatation. 

31. A paraboloidal cup whose latus rectum is 4a and 
whose centre of mass is at a distance from the vertex equal 
to 2a, floats in two liquids of densities a and p {a> p)\ prove 
that the work required to turn the body through a small 
angle about a horizontal axis is 

§iragr^{A''(<r-p) + (A + A')V}. 

where A, h! are the lengths of the axis immersed in the fluids 
and g is the acceleration due to gravity. 



. I 
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32. A rìght-angled isosceles triangle floats vertex down- 
wards in a fluid with its base horizontal and ^ of its area 
immersed, so that its centre of gravity and metacentre coin- 
cide. Determine whether the equilibrìum is really stable or 
unstable. 

33. A solid in the form of a paraboloid of revolution 
floats with its axis vertical ; if the centre of inertia coincides 
with the metacentre, prove that the equilibrìum is stable. 

34. The solid formed by a portion of cy* = z (a* — a?*) cut 
off by a piane parallel to that of icy floats in a fluid of n 
times its density ; prove that, if it is in neutral equilibrìum 
for small angular displacements in any vertical piane, 

35. An isosceles trìangular lamina ABC floats with its 
base AB horìzontal, and above the surface, in a liquid, the 
density of which varìes as the depth : if A be the depth of C 
below the surface, the height of the metacentre above C is 

^h sec' "5 . 

36. An elliptic lamina floats half immersed, with its 
transverse axis (2a) vertical, in a liquid, the density of which 
varìes as the square of the depth ; prove that the depth of 
the metacentre is 32ae*/157r, e being the eccentrìcity. 

37. A right circular cylinder of radius a rests in a liquid 
with its axis vertical and a length e immersed. The density 
at a depth z being (j) (z), shew that the depth of the meta- 
centre is 



L 



a' 



z<l, (z) dz - ~ if> (e) 



f 



if) {z) dz 



38. A paraboloid of revolution floats with its axis 
vertical and vertex downwards in a liquid, the density of 
which varìes as the depth; the equilibrìum wiU be stable 
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or unstable, according as 4c is less or greater than 3 (m + a), 
where e is the length of the axis, a the length immerseci, and 
m the latus rectum of the generating parabola. 

39. A prolate spheroid floats half immersed, with its 
axis vertical, in a liquid, the density of which varies as the 
square of the depth ; the height of the metacentro above the 
surface is 

40. A solid paraboloid of revolution floats with its axis 
vertical, vertex downwards, and focus in the surface of a 
liquid, the density of which at the depth js is fi(a + z), 4ia 
being the latus rectum of the generating parabola; prove 
that the distance of the metacentro from the vertex is ^ a. 

41. A homogeneous cono floats with its vertex down- 
wards in a liquid whose density varies as the square of the 
depth ; if the density of the cono be equal to that of the 
liquid at a depth equal to a fiffch of the height of the cone, 
the vertical angle, when the equilibrium is neutral, is given 
by the equation, 

cos^a = |(|)^ 

42. A solid paraboloid of height h and latus rectum 4a, 
is in equilibrium in a vertical position, with its vertex down- 
wards, and is moveable about its vertex, which is fixed at a 
given depth e below the surface of a liquid, the density of 
which varies as the depth; prove that the equilibrium is 
stable if the ratio of the density of the paraboloid to the 
density of the liquid at the depth of its vertex is less than 
the ratio of c' + 4ac* to 4A^ 

43. A right circular solid cone floats, whoUy immersed» 
with its vertex upwards and axis vertical, in a liquid the 
density of which varies as the depth. If h is the height 
of the cone, and b the depth of its vertex below the surface, 
the distance of the metacentro from the vertex is equal to 

3, 56 + 3A 
t^ • 46T37r 

B. H. 9 
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CHAPTER VI 



OSCILLATIONS OF FLOATING BODIES. 

95. A HEAVY body which is floating in liquid in a posi- 
tion of stable equilibrium, will, if slightly displaced from that 
position, make small vertical and angular oscillations ; we 
proceed to consider, in a simple case, the laws of these oscil- 
lations. We shall suppose that the body is symmetrical with 
regard to a vertical piane through its centre, and that the 
initial displacement is parallel to this piane. 

It is evident that the subsequent motions of ali points of 
the body will be parallel to this piane, and if the equilibrium 
be stable, that the motion will consist of small vertical and 
angular oscillations. 

First, let the vertical line through Q and H (GED) pass 
through the centre of gravity of the piane of floatation. 
When this is the case we can consider the vertical and 
angular displacements independently of each other. 
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Suppose a small vertical displacement ; then the portion 
CE of the body which is raìsed out of the fluid may be con- 
sidered as a thin cylinder. 

Let CE^^Zy then EO = CO- z, and 

the force downwards on the body = the weight of the 
body — the weight of the fluid displaced 

^gpA.z, 
if A be the area of the piane of floatation ; 

m being the mass of the body, 

But mgr = the weight of fluid displaced 
^gpV.V being the volume GD\ 



d?z 



+ ^^ = 0, 



is the equation which determines the motion. 
The time of a complete oscillation is therefore 

96. Next suppose a small angular displacement (a) about 
0, then is raised through a space which depends on a*, and 
therefore may be neglected in comparison with quantities 
depending upon a, and if the body, supposed at rest, be 
then left to itself, it will (on the supposition that the equi- 
librium is stable) oscillate about a hoiizontal axis through 0, 

It would in fact come to the same thing if the initial 
displacement were about Q, as the point C would move 
sensibly (that is, considering small quantities of the first 
order only,) in a horizontal direction, and the quantity of 
fluid displaced would, as before, remain unchanged. 

If M be the metacentro, the moment of the fluid pressure 
about Q 

= gpV.MO. sin 0, 

9—2 
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and tends to diminish 6, the angle made by OH with the 
vertical at the time t 

But JlfG = ^-a; ì£HG = a, 

therefore, since the hoiizontal axis through tì' is a prìncipal 
axis, we have 

mIP~ .gp (k^A ^ aV) 0, 

neglecting higher powers of 0, where mlP is the moment 
of inertia of the body about the horizontal axis through G, 

cP0 /i^A 
or 



j^d'd (^A \^ ^ 



an equation which, when l^A > aV, that is, when M is above 
Oy indicates small oscillations taking place in the time 



""^^/Igii^A-aV)}- 



If G is below H the sign of a will of course be changed. 

It will be seen that the criterion of stability is deducible 
from the result just obtained ; it is an obvious condition for 
an oscillation that 1(^A ^aV must be a positive quantity. 

97. Secondly, when the line joining H and G does 
not pass through C, the two motions are not independent, 
but the law which defines these motions can be determined 
as foUows. 
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Suppose the body to be slightly displaxjed in the vertical 
piane of symmetry, and then leffc to itself ; and at the time t 
let be the angle made by HO with the vertical, and z = CE 
the depth of C below the surface. 

Let HG meet the piane of floatation in Z), 

HG^a, CD=b, DG = c, 

and other symbols as before. 

Then the depth of G = -s^ + 6 sin ^ + e cos ^ 

= z + b0 + e, to the order considered. 

The weight of the fluid displaced is the weight of a 
volume of fluid equal to 

aFb + EC, or AFB+EC; 

this weight =^gpV+gpAz, 

and .\m--^(z + c + bd) = mg — (gpV+ gpAz) 

= -gpAz; 
éPz ^cP0 A .,v 

Another equation is to be obtained from the consideration 
of the angular motion about the horizontal axis through G, 
which is a principal axis, perpendicular to the piane of dis- 
placement. 

The moment of the fluid pressure about G may be divided 
into two parts, the one due to the portion aFb, and the other 
to the portion EC of the fluid displaced. 

The former part of the fluid pressure =gpV acting 
upwards through M the metacentro ; and the latter = gpAz, 
and may be considered to act through C the centro of gravity 
of the piane of floatation. 

The moment, in the direction tending to diminish 0, 

=gpV. Gif sin 0-'gpAz (b cos ^ — e sin 0) 

==gp (fc"4 - aV) - gpAz (b - c0) 

= gp (y'A -aV)0- gpAbz, 
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neglecting the product of z and Q ; 

.;mK'^ = - gp Q<?A -aV)e-^ gpAhz. 

From the equations (I) and (II) we obtain 

d^z gA(^ V\ gb flc'A \ „ n 

cPe gAb g_(ì^_ \g^Q 

which may be written 

—^ + rz- bn0 = 0, 

To integrate these equations, multiply the second by \, 
and add it to the first, then, 

Xn — in \ nìl\ 

^'^'^s rb^:i:^^h ^ ^' 

we bave J(^ + ^^) + (^ " t) ^^"^^^^ " ^' 

and, if Xp \ be the roots of (III), 

^+X,^=(7,co8Wr-\|^ + a,|, 

;g+X,5 = 0,co8Wr-X,|*+a,|, 

from which ^ and d are completely determined. 

The depth of is given by an expression of the form 
C+ il cos (/*< + a) + 5 cos {fit + ^), 
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and its motiou consista of two distinct oscillations, each 
following the pendulum laws, and compounded together in 
accordance with the principle of the coexistence of small 
oscillations*. 

It may be observed that if two points be taken in the 
line AB, whose distances (romC in the direction GD are 
\f \f then at the time t, the verticai depths of these points 
are z + \0 and z+\0, that is, are 

(?! cos |>y/r - \| « + 0,1, and (7, cos jy^r - \| < + a?,L 
• 
and their verticai motions are therefore simple oscillations 
following the pendulum law, This remark is quoted by 
Duhamel (Cours de Mécanique, Art. 152) as due to M. 
Cauchy. 



EXAMPLES. 

1. A straight rod is dropped vertically from a given 
height above the^surface of water ; determine its motion and 
fina the condition that it may be only just immersed, 

2. A verticai cylinder of height h fioats in a liquid of 
twice its own density contained in a cylindrìcal vesseL If 
the radius of the vessel be doublé that of the cylinder, and 
the cylinder be slightly displaced in a verticai direction, prove 

that the time of an oscillation is 7rV3A/2^. 

3. A solid, the lower portion of whose surface is spheri- 
cal, floats in a heavy fluid ; show that the time of a small 
angular oscillation is the same in whatever fluid it floats. 

4. A hoUow hemisphere moveable about a horizontal 
diameter is partly fiUed with fluid ; shew that the time of a 
small oscillation is the same as if there were no fluid in it. 

* Poisson's Oour» de Méeanique, Art. 618. 
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5. A solid ellipsoìd floats in a liquid of twice its own 
specific gravity with its shortest axis vertical ; find the time 
of a small vertical oscillation, and also the times of small 
angular oscillatìons about the two horizontal axes. 

6. A cube (the length of whose edge is 2a) is floating in 
a fluid with its centre of gravity at a depth e below the 
surface ; if it receive a small displacement so that two of its 
faces remain vertical, shew that the times of its small vertical 
and angular oscillations are 



TT 



\/(t"') ''''^ ^^ \/fèè^} ' '^«p^oti^eiy- 



7. A cylinder makes vertical oscillations in a liquid 
contained in another cylinder, the radius of which is n times 
that of the former ; shew that the depth of the axis immersed 
when in a position of rest is 

where t is the time of a complete oscillation. 

8. A candle of density p floats vertically in stili water 
of density a. It is lighted and the flame is observed to 
descend towards the water with uniform velocity Uy and the 
velocity with which 'the candle bums is v: prove that 

v{a — p) = (TU. 

Prove also, that if the flame be extinguished when a 
length l of candle remains, the candle will rise out of the 

water if v be > 's/a-lg/p ; but if vhe < ^algjp the time of an 

oscillation will be = 27r Npljag. 

9. A right cone is floating with its axis vertical and 

vertex downwards in a fluid, and -- th part of the axis is im- 

n 

mersed ; a weight equal to the weight of the cone is placed 
on the base, upon which the cone sinks till its axis is totally 
immersed, before rising, shew that 

n^ + 7i' + n = 7. 
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10. A cone of vertical angle 2a floats in a cylinder of 
radius a with a length h of ìts axìs immerseci. K it be 
pushed vertically downwards through a small space, shew 
that the time of an oscillation is 



^/^ 



— A" tan*a) h 



11* A vessel, in the form of a paraboloid of revolution 
with its axis vertical, contams a quantity of liquid equal in 
volume to that of a segment of a paraboloid, of the same 
latus rectum, floating in it : if this be raised till its vertex 
is just on the surface, and if it then sink to a depth equal 
to 3/4 of its axis before retuming, prove that the density of 
the liquid : that of the paraboloid : : 48 : 7. 

12. A solid cone, of given vertical angle, is supported 
on an axis, about which it is moveable, coincident with a 
diameter of its base ; if the axis be held horizontally, and 
lowered until one-eighth of the volume of the cone, vertex 
downwards, is immersed in homogeneous Uquid, find the 
ratio of the densities of the liquid and cone, when the 
equilibrium is neutral. 

If, in the previous case, the axis be not lowered so far as 
to make the equilibrium neutral, and the cone be then 
slightly displaced, find the time of a small oscillation. 

13. An oblato spheroid is completely immersed in two 
fluids, the specific gravity of the lower being twice that of 
the upper fluid, and floats with its axis vertical, and its 
centro in the common surface of the fluids. 

Supposing a small displacement to take place, Ist, in a 
vertical direction, 2ndly, about a horizontal line through its 
centro of gravity, shew that the times of the small oscillations 
will be respectively 

where a and h are the semi-axes of the generating ellipse. 
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14. A homogeneous solid floats completely immersed in 
a liquid, the density of which varies as the depth, with its 
centre of gravity at a dep th h ; prove that the time of a small 

vertical oscillation is 27r VA/^r, 

15. A lamina of uniform thickness, in the fonn of an 
isosceles right-angled triaDgle, has one of the acute angles 
fìxed below the surface of a fluid, and rests with the side 
which is not immersed horizontal. Prove that the time of a 
small oscillation in its own piane is 

where a is the length of each of the sides of the triangle. 

16. A solid generated by the revolution of the curve, 

--1 
yocx^ , about the axis of Xy floats with a portion h of the 

1 
axis immersed ; if the solid be depressed through {n **-^ — 1) A, 
it will, on its return, just emerge. 

17. A solid of revolution of mass m floats in different 
liquids. K the time of vertical oscillation in any liquid and 
its density p are found to be connected by the equation 

/ denoting a given function, shew that the equation to the 
meridian section of the solid is 



(-)-/f/(a- 



CHAPTER VII. 



PRESSURE OF THE ATMOSPHERE. 

98. If a glass tube, about three feet in length, having 
one end closed, be fiUed with mercuiy, and then inverted in 
a vessel of mercury so as to immerse its open end, it will be 
found that the mercury will descend in the tube, and rest 
with its upper surface at a height of about 29 inches above 
the surface of the mercury in the vessel : this experiment, 
first made by Torricelli, has suggested the use of the 
Barometer, for the purpose of measuring the atmospheric 
pressure. 

The Barometer, in its simplest form, is a straight glass 
tube ABy containing mercury, and having its .p. 

lower end immersed in a small cistem of mer- 
cury; the end A is hermetically sealed, and 
there is no air in the branch AB. 

It is found that the height of the surface P 
of the mercury above the surface G is about 
29 inches, and, as there is no pressure on the 
sur£ELce P, it is clear that the pressure of the 
air on C is the force which sustains the column 
of mercury PQ. 

"We bave shewn that the pressure of a fluid 
at rest is the same at ali points of the same 
horizontal piane ; hence the pressure at is 
equal to the pressure of the mercury at Q. 

Let a be the density of mercury, and lì the atmospheric 
pressure at C, then 

Tl = gaPQ, 

and the height PQ measures the atmospheric pressure. 







(T^ 
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On account of its great density, mercury is the most con- 
venient fluid which can be employed in the construction of 
barometers, but the pressure of the air may be measured by 
using any kind of liquid. The density of mercury is about 
13'568 times that of water, and therefore the height of the 
column of water in the water-barometer would be about 
33| feet. 

The density of mercury changes with the temperature, 
and or must* therefore be expressed as a function of the 
temperature. 

Experiment shews that, for an increase of 1** centigrade, 

the expansion of mercury is ^ . th of its volume ; hence 

if <Tt be the density at a temperature ^®, and a^ at a tempera- 
ture 0^ 

= o-, (l + ^) = cr, (1 + -000180180 ; 

. •. o-< = o-o (1 - ^0 if ^ = -00018018, 
and n =^0-0 (1-^0 -PC- 

By means of the formula. Il = ga^ (1 — 6i) A, the atmo- 
spheric pressure at any place can be calculated, making due 
allowance for the change in the value of g consequent on a 
change of latitude. It is found that this pressure is variable 
at the same place, with or without changes of temperature, 
and that in ascending mountains, or in any way rising above 
the level of the place, the pressure diminishes. This is in 
accordance with the theory of the equilibrium of fluids, for, 
in ascending, the height of the column of air above the 
barometer is diminished, and the pressure of the air upon (7, 
which is equal to the weight of the superincumbent column 
of air, is therefore diminished, and the mercury must descend 
in the tube. 

If then a relation be found between the height of the 
mercury and the height through which an ascent has been 
made, it is clear that by observations, at the same time, of 
the barometric columns at two stations, we shall be able to 
determine the difference of their altitudes. 



PRESSURE OP THE ATMOSPHERB. 141 

We shall investigate a formula for this purpose ; but it is 
first necessary to state the laws which regniate the pressures 
of the air and gases at different temperatures, and also the 
laws of the mixture of gases. 

99. We have before stated the relation 

p = kp(l + at) 

between the pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experi- 
ment: 

(1) If the temperature he Constant, the pressure of air 
varies inversely as its volume. {Boyle's Law.) 

(2) If the pressure remain Constant, an increase of tem- 
perature of V^G. produces in a mass of air an expansion 
•003665 of its volume at O^G, {Dalton's and Gay-Lussax^'s 
La/w,) 

Hence, if p he the pressure and p^ the density of air, at 
a temperature zero, 

p = kp,. 

Suppose now the temperature increased to t, the pressure 
remaining the same : the conception of this may be assisted 
by considering the air to be xx>ntained in a eylinder in which 
a moveable piston fits closely, and has applied to it a Con- 
stant force, so that an increase of the elastic force of the air 
would have the effect of pushing out the piston, until the 
equilibrium is restored by the diminution of density, and 
consequent diminution of pressure : we shall then have from 
the 2nd law, 

p, = /)(l + etó), 

taking p as the new density and a = '003665 ; 

.\p = kp(l +at). 

I(p\ p be the pressure and density of the same fluid at a 
temperature If, 
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The quantity a is very nearly the same for gases of ali 
kinds, but k has different values for different gases, and must 
of course he determined experìmeotally in every case*. 

Absolvte Temperature. 

100. If we imagine the temperature of a gas lowered 
until its pressure vanishes, without any change of volume, 
we arrìve at what is called the absolute zero of temperature, 
and absolute temperature is measured from this point 

Assuming t^ to represent this temperature on the centi- 
grade thermometer, we obtain, from the equation 1 +flrf^ = 0, 

® a 

In Fahrenheit's scale the reading for absolute zero is 
- 459^ 

The equations, p=^kp(l + at), 

= A?/)(l4aO, 
leadto p = ^p^{t-Q, 

= kpaT, 

if T be the absolute temperature. 

Since pF is Constant, it foUows that pV/TÌB Constant, and 
this law expresses, in the absolute scale, the relation between 
pressure, volume, and temperature. 

The pressure of a mixture of different elastic fluide. 

101. Consider two different gases, contained in vessels of 
which the volumes are V and F', and let their pressures and 
temperatures, p and t, be the same. 

Let a communication be established between the two 
vessels, or transfer both the gases to a closed vessel, the 
volume of which is V+V: it is found in the case in which 
no chemical action takes place, that the two gases do not 

* Methods of determining the vaine of a are desorìbed in Deschaners 
Naturai Philosophy, translated and edited bj Professor Everett. 
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remain separate, but permeate each other until they are 
completely mixed, and that, when equilibrium is attained, 
the pressure and temperature are the same as before. From 
thìs ìmportant experimental fact we can deduce the foUowing 
proposition. 

If two gases having the same temperature he mixed togeiher 
in a vessel, the volwme òfwhich is V, and if the pressure o/the 
two goMs, alone fiUing the volume V, he p and p', the pressure 
of the mixture will 6e p + p'. 

Suppose the two gases separated; let the gas, of which 
the pressure is p^ have its volume changed, without any 
alteration of temperature, until its pressure becomes p' ; its 
volume will be, by Marriotte's law, pV/p\ 

Let the two gases be now mixed in a vessel, of which the 
solid content is 

r+P,Z or P^V; 
p p 

the pressure of the mixture will stili be p', and the tempera- 
ture will be unaltered. If the mixture be then compressed 
into a volume V, its pressure will become, by the application 
again of Marriotte's law, p + p\ 

This result is obviously true for a mixture of any number 
of gases. 

102. Two vólvmes V, V of different gases, at pressures 
p, p' respectively are mixed together, so that the volume of the 
mixtu/re is U ; tofind the pressure of the mixture. 

The pressures of thQ two gases, reduced to the volume U, 
are respectively 

V T , 

and therefore, by the preceding article, the pressure of the 
mixture is 

V V , 

and if o' be this pressure, we have 

wU=pr+p'V'. 
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, K the absolute temperatures of the gases before mixture 
are T and T\ and ìf after mixture the absolute temperature 
is T, and the volume U, the pressures of the gases will be 
respectively 

Hence «r, the pressure of the mixture, is the sum of thése 
two quantities, and therefore 

^_pV pT 

T " T"^ r ' 

In the case of the mixture of any number of gases, we have 

mU_^pV 

103. The laws and results of the preceding articles are 
equally true of vapours, the only difference between the 
mechanical qualities of vapours and gases, irrespective of 
their chemical characteristics, being that the former are 
easily condensed into liquid by lowering the temperature, 
while the latter can only be condensed by the application 
either of great pressure or extreme cold, or of a combination 
of both* 

104. If water be introduced into a space containing dry 
air, vapour is immediately formed, and it is found that the 
pressure and density of the vapour are dependent only on the 
temperature, and are quite independent of the density of the 
air, and indeed are exactly the same if the air be removed. 
If the temperature be increased or the space enlarged, an 
additional quantity of vapour will be formed, but if the 
temperature be lowered or the space diminished, some portion 
of the vapour will be condensed. 

* Professor Faraday sncceeded in oondensìng carbonio acid gas, and other 
gases requiring a oonsiderable pressure for the pnrpose, and the resnlt of his 
ezperiments led to the conclusion that, in ali probabilìty, ali gases are the 
vapours of liquids. This conclusion was remarkably supported in 1877, 
when M. Pictet, in the early part of the year, liquefied oxygen by applying 
to it a pressure of 300 atmospheres, and, in Decomber of the same year, 
M. Cailletet liquefied nitrogen, hydrogen, and atmospherio air. 
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While a safficient quantity of water remains, as a source 
from which vapour ia supplied, the space will be always 
saturated with vapour, that is, there will be as much vapour 
as the temperature admits of ; but if the temperature be so 
raised that ali the water is tumed into vapour, then for that, 
and ali higher temperatures, the pressure of the vapour will 
foUow the same law as the pressure of the air. 

In any case, whether the space be saturated or not, if p 
be the pressure of the air, and «r of the vapour, the pressure 
of the mixture ia p+vr. 

105. The atmosphere always contains aqueous vapour, 
the quantity being grW or lei at differenTtimes ; irany 
portion of the space occupied by the atmosphere be saturated 
with vapour, that is, if the density of the vapour be as great 
as it can be for the temperature, then any reduction of 
temperature will produce condensation of some portion of 
the vapour, but if the density of the vapour be not at its 
maximum for that temperature, no condensation will take 
place until the temperature is lowered below the point cor- 
responding to the saturation of the space. 

Formation of Dew. If any surface, in contact with the 
atmosphere, be cooled down below the temperature corre- 
sponding to the saturation of the space near it, condensation 
of the aqueous vapour will ensue, and the condensed vapour 
will be deposited in the form of dew upon the surface. The 
formation of dew on the ground depends therefore on the 
cooling of its surface, and this is in general greater and more 
quickly effected, when the sky is free from clouds. and when, 
consequently, the loss of heat by radiation is greater than 
under other circumstances. 

The Bew Point is the temperature at which dew first 
begins to be formed, and must be determined by actual 
observation. 

The pressure of vapour corresponding to its saturating 
densities for different temperatures must also be determined 
experimentally, and, if this be effected, an observation of the 
dew point at once determines the pressure of the vapour in 

B. H. 10 
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the atmosphere, For if t' be the dew point, and p' the known 
corresponding pressure, then at any other temperature t above 
a the pressure p is given by the equation 



p l-\-at 



106. Effect of compression or dilatation on the pressure 
and temperature of a ga^, 

It is found by ezperiment that if a quantity of air, 
enclosed in a vessel impervious to heat, be compressed, its 
temperature is raised ; and that, if a quantity of au*, enclosed 
in any kind of vessel, be suddenly compressed, so that there 
is no time for the heat to escape, the temperature is similarly 
raised. 

107. Thermal capa^ty. 

The thermal capacity of a body is measured by the 
amount of heat required to raise the temperature one degree. 

The unit of heat which is actually employed is the 
quantity of heat required to increase by one degree one 
unit of mass of water, supposed to be between 0*0. and 
40" C. 

Specific Heat 

The specific heat of a body is the thermal capacity of one 
unit of mass, or, which is the same thing, it is the ratio of the 
amount of heat required to increase by V the temperature of 
the body to the amount of heat required to increase by 1° the 
temperature of an equal weight of water. 

If an amount of heat dQ produce in the unit of mass a 
change of temperature dt, the measure of the specific heat 
. dQ 

""li' 

In gases it is necessary to consider two cases ; (1) when 
the pressure remains Constant, the gas being allowed to 
expand, (2) when the volume remains Constant 
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We shall denote the specific beat in these two cases by 
the symbols c^ and c^. 

It is easy to see that c^ is greater than c„ for in the first 
case the heat imparted does work in expanding the gas as 
weU as in raising its temperature. 

108. To determine the eflfect of a compression or a dila- 
tation of a given quantity of gas, it is clear to berin with 
that the heat required wiU be a function of Vy p, and T, and 
since pvoo T, the heat required for any expansion will be a 
function of v and p. Therefore it follows that 

and, in general, p = kpaT or, if the mass of the given quantity 
of gas be the unit of mass, 

pv=-kaT = KT. 
If the pressure be Constant, dQ = c^dT; 



and 



. • 7 (> 

dv 


VV — Upt 


0± — Vj 


' K 




dq 

dv 






If the volume be Constant, 






^ dp =^ OrjdT ^ Cxi 


vdp 
K 


\ 


dQ 
dp 







and 

Therefore, if no heat be imparted, that is, if dQ = 0, 

^ V p 

.'. jp*J» . ì^p is Constant, 

if we assume that the ratio of c^ to Cp is Constant. 

10—2 
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If p, t; be changed to |)', v\ we obtain 

and ?:=^=f?r\ 

t pv wy 

The equation pv^ = Constant is, in thermodynamics, the 
equation of the adiabatic, or isentropic lines, and it re- 
presenta the relation between the pressure and volume of a 
mass of gas, when, during a change of volume, no beat is lost 
or imparted. 

The equation is true in the ca^e of a sudden compression 
or dilatation of a mass of air, beca\)se there is no time for any 
sensible loss of beat, or for any addition of beat from external 
sources. It will be found that this relation is of great 
importance in the theory of sound. 

109. It can be shewn by the aid of the principio of 
energy, that the diflference between c^ and c«, for any given 
gas, is Constant. 

By a law of thermodynamics, the energy imparted to a 
system by the application of beat is proportional to the 
amount of beat. 

Hence, J being the'mechanical equivalent of the unit 
of beat, the energy imparted to the unit mass of a gas 
by a rise of temperature dT when the pressure is Constant is 

J . c^dT. 

But this energy is partly expended in elevating the 
temperature at a given volume, and partly in expanding the 
volume ; 

.-. J . c^dT=pdv + J . c^T 

and pv = KTy 

shewing that c^ — c^ is Constant. 

We can employ this equation in obtaining the result of 
Art. 108. 
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For if no beat be supplied, no energy is imparted, 
and /. pdv + J . c^T = 0. 

But pv=:KT=J. (c^-c^) T] 

.'. pdv + vdp = J,{Cp'- c„) dT, 
and pdv (c^ — c„) + c^ {pdv + vdp) = 0, 

whence c^ . pdv + e,, . t^c?^) = 0, as before. 

110. The work done during an adiahatìc compression of 
a gas. 

In article 14 we bave assumed tbat tbe temperature is 
Constant, or in otber words tbat tbe compression is iso- 
tbermal. • 

Tbis state of tbings can be secured by performing tbe 
operation so slowly tbat any beat wbicb may be generated is 
dissipated during tbe process. 

K tbe compression is adiabatic, tbat is, if tbe process is so 
arranged tbat no beat is lost or imparted, wbicb is practically 
tbe case wben tbe compression is very rapid, we bave from 
Art. 108, tbe relation 

p^ = Constant = C, 

Hence it foUows tbat tbe work done in compressing from 
Fto J7 



= — ìpdv = — |(7« ^dv 



Whole mass of the Eartìis Atmosphere, 

111. Some idea may be formed of tbe mass of air and 
vapour sun'ounding tbe eartb by means of tbe barometer. 
Supposing tbe eartn to be a spbere of radius r, and tbat tbe 
beigbt of tbe barometric column, h, is tbe same at ali points 



150 PRESSURE OF THE ATMOSPHERE. 

of its surface, the mass of the atmosphere is approximately 
equivalent to the mass éTror'A of mercury. 

Let p be the mean density of the earth ; 

then, the mass of the atmosphere : the mass of the earth 

= 47rar% : p^r^ 

= iah : pr, 

But, takìng water as the standard substance, 0- = 13*57» 
and p has been found to be about 5*5 ; and, if we take 29*9 
inches as an approximate vàlue of h^ it will be found that the 
ratio of the masses is somewhat less than the ratio of one to 
a million *. 

The heigkt of the homogeneoìis atmosphere, 

112. If the whole column of air had the same density 
throughout as at the surface, its height being l, and the 
height of the mercury being A, we should bave 

ah = pi, 

where p is the density of the air. It has been found that 
the ratio a- : p is about 10462 : 1, and therefore employing 
as before 29*9 as a vaine of h, it will be found that Z is a little 
less than 5 miles. 

Necessary Umit to the height of the a/tmosphere. 

It is clear that, since at a distance from the earth 's 
surface its attraction diminishes, and the density and pressure 
of the air are therefore diminished, the above result is very 
far from the truth* A Umit to the height can however be 
found from the consideration that, beyond a eertain distance 
from the earth*s centre, its attraction will be unable to retain 
the particles of air in the circular paths, which they must 
describe about the earth, in order to remain in ,a state 
of relative equilibrium. 

* Obseryations on the motion of pendulams were made by Sir G. B. Airy 
at the Harton CoUieiy in 1854, and the measure of the mean density of the 
earth deduced from these obseryations was 6 '566 with a probable error 
± -0182. Phil Trans. 1866. 
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At the equator the expression «V, a> being the earth's 
angular velocity, is equal to 5^/289, and therefore, at a height 
z^ the force necessary to retain a partiele m of air in its 
circular motion is equal to iwgr (r + -8:)/289r ; the earth's at- 
traction at the same height 

and the extreme height is given by the equation 



{r + zf 289 r 

or ^ = r{^(289)-l}, 

that is, 2^ is a little greater than 6r. 

It is possible however that this height is considerably 
beyond the true height, for the temperature of the air has 
been found, by experiments made in balloons, to diminish 
with great rapidity during an ascent, and it is therefore quite 

EDssible, that, at a height less than 5r, the air may be 
quefied by extreme cold, and its external surface would be, 
in that case, of the same kind as the surfaces of known 
inelastic fluids. 

The determiriation of heights by the barometer, 

113. Consider a vertical column of the atmosphere at 
rest under the action of gravity : at a height z let p be the 
pressure and p the density, and at a height z + Bz, let p + Sp 
be the pressure. 

If A be the area of the section of the column, the 
volume ASz of air may be considered as in equilibrium under 
the action of the pressures pA and (p + Bp) A, and of its 
weight gpASz, 

Hence we bave 8p = — gpBz ; 

and, if t be the temperature, p = kp{l + at) ; 

.'. in the limit - . ^ = — r-^— :• 

p dz 1 + at 
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We shall suppose t Constant, and therefore 

and, if jp' be the pressure at a height /, we obtain 

Let h, h\ he the observed heights of the barometer at 
two stations, the heights of which are z and z' ; then, taking 
<r as the density of mercury at a temperature zero, and t, t 
as the temperatures at the two stations, 

p =g<rh (1 - ^t), and p' = gah' (1 - Or') ; 

t may be taken as approximately equal to J (t + t'), and we 
thus bave an equation from which the difference of the 
heights of the two stations can be calculated. 

114. If however the heights above the earth's surface 
be considerable, it is necessary to take account of the 
variation of gravìty at different distances from the earth's 
centro. We proceed then to an investigation of a more 
exact formula. 

Let g be the measure of gravity at the level of the sea, 
and r the radius of the earth, then, at a height z, the attrac- 
tive force is measured by 

^(r + zy 
and the equation of equilibrium is 

we bave also p=^kp(l + at\ and it is bere important to 
observe that p is the sum of the pressures due to the air 
itself, and to the aqueous vapour which is mixed with it, so 
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that, if p* be the density of the aqueous vapour, j> is the sum 
of two quaDtities in the form 

hp (1 + orf) + ìép' (1 +a«), 

and therefore the quantity hp in the above equation is the 
sum of the two kp, le p, corresponding respectively to the air 
and the aqueous vapour. 

From the two equations above we obtain 

'p TVòtJt{r^-zf* 

and, as before, we shall consider t Constant, and equal to the 
mean of the temperatures at the two stations. 

By integration 

A;log»==— — ^—+(7, 

and .-. &log-^= ,- jf / f/ it; (1). 

^ p {l+(xt){r + z){r + /) "^ ^ 

Let h, h\ he the observed heights of the mercury, and 
T, T, the temperatures, as before ; then, since the force of 

gravity at a height z is measured by the quantity J^, . 



we have 



(r + zy 



p' rr + z\ n-dr' h' .g. 

p-\r + z') l-0Th ^ '' 

and therefore, observing that 9 is a very small quantity, 
k (1 + at) (r + z) (r + z') „ A' , «i r + z ai > w 
where p. = log^^ e = '4342945. 
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From thìs formula, if 2I be known, the value of z caii be 
calculated. 

If the lower station be nearly at the level of the sea, 
si = 0, and 

- = ^^^(l + 9{log4 + 21og..(l+-^)-M<'(r'-T)}...(3). 

115. In the preceding investigation we bave taken no 
account of the variation of gravity at diflFerent parts of the 
earth's surface ; but if ^r' be the measure of gravity at a place 
of which the latitude is X^ and ^^ at a place of latitude X, it 
has been found (Foisson, Art. 628), that 

gr _ 1 - -002588 cos 2\ 
^' "" 1 - 002588 cos 2V ' 

the value of g obtained from this equation, in which g' and \' 
are supposed to be known, must be employed in the above 
formula. 

If V be the latitude of Paris, the value of the quantity 

—, (1 - -002588 cos 2V) (4), 

is nearly 18336 French metres or about 6015856 English 
feet*, and, representing this numerical quantity by e, the 
expression for z becomes 

c(H-aOfl + -) y , , 

Tr:0025è^x{^^^^^ 

The value of e may be obtained by direct calculation of 
the expression (4), and the calculated value is 18337*46 
metres; it has been found however, by comparing the results 
of trigonometrical measurements with the results of the 
formula (5), that 18336 metres is a more accurate value of 
the coefficient. 

* A Frenoh metre is 39*37079 inches. 
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In order to calculate z from the formula (5), an approxi- 
mate value must be first obtained by neglecting z\t in the 
right-hand member of the equation; if this approximate 
value be then employed in the same expression, a more 
accurate value will result, and the same process may, if 

necessary^ be repeated. 

• 

. 116. Other corrections are however necessary in order to 
render the determination of heights by the barometer very 
exact in practice ; the value of fc for instance is modified by 
the £a«ct that the density of aqueous vapour at a given 
temperature and pressure is less than the density of dry air 
under the same circumstances, and the proportion of aqueous 
vapour to dry air may be, and in general will be, different at 
the two stations. 

Moreover, if the upper station be on the surface of the 
ground, the attraction of the portion of the earth which is 
above its mean level must be taken account of The eflfect 
of this attraction is to increase the quantity g'ì^li^ + ^)* by 
^gzj^ so that, at a height z^ the force of gravity is measured 

gir 3gz 

or, approximately, jr j 1 — 7- f * (Poisson, Mécamque, Art. 629) ;. 
the equation for p wul be in this case 

dp = ^g)^l-^£!^pdz, 
and therefore, if the lower station be at the level of the sea, 



k{l + <a)\og^=gz{l-ifj 



or 



=*-^>(...9.^i'. 



In place of the equation (2) we shall bave 

0T h' 



f'-^Jf)'r^ 
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and the final equatìon for z will be obtained by substituting 
in (5), \-\'\z\r for 1 + zlr observing that log (1 + J z\r) is 
approximatefy equal to 21og(l +|^/r). 

When z\t is very smalla it may be neglected in the 
formula (5). It has however been found in practice that 
the resulta are rendered more accurate, for such cases, by 
employing, as the value of e, 18393 metres. (Duhamel, p. 
259.) 

117. In the preceding articles we bave supposed the 
temperature of the air to be Constant through the whole of 
the vertical space between the two stations ; if however the 
difierence between the heights be very great, a considerable 
error may be thus introduced, and formulsB bave therefore 
been constructed in which account is taken, on various hypo- 
theses, of the variation of atmospheric temperature. A 
formula of this kind is given in lindenau's Barometric 
Tables, constructed on the supposition that the temperature 
<liminishes in harmonic progression through a series of 
heights increafiing in arithmetic progression. 

It must also be noticed that we bave assumed the tem- 
perature of the mercury in the barometer to be the same as 
that of the air surrounding it; but in some cases, as for 
instance when observations are made in a balloon, the 
barometer may not remain long enough in the same place to 
acquire the temperature of the air round it. The temperature 
of the mercury can, however, be observed by a thermometer 
the bulb of which is placed in the cistem of the barometer, 
and the temperatures so obtained must be employed in the 
•equation (2) òf Art. (114). 

118. The two foUowing problems are illustrative of the 
prìnciples of this chapter. 

(1) A pùton witkovi weight fits into a vertical cylinder, 
dosed at ita base and filled vriih atmospheric air, and is 
initially at the top of the cylinder ; water heing povred slowly 
jon ihe top of the piston, find how much can he poured in be/ore 
it wUl run over. 
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Let a he the height of the cylinder, and z the depth to 
Tf^hìch the piston will sink; then in the position of equili- 
brìum the pressure of the air in the cylinder is Il+gpz, 
where II is the atmospheric pressure, and p the density of 
water : but 

this pressure : H :: a : a — z; 

Ha TT 

Let h be the height of the water-barometer, 

/. U=gph, 

ha = (a — z)(h+ z), 

and ^ = or a — A. 

Unless then the height of the cylinder is greater than h, 
no water can be poured in, for, even if the piston be forced 
down and water then poured on it, the pressure of the air 
beneath will raise the piston. 

The negative solution, when a<h, can however be ex- 
plained as the solution of a different problem leading to the 
same algebraic equation. Suppose the cylinder to be con- 
tinued above the piston, and let it be required to raise the 
piston through a space je^ by a force which shall be equal to 
the weight of the cylindrical space z of water. 

This leads to the equation 

n — gpz _ a 
~n ~a-hz' 

or z=^h — a. 

(2) To determine the motion of a balloon on the supposi- 
tion ihat the mass of air displaced hy it in any position is 
homogeneotis, and ihat the temperature throughout is constamt. 

Let z be the height of the centre of gravity of the balloon, 
m its mass, V its volume, and p the density of the air at the 
height z ; then the equation which determines the motion is 

m^ —^pV — m^y 
where ^ ^9 ? — ; — \% • 
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But from the equations d/p = — ^pdz and p^kp, we 
obtaìn 

grg 

and therefore 



cPz nVgr^ -■ 



grz 



or A:(r + -8^) ^(r + 2:)" 

from which, puttìng wi = crF, multiplying by 2 -^ , arid inte- 
grating. 



(!)■=-- 



2nei^)+??^; 



initially = (7 - 211 + 2(rgrr, 

...,(§)•- 2n , 1-.. -ss,. ^'. 

The greatest height of the balloon is given by putting 

dz 

-- = 
de ' 

and, if the mean density of the balloon dififer very little from 
that of the air, zir will be small, and an approximate vaine 
may be found. 



/ 
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EXAMPLES. 

1. If the density of air be '0013, that of mercury 13*69, 
€utid if the height of the barometer be 30 inches, prove that 
the numerica! value of kìb about 836300, a foot and a second 
being units of space and time. 

2. The weight of 1 litre of dry air at 15*5® C. when the 
height of the barometer is 760 mm. ia 1*23 grammes. The 
pressure of aqueous vapour at this temperature is 12*6 mm. 
of mercury, and its density is to that of dry air at the same 
temperature and pressure as 5 to 8. Find the weight of a 
litre of air when saturated with aqueous vapour at the above 
temperature and pressure. 

3. A faulty barometer indicated 29*2 and 30 inches 
when the indications of a correct instrument were 29*4 and 
30*3 inches respectively ; find the length of tube which the 
air in the tube would fili under the pressures of 30 inches. 

4. The barometer standing at 30 inches, a culaie yard of 
atmospheric air is compressed into a vessel containing a cubie 
foot ; find approximately the numerical measure of the energy 
stored up, the specific gravity of mercury being 13*596 
referred to water, of which a cubie inch weighs 252*77 grains. 

5. The readings of a perfect mercurial barometer are a 
and fi, while the corresponding readings of a faulty one, in 
which there is some air, are a and 5 ; prove that the cor- 
rection to be applied to any reading e of the faulty barometer 

(a-a)(/3-ò)(a-&) 
(a-c)(a-a)-(ò-c)(/3-6)- 

6. If a thermometer, plunged incompletely in a lìquid 
whose temperature is required, mdicate a temperature t, and 
r be that of the air, the column not immersed being m de- 

grees, prove that the correction to be applied is ^^..^^ — -j— , 

j^^j^ being the expansion of mercury in glass for 1* of 
6840 
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temperature, assuming that the temperature of the mercury 
in each part is that of the medium which surrounds it. 

7. A closed vertical cylinder of unit sectional area con- 
tains a piston, weight W, The piston is originallv halfway 
up the cylinder, and the space above and below is nlled with 
saturated air. On being left to itself the piston sinks to half 
its former height ; prove that the tension of the saturated 
vapour is STT — 411 where II is the pressure of the atmo- 
sphere : the temperature being supposed the same at the end 
andbeginningoftheprocess. 

8. A vertical barometer tube is constructed, of which 
the upper portion is closed at the top, and has a sectional 
area a', the middle portion is a bulb of volume 6*, and the 
lower portion has a section e', and is open at the bottom; 
the mercury fills the bulb and part of the upper and lower 
portions of the tube, and is prevented from running out 
below by means of a float against which the air presses ; the 
upper part of the tube is a vacuum : find the change of 
position of the upper and lower ends of the mercurial 
column, due to a given alteration of the pressure of the 
atmosphere. 

Shew also that, if the whole volume of the mercury in 
the instrument be <?H^ where H. is the height of the baro- 
meter, the upper surface will be unaffected by changes of 
temperature. 

9. A cylindrical diving-bell sinks in water until a certain 
portion Y remains occupied by air, and in this position a 
quantity of air, whose volume under the atmospheric pressure 
was 2F, is forced into it. Shew how far the beli must sink 
in order that the air may occupy the same space as in the 
first position. 

Find also the condition that when the air is forced in at 
the first position no air may escape from beneath the beli. 

10. A vessel, in the form of the surface generated by the 
revolution about its axis of an are of a parabola terminated 
by the vertex, is immersed, mouth downwards, in a trough of 
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mercury ; shew that the pressure of the air contained in the 
vessel varies inversely as the square of the distance of the 
vertex of the vessel from the surface of the mercury within 
it. Supposing the length of the axis of the vessel to be to 
the height of the barometer as 45 is to 64, fiud the depth of 
the surface of the mercury within the vessel, when the whole 
vessel is just immersed. 

11. A piston without weight fits into a vertical cy Under, 
closed at its base and fiUed with air, and is initially at the 
top of the cylinder ; if water be slowly poured on the top of 
the piston, shew that the upper surface of the water will be 
Lowest when the depth of the water is \/(aA) — A, where h is 
the height of the water-barometer, and a the height of the 
cylinder. 

12. The barometer stands at 29*88 inches, and the 
thermometer is at the Dew Point : a barometer and a cup 
of water are placed under a receiver, from which the air is 
removed, and the barometer then stands at '36 of an inch ; 
find the space which would be occupied by a given volume of 
the atmosphere, if it were deprived of its vapour without 
changing its pressure or temperature. 

13. A straight tube, closed at one end and open at the 
other, revolves with a Constant angular velocity about an axis 
meeting the tube at right angles; neglecting the action of 
gravity, find the density of the air within the tube at any 
point. 

14. A bent tube of uniform bore, the arms of which are 
at right angles, revolves with Constant angular velocity © 
about the axis of one of its arms, which is vertical and has 
its extremity immersed in water. Prove that the height to 
which the water will rise in the vertical arm is 



n /, -"ù^x 

~ l-e 2A , 



99 

a being the length of the horizontal arm. Il the atmospheric 
pressure, and p the density of water. 

B. H. 11 
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15. A thin uniform circular tube of radius a contains 
air and rotates witb angular velocity o) about an axis, distant 
e from the centre ; find the pressure at any point neglecting 
the weight of the air. If e is less than a, and if p and p' are 
the greatest and least pressures, prove that 

16. Prove that for rough purposes the difference of the 
logarithms of the heights of the barometer multiplied by 
10000 gives the difference of the heights of two stations in 
fathoms. 

17. Two non-conducting vessels, of volumes v and v', 
contain atmospheric air at pressures p and p\ afe the tempera- 
tures T and T ; if these masses of air be raixed together in a 
non-conducting vessel of volume V, find the pressure of the 
mixture. 

18. Two bulbs containing air are connected by a hori- 
zontal glass tube of uniform bore, and a bubble of liquid in 
this tube separates the air into two equal quantities. The 
bubble is then displaced by heating the bulbs to tempéra- 
tures t degrees and l! degrees ; prove that, if the temperature 
of each bulb be decreased r degrees, the bubble will receive 
an additional displacement which bears to the originai dis- 
placement the ratio of 2aT : 2 + a (^ + ^ — 2t), where a is the 
coeflScient of expansion. 

19. An elastic spherical envelope is surrounded by air 
saturated with vapour ; when the air within it is at a pressure 
of two atmospheres it is found that its radius is twice its 
naturai length, and again the radius is three times its naturai 
length when the envelope contains 77 times as much air as 
it would if open to the air ; assuming that the tension at any 
point varies as the extension of the surface, prove that ^ of 
the pressure of the air is due to the vapour it contains. 

20. A conical shell, vertical angle 7r/2, and height JET, can 
hold doublé its own weight of water. It is inverted and 
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immersed, axis vertical, in a mass of water. The water is 

now made to rotate with angular velocity {7g^/2IFy and the 
cone sinks till its vertex lies in the surface : prove that the 
height of the water-barometer is to that of the cone as 

21. A small balloon containing air is immersed in water 
and has 100 grains of lead attached to it, the envelope of the 
balloon being of the same density as the water. If at the 
temperature of the water and the pressure of the atmosphere 
the balloon contain 1 cub. inch of air, find the depth to which 
it must be immersed in the water in order to be in a position 
of unstable equilibrium when the height of the water baro- 
meter is 33 feet ; it being given that the density of air : that 
of water : that of lead :: 1 : 800 : 9120. 

22. A cup is formed out of a uniform solid paraboloid, 
by removing half the volume, so that the inner boundary is 
an equal coaxal paraboloid with its vertex at the focus of the 
former one. The cup is immersed in vacuo in a fluid, vertex 
upwards and axis vertical, and gas is forced in from below till 
the vertex rises to the surface ; if the water be now halfway 
up the inner boundary of the cup, prove that the density of 
the fluid is I that of the paraboloid. 

23. If the pressure of the air varied as the (1 + l/m/^ 
power of the density, shew that, ueglecting variations of 
temperature and gravity, the height of the atmosphere would 
be equal to (m + 1) times the height of the homogeneous 
atmosphere. 

24. A piston of weight w rests in a vertical cylinder of 
transverse section &, being supported by a depth a of air. 
The piston rod receives a vertical blow P, which forces the 
piston down through a distance h : prove that 

(^v + nk)\^h + a log (l - ^)| + ^ = 0, 

n being the atmospheric pressure. 

11—2 
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25. If a spherical balloon of radìus r, containing a 
quantity of gas of density a- at the pressure p^^ of the 
atmosphere on the surface of the earth, be just able to 
sustaìn a tension T, shew that it will burst when its velocity 
is given by 

«i=?2:+,iog(i-?^ 

z or ° V p^rj 

where the resistance to the motion of the balloon is neglected. 

26. Supposing the atmosphere to fili the whole of space 
and to be of uniform temperature throughout, prove that 
the ratio of the density of the atmosphere at the surface 
of Mars to that at the Earth will be e"*'*^ nearly; it being 
given that the density of Mars is the same as that of the 
Earth, that bis radius is one-half the Earth's radius, which 
is 6366800 metres, and that the atmospheric pressure on 
the Earth is 1033 grams per sq. cm., while the mass of a 
cubie cm. of air is '001247 grams. 



CHAPTER Vili. 



THE TENSION OF FLEXIBLE SURFACES. 

119. The general problem of the equilibrium of flexible 
surfaces is considered by Lagrange, Mécaniqiie Aiialytique, 
Tom. I., and also more fuUy by Poisson, Mémoires de Vlnstituty 
1812 ; it is proposed in this Chapter to discuss one class of 
the questiona which arise out of the general case, those 
namely which bave reference to the action of fluids upon 
flexible surfaces. 

The pressure of a fluid at rest being normal to any 
surface with which it is in contact, we bave, in fact, to con- 
sider the equilibrium of flexible surfaces at rest under the 
action of normal pressures, and of the tensions at their 
bounding lines. 

For the sake of generality the term ' flexible surface * is 
employed as the representative of substances, such as cloth 
and thin paper, which do not offer any sensible resistance to 
bending, and which, when bent or twisted, do not tend to 
return to their originai form. Perfectly flexible surfaces, 
whether extensible or inextensible, are therefore to be looked 
upon as inelastic. 

In the foUowing articles we shall suppose that the stress 
between any two portions of a flexible surface is whoUy tan- 
gential to the surface. 

Measure of Tension. 

Conceive a flexible and inelastic surface, extensible or 
inextensible, in a state of tension, and let QP(^ be a small 
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are of the section through P made by a normal piane ; then 
if t . QQi be the resultant action, perpendicular to QQ' in the 
tangent piane, between the portions of surface bounded by 
the line QQ, t is the measure of the tension at P ; in other 
words, t is the rate of tension at P, or the force which would 
be exerted on a section of the substance, the length of which 
is unity, in the same state of tension throughout as the 
surÉice at P. 

In general the stress between the portions of surface 
separated by QQ' will not be perpendicular to QQ, and will 
therefore be the resultant of the tension t . QQ and of a force 
T . QQ tangential to the curve QQ\ t being a quantity of the 
same kind as t and measured in the same way. 

120. A vessel in the form of a righi circular cylinder, 
the curved surface of which is fleodòle, contains fluid ; the cucis 
of the cylinder being verticale it is required to find the relation 
between the pressure and tension at any point. 

Let PQ be a small portion of the surface contained 
between two planes perpendicular to the axis and two gene- 
rating lines of the cylinder. 




Let t he the horizontal tension and p the pressure, at any 
point of PQ ; then the equilibrium of the element PQ' of 
the surface will be maintained by the normal pressure of 
the fluid, pPr . PQ, the tangential forces tPP' and tQQ', 
and by the vertical tensions on PQ and PQ\ if there be any 
tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal 
OE, drawn to the middle point E, 
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p.PF.PQ^ 2tPP' sin (i POQl 

= 2tPP' i ^ , if r be the radius, 
or t=pr. 

121. If fluid at resi he contained in a jleaMe cylindrical 
surface of any forra, the tension at amy point of a section 
perpendicular to the aods of the cylinder is the same, 

Let PQ', (figure, Art. 120), be an element of the surface, 
the cent re of curvature B.t A, t the tension at A, t-^-St at 
By and 8<f> the angle between the tangents at A and B, 

Also, let Syfr be the inclination to OA of the direction 
of the fluid pressure on PQ;, which must lie between OA 
and OB, 

Then, resolving along the tangent at A, 

(t + Bt) cos S<f> — t = pA B sin Syjr, 

= prB(f) sin Byfr, 

if r be the radius of curvature at A. 

Hence, ultimateiy, when S<^ vanishes, 

dt 



d^ 



= 0, 



and, as this is the case at every point of the section, it foUows 
that t is Constant. 

By resolving the forces in the direction OS, we shall 
obtain, as in the previous article, the relation 

t=^pry 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 

Taking t Constant, the equation pr = t determines the 
pressure at any point if the surface is given. 

If the forces acting on the fluid are given, so that p is a, 
known function of the coordinates of a point in the fluid, the 
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same equation determines the form assumed by the flexible 
surface. 

The Lintearia and the Elastica, 

122. The Lintearia is the curve formed by pouring water 
upon a rectangular piece of thin cloth, the ends of which are 
supported horizontally, while the water is prevented from 
escaping at the sides. 




Thus, if the ends ABy CD, of the cloth or membrane be 
fastened'to the sides of a box, and if the sides AD, BC fit 
the box closely and water be poured in, the cross section of 
the cloth by a vertical piane parallel to AD or BG is the 
Lintearia. 

The pressure being normal, the tension of the cloth is 
Constant, and therefore, if r be the radius of curvature at P, 
and BG the surface of the water, 

gpPL . r is Constant. 

Assuming gpc^ to represent the tension, and taking 
PN=y, we obtain 
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TT i? àr dy . , 

Hence -5 jt = jt = ^ sin ó, 

ir d(l> d<f) ^ 

and .•. TT-o = cos ó — cos a, 

zr ^ 

if a be the deflection at B, 

,- ds « 

or V 2 jT = 



d^ Vcos^ — cosa 
the intrinsic equation. 

Putting sin ^ = sin ^ sin -^j 

this becomes 



8 t^ 
C 









Hence the depth PL 






= e V2 Vcos <^ - cos a = 2c sin ^ cosi|r 

= 2c sm s cn - , mod. sin ^ . 
2 e 2 

123. The Elastica is the curve formed by an elastic rod 
when bent, and is identical wìth the Lintearia. 

Taking BOC as the rod, suppose the equilibrium main- 
tained by forces at B and C in opposite directions. 

The bending moment at P is proportional to the curvature 
(see Poisson's MécaniqiLe or Minchin's Statics), and therefore, 
considering the equilibrium of the portion BP, and taking 
moments about P, it follows that the curvature at P varìes as 
Pi, so that 

r.PL=^c\ 

and the Elastica is therefore identical with the Lintearia. 
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124. The Elastica may bave any number of convolutions, 
as in the appended figures, 





and the Lintearia can be made to bave convolutions by a 
proper adjustment of the water level and the water pressure. 

Thus, if we imagine BG to be the water surface, and if 
arrangements be made to let the water fili the space OE, and 
press upwards on the portions BEy CE, we bave a Lintearia 
identica with an Elastica of one convolution. 

If we imagine that BG touches the bent rod at B and Cy 
necessitating, as will be seen, an infinite length of rod, and if, 
as before, we measure the deflection from the tangent at 0, 

r = 00 , when ^ = tt, and therefore 



e 
2? 



= l+cos9, or j-r =' 



d<\> 



2cos 



2 
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Measuring s from 0, thìs leads to 

s = clogtan(^ + |j. 

It will be seen hereafter that this is the Capillary curve. 

125. To find the Oartesian equation of the Lintearia*, 
we bave from Art. 122, 

if ON = x, and PN=y, 

(Py dp 

A-y^l^ dal' ^dy 

so that ^ = i_2i|:Ly\ 

OS 2c' 



and (- 



fdxV (2c»+2/*-2%y 



;) = 



\dyj (2hy - f) (4c^ - 2hy + f) ' 

126. If BC = 2a, and if 21 is the length of the are BOG, 
and the inclination of the tangent at B to the horizontal, 
the various constante are connected by the equations, 



or 



2gpc^ sin /8 = 2 I gp(h — y) dw, 

J 

e' sin ^ = I (A — y) dx, 



i 

Jo V 
cos/9=l-2^,. 

* The investigation of the equation of the Lintearia was first effected by 
James Bernoulli. 
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We have drawn the figures for the case in which the 
water is fiUed up to the level BG, but, if a smaller quantity 
of water is poured in, the portions of cloth not in contact with 
the water will be piane, and the vaine of h will be the depth 
of the vertex below the surface of the water. 

127. Considering the equilibrium of a piane flexible 
membrane, the stress along any line, that is, the action 
between the contiguous portions of the surface bounded 
by that line, is in general oblique to the line, and is therefore 
represented by a tension t and a tangential action r; we 
shall now shew that for any two directions, at right angles to 
each other, t is the same, and that there are two directions 
for which T vanishes. 

Taking any small square element of the surface, the 
tangential actions t& and (t + St) hs on a pair of opposite 
sides form ultimately a couple t&*, if Ss be a side of the 
element; and, since this must be balanced by the other 
couple, rhs^y if r be the tangential ^.ction in the direction at 
right angles, it foUows that r and t are equal. 

Now take a small triangular element, OAB, right-angled 
at 0, and represent the stresses as in the figure. 




Eesolving parallel to BA, we obtain 
tAB + tOA cos e + t'OA sin 6 = tOB cos 6 + rOB sin 6, 
/. 2t' = (< - 1') sin 26 - 2t cos 20, 
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and T vanishes when 

(t - if) tan 20 = 2t, 
giving two directions at right angles. 

128. If in the figure we assume that OA and OB are 
the directions of zero tangential action, and if we resolve in 
the directions perpendicular and parallel to BA, we shall 
obtain the equations, 

t' =(t- 1) sin e cos e. 

The quantities t and t' are now the greatest and least, or 
the least and greatest tensions, and we shall therefore cali 
them the Principal Tensions. 

129. If if> be the inclination to OA of the resultant 
stress, jR . AB, upon AB, 

.', tan <^ tan ^ = -. 

V 

Also R.AB' = f, OB'-^if'.OA\ 

.-. iP = fsin»^ + rcos'^, 
and, eliminating 0, we obtain the relation, 

1 _ cos* <f> sin' <f> 

If then t and t' are the principal tensions at the point 
0, in the directions OA and OB, and if is the inclination 
of OE to OA, the direction OF of the stress across OE is 
given by the equation 

tan <^ tan ^=-, 

z 

and the magnitude of the stress, per unit of length, is re- 
presented by the radius, in the direction OF, of an ellipse, 
the semi-axes of which are represented by the principal 
tensions. 



174 



THE TENSION OF FLEXIBLE SURFACES. 



130. Gonjugate stresses. 

If the stress across OE is in the direction OF, the stress 
across OF is in the direction OE, 




For, if we consider the equilibrium of an element in the 
form of a parallelogram PQR8, the sides of which are parallel 
to OE and OF, the stresses on PS and QR equilibrate^ and 
therefore it foUows that the stresses on PQ and ÈS equilibrate, 
and are therefore in the directions OE and EO. 

131. If R and R' are the conjugate stresses across OE 
and OF, and if and ^ are the inclinations of OE and OF to 
the direction of the principal tension t, we bave from Art. 
129, the equations, 

1 _cos'<^ sin''^ 

1 cos*^ sin'^ 



R 



'2 



f 



+ 



f 



where and <f> are connected by the relation 

tan 9 tan = -, 

z 

Eliminating and (f), we find that 

RR' = tu', 

so that, at any point, the product of two conjugate stresses 
is Constant, and equal to the product of the principal 
tensions. 
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132. The same results can be obtained by writing down 
the conditions of equilibrium of two elemental triangles OAB, 
OA'F, where AB and A'R are parallel to OE and OF. 




We should thus obtain the equations, 

ii cos <^ = ^ sin 6, iJ sin ^ = t' còs 0, 
B! co%6 = t sin 0, K sin 6 = t' cos 0, 

from which we can obtain the relations already given. 

133. If now we take the case of a flexible membrane 
exposed to fluid pressure, and consider the equilibrium of a 
small element of the membrane, the results of the three 
preceding articles are at once applicable to the case, for iu 
the limit the components of normal pressure disappear in 
comparison with the tangential action. 

134. A fleocible surface of any form is eooposed to the 
action of fluid; required to find the relation between the 
pressure, principal tensions, and the curvatures in the di- 
recticms of these tensions, at any point*, 

* The student must be guarded against the idea that there ìs any con- 
nection between principal tensions and principal curvatures. 

For instance, imagine a membrane folded ronnd a cylinder, and draw a 
number of helical lines of the same pitch on the membrane. 

The membrane can be tightened in the directions of these lines, which 
will become the directions of greatest tension, the perpendicular tension being 
zero, and the stress along a generating Une being obUque to that line. 
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Let Q, Q'y be points contiguous to P, on the linea of prin- 
cipal tension Py, PQ\ through P ; draw normal planes 
through Q and Q\ perpendicular to the lines, PQ^ PQ\ 
cutting the surface in the arcs, AB, AD, and let BC, CD, be 
the arcs of section made by normal planes through contiguous 
points in QfPy QP, produced. 




The element BD is kept at rest by the tangential forces 
tAB, tCDy t'AD, t'BG, and the nonnal force, p,AB. BG. 

Let r, /, be the radii of curvature at P of the curves PQ, 
PQ'; then, resolving along the normal at P, we bave 
ultimately 

p.AB.BG=2tAB^^ + 2t'BG^'^^ 



and 



r 

i ^' 

r 



•••-? = :: + /• 



If the nature of the surface be such that t' = t, the above 
equation is 

t r 7^ p p' ' 

if p and p are the principal radii of curvature. 

Hence if z=f{xy y) is the equation to the surface, it 
foUows that 



f-{ 



\dxl \dy 



= 1 + 



(Dì* 
( 



dz\^\ d^z ^ dz dz d^z 



-2^ 



dy) J da? dx dy dxdy 



+ 



(dz^\^ 
"^ \dx) ]dy' ' 



which is the equation obtained by Lagrange and Poisson. 
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136. If the directions of t and t' are not those of prin- 
cipal tensions the tangential action will appear in the 
equation. 

Taking any point on the surface, two directions OA, OB 
at right angles to each other, let ^, f he the tensions in these 
directions, and T\ T the tangential actions in the same 
directions. 

Oz being the normal at 0, draw four planes parallel to, 
and very near to, the normal planes AOz, BOz, cutting the 
surface in CD, DE, EF, FG. 




Then, ultimately, the tangential actions, T,GD and 
T, EF on CD and EF are equal and opposite, as are also 
those on ED and CF, 

Hence, by taking moments about OZ, it appears that 
r=r, as in Art. 127. 

If be the inclination to the piane ayy of the tangent at 
A to the curve CD, 

tan = y , . OA, 



dxdy 



and similarly at the point a. 



**'^^=^<-^">- 



B. H. 
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Hence the sum of the actions T . CD and T. EF in the 
direction Oz 

^T,CD^OA^T.EF^{-'Oa)r.T.GD.DE. ^^ 



dxdy ' dxdy / • • • ^(^y' 

and a similar term arises from the action T\ 
Resolving along Ozy we now obtain 

p.CD.DE=2tCD — + 2lfDE^ + 2T.CD.DE^, 
^ r r dxdy 

aad .•.!, = - + -,+ 27 ;^» 

^ r r dxdy 

136. If we imagine a surface of such a nature that the 
tension at any point is always perpendicular to a line of 
division through that point, it can be shewn that the tension 
at any point is the same in every direction. 

Considering a small triangular portion of the surface 
the equilibrium in the tangent piane is entirely determined 
by the tensions of the sides of the triangle, for the tangential 
impressed forces, if there be any, will ultimately vanish in 
comparison with the tensions ; and since these tensions are 
perpendicular to the sides, they must be in the ratio of their 
lengths, and therefore the measures of tension in ali direc- 
tions are the same. 

Further, the tension will be the same over the surface, for, 
if a small rectangular element be considered, the tensions on 
the opposite sides must be equal. 

The conception of such a surface is of the same nature as 
the conception of a perfectly rigid body or of a perfect fluid ; 
nevertheless we obtain approximate specimens in the case of 
liquid films, such as soap-bubbles, or the films which may be 
seen in a clear glass bottle containing liquid which has been 
shaken about. 

The consideration of the equilibrium of liquid films we 
defer to a subsequent chapter. 

* The general question of the eqailìbrìum of flexible surfaces is dis- 
ouBsed in a paper, by myself, in the QimrUrly Journal of Mathematicsy 
Voi. IV. 1860. 
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• 

137. A vessel, formed of fleodble and ineaatensible 
matericUf is in theform of a surfcwe ofrevolutimy and is held 
with its aods vertical, and filled wM, homogeneous liquid: 
it Ì8 required to determine the prindpal tensions at any point 

Let he the lowest point of the vessel, and take 
for the origin. 




Measure x vertically upwards, and let PEQ he any hori- 
zontal section, the upper rim being ACB, which is supposed 
to be fixed. 

At ali points of the horizontal section PQ, the tensions 
are evidently the same. 

Let t he the meridional tension, Le. the tension at P, in 
direction of the tangent at P to the curve AP, and tf the 
horizontal tension at P; these are the principal tensions. 

The vertical resultant of the tension t along the section 
PQ counterbalances the resultant vertical pressure on the 
surface POQ; hence, if 

OE==x, EP = y, and angle Pro = ^, 

27ryt cos ^ = I gp^ry^daf + gp'n-y^ (e — a?), if OC = e. 

This equation determines t, and if is given by the 
equation 

^ + ^=1), Art. 134* 

where p^gpic — od). 

* This equation xnay also be obtained, for this case, by taking a 

12—2 
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It will be observed that r is the radius of curvature of the 
curve AP at P, and that r\ the radius of curvature of the 
perpendicular normal section, is the normal PG. 

138. A more general proposition is the follo wing : 

A Jleanhle vessel, in the form of a sur/ace of revolution, is 
subject to fluid pressure, sudi that it is the same at ali 
points ofthe sarrpe circular section; it is required to determine 
the prindpal tensions at any point, 

Let PEQ, P'E'Q be two consecutive circular sections, and 
let t be the meridional tension at P. 




If OP = s, the resultant tension, parallel to the axis, on 
the circle PQ, 

.'. the resultant tension, parallel to Ox, on FQ' 

daf 



-H^i^U^'W'' 



-, i{PF=^Ss. 



The difiference of these two counterbalances the resultant 
pressure, parallel to Ooo, on the strip of surface between the 
circles PQ, P'Q\ which is equal to 

smaU element bounded by b'nes of curvature, that is by meridians and 
horizontal circles; it wiU be necessary to employ Mounier 's theorem, 
and to observe that the osculating planes of lines of curvature are net 
generaUy normal planes. 
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ifphe the pressure at any point of the cìrcle PQ ; 



d 1 , d!s\ dy 



d / ^dx\ 
'■ds(^d^) 



and p being a given function of w, and therefore of s, this 
equatìoQ determines the tensìon t, and, ae before, t' is given 
by the equation 



139. By eliminating p we obtain a relation between 
t and t', but it is better te obtain the relation directly. 

Takiag a small element PP", R'R bounded by meridian 
arca, PF, RR, and by circukr arcs PR, P'R', let S^ be the 



angle between the meridian planes and 25^ the angle between 
the tangent linea, at P and R, to the mendians. 

Then PR = yS4>, and PP' = Ss. 

Reaolvìng parallel to the direction of the meridian 
bìsecting PR and P'R', 
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^ {ty tj») iy = 2«'& sin ^^, 



^t'BsM^t^Ss^^ 



and, since 



PT 
we obtain the equation 



2^ = 8in^ = ^ 



^ , fig. Art. 137, 



dy 



(ty) = lf. 



Observing that r' = y sec 0, we also bave 

t . ifcos0 



r 



y 



and therefore t and t' are determined by tbese two equations. 

From the first of these equations, we observe that, if at 
any horìzontal sectìon ^ is a maximum or a minimum, so 
that dtjdy vanishes, 

t' ^t 

Again if if = t at every point, it foUows that dt/dy = Oy 
and therefore that t is Constant. 

140. ExAMPLES. (1) A conical perfecUy flexihle and 
elastic hag oMctched, rmmth downwards, by the rim to a 
horizontal piane, and filled wUh liquid by a amali hole at the 
apex, has, when at rest, the ^figure of a right circular corte ; 
find the equation to the figure it will assume when detached and 
the liquid let outy neglecting its weight. 

Let t he the tension at P in the direction perpendicular 
to the generating line VP, t' the tension in the direction VP, 
and 2a the vertical angle of the cone. 
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Then 



or 



t tf 
P'=-^+p gìves, if VF= X, 

t t 

FG X tan a sec a 

t = gpof tan a sec a. 



But 2nrPNlf cos a = the resultant vertical pressure on 
VPQ 

= f 3f/o7ra?'tan*a; 

.'. ^ = Jgr/oaj'tanaseco. 

Let V'P'Q be the generating curve of the surface of 
revolution into which the surface forms itself after the liquid 
has been let out, TN = ^, FN^tj, F corre- ^ 
sponding to the point P, 

If FQ = hsy a small are of the curve, 

if 



&cseca = &fl + ^) , 



and 



^tan 



a-,(n.i), 




taking the modulus of elasticity diflferent in the two direc- 
tions. Taking account of the values of t and if obtained 
above, x can be eliminated between these two equations, and 
the relation between f and ri will result. 

TI , ,, . , qp tan a sec a 1 
From the first equation, putting ^^- — ^r-? = -, , 



a 



ds 1 

j- cosa=— 
ax 



a 



o n» 

.'. - COS a = tan"*- , measuring s from F, 
a a ° 



or 



- = tan (-cosa) . 
a \a J 
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Substituting this expression for x in the second equation, 
we obtain 

f8 \ L apa* tan a sec a ^ «/« \' 
a tan a tanl- cosa 1 = 17-^1 +^^- r- tan*l-cosaj|-, 

as the differential equation to the curve. 

If X = X', a tan a = rj -Icot f - cos a 1 -h 3 tan f - cos a ] j- . 

(2) A jlescible memirane in the form of a catencdd, that 
Ì8y of the surface generateci hy the revoltUnon of a catenary 
ahowt its directrix, has its ends fastened to two eqvxil cirtyidar 
boards of radius a, arìd the eascess ^ of the air pressure inside 
over tìie air pressure outside is given. 

In this case the curvatures are in opposite directions, 
and if PQ be the normal at P, each radius of curvature is 
equal to PQ, and the equations of equilibrium are 

tf-t^p.PG, and t' = j-(yt); 
and since P0=^-, c-r-=Pl/* 

T being the meridian tension of the vertex ; 
and ^' = T + £(3y'-c'). 

The first of these equations may at once be obtained by 
considering the equilibrium of the portion AP, and then the 
value f foUows from the equation, f — t=pr. 

Neglecting the weights of the boards, and supposing the 
form of equilibrium to be maintained by the inside air 
pressure, we obtain 

which gives 2t =pc, 
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and the tensions then become, 

2c 2c 

141. We bave hitherto considered only laminae of uni- 
form thickness, but, in order to include cases in which the 
lamina is of variable thickness, a more general measure of 
the tension can be given. 

Suppose a bar AB of any homogeneous material ^:::3^K 
to support a weight W, and let k be the area of the 
section of the bar; then the tension at the section 
through P supports W and the weight of the bar PB ; 
and if TK is equal to the sum of these weights, t is 
the measure of the tension at P per unit of area. 

It will be seen that t is one dimension lower 
than t 

In fsct, if e be the thickness of a flexible lamina 
at any point, the tension at which, measured in the 
usuai way per unit of length of section, is t, we bave 

tSs = reBs, 



B 



or 



t = eT, 



142. The investigations of this chapter will not in 
general be applicable to surfaces which are inflexible, or of 
imperfect flexibility, but, if in any particular case the action 
between adjacent portions of a surface be whoUy in the 
tangent piane, the relations obtained between the tension 
and the normal pressure will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be fiUed with fluid, the action at any 
point will be whoUy tangential and of the nature of tension. 
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EXAMPLES. 

1. Sapposing the cylinders of a Bramah's Press made of 
the same material, and the stress to be the same in each, 
what should be the ratio of the thicknesses of the cylinders ? 

2. A cylindrical vessel is formed of metal a inches thick, 
and a bar of this metal of which the section is A square 
inches, will just bear a weight W without breaking. If the 
cylinder be placed with its axis vertical, find how much fluid 
can be poured into it without bursting it. 

3. The tensile strength of cast iron being 16000 Ibs. 
weight per square inch of section, find the thickness of a cast 
iron water-pipe whose internai diameter is 12 inches, that 
the stress upon it may be only one-eighth of its ultimate 
strength when the head of water is 384 feet. 

4. A hoUow cone, the vertex of which is downwards, is 
fiUed with water; find where the horizontal tension is 
greatest. 

Also find where the tension in the direction of a gene- 
rating line is greatest. 

6. The top of a rectangular box is closed by an uniform 
elastic band, fastened at two opposite sides, and fitting 
closely to the other sides ; the air being gradually removed 
jfrom the box, find the successive forms assumed by the 
elastic band, and when it just touches the bottom of the box, 
find the difference between the extemal and internai atmo- 
spheric pressures. 

6. An elastic tube of circular bore is placed within a 
rigid tube of square bore which it exàctly fits in its un- 
stretched state, the tubes being of indefinite length ; if there 
be no air between the tubes and air of any pressure be forced 
into the elastic tube, shew that this pressure is proportional 
to the ratio of the part of the elastic tube that is in contact 
with the rigid tube to the part that is curved. • 
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7. A vessel, formed of a thin substance, in the shape of 
a cone with its axis vertical and vertex downwards, is just 
filled with liquid and closed at the top. If it be made to 
rotate uniformly about its axis, find the principal tensione at 
any point. 

8. A spherical elastic envelope is surrounded by, and full 
of, air at atmospheric pressure (II), when an equal amount is 
forced into it. Prove that the tension at any point of the 
envelope then becomes II (2?^ — /')/2/', where r, / denote 
the initial and final radii. 

9. An elastic spherical envelope whose naturai radius is 
a, has air forced into it so that its radius becomes 6 ; it is then 
placed under an exhausted receiver, and its radius increases 
to e ; find the quantity of air forced in, assuming that the 
tension is proportional to the increase of surface. 

10. An elastic spherical envelope of radius a, is filled with 
air at the same pressure and temperature as the surrounding 
air. Assuming that the tension varies as the increase of 
surface, and that if the quantity of air inside be doubled the 
radius becomes ma, and that if the temperature inside be 
then raised to 2", the radius becomes na, prove that 

r 3 n'(n'-l)(2-mO 
T""^"^ m»(m»-l) • 

11. A hemispherical bag, supported at its rim, is 
filled with water ; the principal tensions at a depth x are in 
the ratio 

a? + ax + a^ : 2a?+ 2ax — a\ 

Find also where the horizontal tension vanishes, and 
ezplain the circumstance of its being negative for a portion 
of the bag. 

12. If the hemispherical bag be closed at the top by a 
rigid piane to which its rim is tied, and then inverted, shew 
that the principal tensions at a depth x, are in the ratio 

3a — 2a; : 9a — 4fx. 
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13. A spherical envelope is just fiUed with liquid, which 
rotates uniformly about a diameter ; neglecting gravity, 
prove that the principal tensìons at an angular distance ^ 
from the axis of rotation are 

^ /^G) V sin' (f) and f /o© V sin* ^. 

14. A cylindrical shell of finite thickness is formed of a 
material such that a bar, one square inch in sectìon^ can 
sustain a tension r without giving way. If this shell be 
subjected to an internai fluid pressure tar, which is only just 

not sufficient to burst the cylinder, prove that m = T log t ; 

where a and b are the external and internai radii of the 
shell. 

15. A cone contains heavy liquid ; if the tension of the 
cone in the direction of the generating lines is the same at 
ali points, prove that the density of the liquid varies inversely 
as the square of its height above the vertex. 

16. A convex inextensible pliable envelope in the form 
of a surface of revolution with its axis vertical is exposed to 
water pressure from within. Prove that at the widest part 
the tension along the meridians is a maximum or a minimum 
according as it is less or greater than the tension across the 
meridians. 

17. A flexible bag, in the form of a right circular cone, 
just fiUed with liquid, has the rim of its base fastened to a 
rigid piane, and the liquid is acted upon by repulsive forces 
from the centre of the base, varying as the distance ; find the 
principal tensions at any point. 

If an aperture be made in the rigid piane, fitted with a 
piston, and a blow be struck on the piston, find the principal 
impulsive tensions at any point. 

18. If, in Art. 138, the vessel be a paraboloid, and if the 
principal tensions be equal at any point of the horizontal 
section through the focus, show that the length of the axis is 
^ths of the latus-rectum. 
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19. A quantity of liquid withia a thin spherical shell 
rotates about the vertical diameter with uniform angular 
velocity: find the principal tensions at any point, and 
examine the effects of an increase in the velocity of ro- 
tation. 

20. A flexible surface, such that the tension at any 
point is the same in every direction; and whose forni is 
given by the equation ^ = ^ (a?, y\ is exposed to the action 
of fluid, find the ratio of the pressure to the tension at any 
point. 

Shew that this ratio is 11 : 12 at.the points of the 
surface 4kx? = 32^ (a? + y*), where x^y = z, 

21. A right circular cylinder is made of elastic material 
attached to rigid fixed piane ends. It is distended by fluid 
pressure. Supposing that the tensions in the meridian 
and circular sections are regulated by Hooke's law, obtain 
equations sufl&cient to determine completely the shape it will 
assume. If the pressure p be Constant, prove that the 
meridian curve is 



x-\- 



^=0-^*){c^-^4-(f-^)r* 



where a is the originai radius, \ one of the moduli of elas- 
ticity, and Ay B, C, constants of integration. 

22. If an elastic membrane when unstretched forms the 
curved surface of a cylinder of radius a, show that if its ends 
be fixed and air be forced into it and its ends closed, the 
bounding curve of any section through the axis will be 
given by 

(f+/)(^sec<l>-lj = 2a(c-y). 

where <f> is the angle made by the tangent with the axis, y 
the perpendicular on the axis, p the diflerence of the extemal 
and internai pressures, and \ the coeflScient of elasticity. 
Explain how the constants e, / and a third obtained on 
integrating the equation must be found. 
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23. A vessel is constructed of thin flexible and inexten- 
sible material, in the shape of the surface formed by the 
revolution of a catenary, of which e is the parameter, about 
its axis. 

If t, t' are the principal tensione at the distance x from the 
axis, prove that 

2t-i! : 2t :: xjc : sinh 2^/c, 

the differenee of the pressures inside and outside being sup- 
posed Constant. 
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RIGID OR ELASTIC LAMINA SUBJECTED TO FLUID PRESSURE. 

143. We shall now consider the case of a cylindrical 
lamina, subjected to fluid pressure, such that it is the same 
along any generating line. 

If APQ is a cross-section perpendicular to the generating 
lines, the stress between the two portions separated by the 
generating line through P, perpendicular to the piane of the 
paper, will consist of a tangential force, a shearing force, and 
a couple. 

Taking unit length of the generating line, we shall denote 
these quantities by T, N, and G, observing that T, N, and 
represent the stresses exerted at P upon the element PQ, 
and that T+ ST, N + SIf, + SQ,m the contrary directions, 
are the actions at Q upon PQ. 




i 



192 RIGID LÀMINA. 

Let pSs he the fluid pressure upon PQ on the concave 
side, and let 4> he the deflection of the tangent at P from the 
tangent at A. Then by resolving parallel to the tangent and 
normal at P, and by taking moments about P, we obtain the 
equations, 

or, ultimately, 

dN ^ da ^ 

d(jr «-r ds ^ 
d(f> d(f> 

If the form of the lamina is given, that is, if the intrinsic 
equation of the curve AP is given, and if jp is a known 
function of ò, these equations determine the stress along any 
generating line. 

144. If the lamina be elastic and naturally piane, we 
bave the additional condition that Q is proportional to the 
curvature, or that = E/r, where r is the radius of curvature 
atP. 

In this case the third equation becomes 

^^^ t'd<l>' 
and therefore, from the first equation 

dT_Edr 
d<\>~ 7*64' 

E 

so that r=a-^. 



RIGID LAMINA. 193 

Substituting these values in the second equation, we 
obtaiu the equation 

This equation determines the form assumed by the lamina 
for a given law of pressure, or, if the form be assigned, it 
determines the law of pressure. 

In the case in which p is Constant, or a given function of 
r, a first integrai of the equation can be obtained by putting 

i-rr) =^, and we thus find -j-z in terms of r. 

145. If the lamina is naturally of a given cylindrical 
form, and is bent from its naturai form, the couple G, the 
fiexural couple, is proportional to the change of curvature, so 
that if r^ is the originai radius of curvature at P, 



G 






The truth of this equation depends upon the assumption 
that the length of the mean fibre, across the generating lines, 
remains unchanged. We also assume that no effect is prò- 
duced upon the equation by the existence of extemal fluid 
pressure. 

146. To illustrate the use of these equations, consider 
the case of an elliptic cylinder, formed of some thin rigid 
substance, closed at its ends and fiUed with air, the pressure 
of which exceeds by p the pressure of the external air. 

Eliminating N, we obtain • 

Measuring « and ^ from one end of tbe conjugate axis, 

«* (a»8Ìn> + è'cos*<^)*' 

B. H. 13 
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aud, by the inethod of the variation of parameters, it wìll be 
found that 

r=p. (a" sin'^ + 6*co8"^)* + il cos <^ + JB sin <^, 

and therefore 

(a* — 6*) sin (f) eoa tf> 



JV= -4 sin ^ — S cos <^ —p . 



«^v*- 



(a'8Ìn*<^ + 6*coa*^) 



Employing the consideration of symmetry, and also the 
law of the equality of action and reaction, it foUows that iV^ 

vanishes at the apses, i.e. when ^ = 0, and when ^ = x . 
Hence it appears that A=0, and J3 = 0, and therefore 
r = YTn ^^d -^ ~""P \ C7) sin . C08 ^. 

Al ^^-. AT* _ /) (a* — 6*) a*6'* sin <^ cos ^ 

^ d^" (a« sin» + 6" cos* <^)« ' 

^ a sin + 6 cos *"^ 
assuming that, when j> = 0, there is no stress. 

147. The Lintearia, 

We have shewn, in Art. 123, that the Lintearia and the 
Elastica are identically the same curves. 

If two opposite sides of a thin elastic piate are drawn 
together, and connected by a tightened sheet, the curve 
forni ed is the Linteatia of Art 122. 
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In this case j? » 0, and, as an exercise, it may be useful to 
observe that the integration of the equation of Art. 144 will 
lead to the intrinsic equation of the Lintearia. 

If Q is the tension of the connecting sheet, and if T and 
N', are the tension and shearing force at P, we obtain, by 
considering the equilibrium of the portion PÈ of the lamina, 
the equations 

r=-Qco8<^, iV"=-Qsin<^. 

148. We now propose to determine the law of pressure 
which will deform a thin elastic lamina, resting on two 
parallel fixed bars, in the same horizontal piane, into a 
Lintearia. 

The quantities T and G will both vanish along the linea 

in contact with the bars, and therefore the radius of curvature 

at these lines will be infinite. 

E 
Hence in the equation, T=C—^, 

we find that (7=0, and therefore 

The intrinsic equation of the Lintearia is 

r\/2 = e (còs — cos a)~^ 
and p is given by the equation 

_Edy _ SE /dry _ E_ 

Making the substitutions it will be found that 

E cos a 



c^ 



Now, in the Lintearia, Art. 122, 

r = 



e» 



PL* 

T^r E cosa 
so that p = FL . — i — 

^ e* 



13—2 
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and therefore the requisite pressure can be obtained by 
pouring in liquid of density p, such that 

E cos a =gpc*. 

Hence it appears that the Lintearia form can be main- 
tained by pouring in liquid, of the density given by the 
preeeding equation, to the level of the bars. 

Further, 

,^ E dr E . ^ 

.*. iV^ = — ^pc* sin <^ sec Of, 

N being the shearing force, at P, of the left-hand portion on 
the rìght-hand portion, inwards, so that — iV is the action on 
the left-hand portion. 

Hence at B and C 

— N=gpc^tsLn a. 

This last result can be tested by the fact that the 
reactions of the bars support the weight of the liquid. 

Thus we bave 

- 2JV cos a = 2 jgpPLdx, 

ffp,PL.^^Td^=2J gpc'cos<l>dif> 
= 2gpc* sin a. 






149. If we bave an elastica fonned by bending a given 
piate, and fixing the ending generating lines in the same 
horizontal piane, (r = 0, at B and 0, and the stress at each 
end contains tangential and normal components. If we now 
pour in liquid of the density suitable to the particular 
elastica, the shape will be unaltered, but the value of T at 
B and C will be increased, while the value of N at B and G 
will remain unchanged. 
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EXAMPLES. 

1. A vessel of thin ri^id material, in the form of half a 
circular cylinder, is fiUed with water and supported by vertical 
forces at its bounding generating lines, which are horizontal ; 
prove that the stresses at any point distant <^ from the lowest 
point are such that 

2T = gpa* {(f) sin ^ -f cos (f>), 2N = — gpo? 4> cos <f>, 
2G = gpa* f x — ^ sin <^ — cos <f>] . 

2. A lamina in the form of a rìgid parabolic cylinder 
bounded by planes perpendicular to the generating lines, 
forms a vessel which, being closed in by a band of thin 
cloth joining the generating lines through the ends of the 
latera recta, is fiUed with air, the pressure of which exceeds 
by p the pressure of the external air. If the breadth of the 
band of cloth be to the latus rectum, (4a), in the ratio 
7rV'2 : 4, prove that, measurìng ^ from the tangent at the 
vertex, T = pa (sec <f) — *J2 cos i^), calculate the values o{ N 
and Oy and prove that at the vertex, 2Q =pa^ (3 + 2^/2). 

3. A rigid cylindrical vessel, the cross section of which 
is formed of two cycloidal arcs with the ends fitting together, 
has an excess of air pressure inside ; investigate the stresses 
along any generating line. 

4. A rigid thin lamina in the form of a cylinder, the 
cross section of which is the catenary, s = c tan <j), is subjected 
to an excess p of air pressure on the concave side, and sup- 
ported by two equal forces parallel to the axis of the catenary, 
at the angular distance a from the vertex ; prove that, in this 
case, 

— = cos 9 sec a — 1 + sm (p log tan l i + f ) > 

— = sin ^ sec o — tan ^ — cos ^ log tan (-i + « ) > 
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— , = sec<^seca-isec"<^- J jlog tan (i + ^)[ +^. 

where ^ = i jlog tan f-j + òjf — isec*a. 

Prove also that each of the supporting forces 

= ^logtan('J + ?). 

5. A piane elastie lamina rests on two parallel horizontal 
bars, and is bent downwards between the bars by a Constant 
air pressure above ; prove that the radius of curvature and 
the deflection are connected by the equation 

6. Find the law of fluid pressure which will bend the 
same lamina into the form of a catenary. 

7. If the same lamina is bent into the form of a parabolic 
cylinder, resting on the parallel bars, prove that the fluid 
pressure at the angular deflection <^ from the vertex varies as 

cos^ if> (7 cos* (f) - 6). 
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150. Jt is a well-known fact that if a glass tube of small 
bore be dìpped in water, the water inside the tube rises to a 
higher level than that of the water outside. 

It is equally well known that if the tube be dipped in 
mercury, the mercury inside is depressed to a lower level than 
that of the mercury outside. 

If a glass tumbler contain water it will be seen that at 
the line of contact the surface is curved upwards and appears 
to cling to the glass at a definite angle. 

If the tumbler be carefuUy filled, the level of the water 
will rise above the piane of the top of the tumbler, the water 
bulging over the round edge of the top. 

If water be spilt on a table, it has a definite boundary, 
and the curved edges cling to the table. 

These facts, and many others, bave led to the theory 
of the existence of a surface tension, the laws of which may 
be stated as foUows : 

(1) At the bounding surface separating air from a liquida 
(yr beùween two liquids, there ù a surface tension which is the 
sanie at every povnt and in every direction, 

(2) At the line of junction of the bounding surface of a 
gas and a liquid with a solid body, or of the bownding surface 
of two liquids with a solid body, the surface is inclined to the 
swrfaxse of the body at a definite angle, depending upon the 
nature of the solid and of the liquids. 

In the case of water in a glass vessel the angle is acute ; 
in the case of mercury it is obtuse. 
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Assuming these laws we can account for many of the 
phenomena of capillarity and of liquid filma. 

151. Mise of liquid betwèen two platea. 

If t be the surface tension, a the Constant angle at which 
the surface meets either piate, called the angle of capillarity, 
h the mean rise, and d the distance between the platea, we 
bave, for the equilibrium of the unit breadth of the liquid. 




y 



^ 



2t cos a^gphd, 

so that the rise increases with the diminution of the distance 
between the plates. 

It will be seen that the pressure at any point Q is less 
than the pressure at Nhj gp . QN, 

and ,\ = U-gpQK 

The atmospheric pressure at P bein^ sensibly equal to 
the pressure at the water level outside, it foUows that the 
weight PN is supported by the resultant of the surface 
tensions on its upper boundary. 

152. Rise of a liquid in a circular tube. 

In this case the column of liquid is supported by the 
tension round the periphery of its upper boundary, and 
therefore, if r he the internai radius, 

27rr^ cos a^gpfrr^h, 
or 2^ cos a = gprh. 
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The pressure at any point of the suspended column being 
less than the atmospheric pressure, it follows that if the 
column were high enough, the pressure would merge into a 
state of tension, which would stili follow the law of fluid 
pressure of being the same in every direction. 

It may be observed that the potential energy, due to the 
ascent of the column, is independent of the radius. 

The Capillari/ Curve. 

153. The capillary curve is the form assumed by a liquid 
in contact vdth a vertical wall. 

We shall take the case in which the angle of contact of 
the liquid with the wall is acute, such for instance as when 
water is in contact with a vertical piate of glass. 

If OF is the vertical wall, and OA the naturai surface of 
the liquid, consider the equilibrium of the elementary portion 
PQMIf, taking one unit of breadth perpendicular to the 
piane of the paper. 




The pressure at ali points of Oa being equal to the 
atmospheric pressure, the vertical component of the atmo- 
spheric pressure on PQ is practically equal to the liquid 
pressure upwards on MN, and therefore it follows that the 
weight of the column PQMN is supported by the surface 
tensions at P and Q. 

The vertical resultaut of these tensions being 

\h8 



2t 



sm^. 
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the equatioD of equilibrìum is 

Hence, putting 4<=jrpc', 

<? 

and, inverting the figure of Art. 124, we see that the capillary 
curve is a particular case of the elastica. 

The particularity consists in the fact that OA is a tangent 
to the curve, so that dyjdx == when ^ ~ 0, and enables us to 
obtain the Cartesian equation. 

Observing from that dyjdx, which is the tangent of 
'n'/2-\-<L is negative, and decreasing nunierically, it follows 
that cPy/dx* is positive, and that the equation, iry = (?y 
becomes 

^ / Il + (M\^ - *y 

Putting p -T- for T^ , and ìntegrating, we obtain 



-V-=?|'-l, and.-. ^ = ± 



S^/'-c^ 



(l+p-yi e' ' " dy - ^yjc^^f 

Observing that the tangent is vertical when y V2 = e, and 
that the curve should meet the vertical piane at an acute 
angle, we bave yV^ ^^^ ^^^^ ^ ^^ ^ points under considera- 
tion, and 

dx^ 2y^-c* 

' ' dy" 2yJ'^rz^^' 

ìntegrating this equation, and taking the origin in a new 
position such that a? == 0, when y = e, we obtain 



or 



I = sech I? {x + JJ^)\ . 
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If ^ = 0, o; is infinite, and, taking the figure of Art. 124, 
the elastica is identical with the capillary curve when BG is 
the tangent at B and 0, but this is only possible when the 
length is very great. 

If a is the angle at which the liquid meets the walI, we 
obtain the height OF by putting — cot a for dyjdx, so that 



and 



2y-c 



OF = c sin 



- = — cosec a, 



(M)- 



In the case of a liquid, such as mercury, for which the 
angle of contact is obtuse, it will be convenient to measure y 
downwards. 

The relation connecting r and y might bave been obtained 
from the equation t =^r, Art. 120, where p is the diflference 
between the pressures outside and inside the liquid at P. 

The pressure outside is the atmospheric pressure, and the 
pressure inside is less than the pressure at N by gpy ; the 
difference is gfyy and therefore t=^gpyr. 

154. To find the intrinsic equation, measure the are from 
F, and the deflection <j) firom FO ; 



A 




KE 
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e* . , ds 



and 



2« 



tan 



= log 



4smg-|) 
.8 4/ 



tan 



(f-t) 



If we measure the are <r and the deflection -^/r from il and 
the tangent at Ay 

then, when <A " "" o^ ' s = — -P4, 



and when <^ = '^""2' s = — {FA-'(t\ 

and we shall obtain 

^ = logteng+J). 

which is the equation obtained in Art. 117. 

155. Form of the surface of a liquid between two parallel 
vertical platea, of the same substance, which are paHmlly 
immersed in the liquid. 



y 




NM 
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In this case it wìll be convenieDt to take the axis Oy 
halfway between the platea, and the origin in the naturai 
surface of the liquid, and further, to measure the deflection <^ 
from the tangent at A, 

As in the previous case the weight of the column PQMN 
is supported by the surface tensions at P and Q, 







• 
• • 


e' 


and 


da?' 


{-©T* 


Hence 


we obtain 







«»-i 






dx 
•** = + 



'^y ~U-(r.^V' 



{-(-¥)" 



Since -v- = tan ^, it foUows that 

y V2 = e Ve - cos <^, 



TT 



and putting <^ = ^ — a, we find that the rise of the liquid in 
contact with the plates is 

-^ V(7 — sin a ; 
also, putting <^ = 0, we find that the elevation at A is 

ds (? 
Since y TT ~ 7 > w® ft^ o^c^ obtain the intrinsic equation, 



<^ Ve - cos <^ ' 



206 CAPILLARITY. 

Further, since -?- = cos ^, 

^ cos <f)d<l> 



e Jq 



Ve — cos <l> 
If we put ^ = TT — 2-^, 

a-.co8<^ = (a+i)(i«^^sm'^V 

2 

and therefore, if + 1 = p , 

where k<l, •.* (7>1, 

the intrinsic equation becomes 



ice i,i,Vl-ifc*sinNr' 



In a similar manner ^ can be expressed in terms of 
elliptic integrals. 

If the distance between the plates is 2a, we also have the 
relation 

cos <l>d^ 



2V2?=r 



VO — cos <^ 



156. In any case in which the surface of a liquìd is 
curved by capillary action, it follo ws, as in Art. 134, that, if 
t is the surface tension, r, r' the principal radii of curvature 
at any point, and p the difference of the pressures outside and 
inside the* surface at the point, 

r r t 

Differential equation for the forni of the surface of a 
liquid inside a vertical circular tvòe, which is partly immersed 
in the liquid. 
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Employìng the figure of Art. 155 to represent a meridian 
section of the surface, we have the equation, 

11 _9py __^y 



gpy being the excess of the atmospherìc pressure over the 
pressure of the liquid just beneath its surface. 

Hence, since r' = a? cosec (f>, we obtain the equation, 

d'y dy 



da? 1 dx __ 4y 



which may be written in the form 

d dx 4txy 

We have also the boundary condition, that, if a is the 
internai radius of the tube, and if a is the acute angle of 
contact of the liquid with the surface of the tube, 

-^ = cot a, where x = a, 

If the angle of contact is obtuse, the liquid will be 
depressed in the tube, and, if we measure y downwards, gpy 
will be the excess of the pressure of the liquid just beneath 
its surface over the atmospheric pressure. 

157. If a drop of liquid be placed on a horizontal piane 
the equation of equilibrium will be 

1 1 _^ 

r'^P" t ' 

where t is the surface tension, and ^ is the difference 
between the internai pressure and the atmospheric pressure. 

In general the drop will assume the form of a surface of 
revolution. 
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Taking this case, let II' be the pressure inside the liquìd 



^^^^ 

j,..^-'-^ 1 — .^ y 

e B 



at that highest point, and II the atmospheric pressure; then, 
measuring x vertically downwards from the highest point, 

«r = n' -h gpx — n, 
1 1 n'-Tl+gpx 



/ 



t 



Hence, if a is the radius of curvature at the highest 
point, 

2 n'-n 



a 



t 



and 



11 2 gpx 2 X 
-- -' - t a cr 



a 



.(«). 



Taking the case of a drop of mercury upon glass, or of a 
drop of water upon steel, we observe that dy/dx is decreasing 
from the vertex downwards, and we obtain the differential 
equation of the meridian curve, 

da^ 1 2 X 



{ 



[dx, 



,«ì* 



+ 



y 



Hi)] ' 



or 



dx 



+ 



2 X 

= - + -«• 



(i+p*)* y(i +!>')* « ^ 
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Hence, if ^ is the inclination of the tangent at any point 
of the meridian curve to the axis oi x,p=^ tan <^, and 



.'. cosò -- -^ =- + -5. 



If the drop be large so that we may consider the top fiat, 
and if we neglect the curvature of horizontal sections, the 
equation (a) becomes 

r e 
TX \ dr \ dx ds r 

1 dr cos<f> j 1 1 .- ... 

observing that r = oc , when ^ = „ • 

This equation of the meridian curve takes the form, 

H"-(M)- 

In CartesianS; the equation (a) becomes 

d p __x 

so that — — — r = 1 — s-^, since p=oc , when a? = 0, 
(1 +p*)* 2c* 

or sin ^ = 1 — ó~« • 

At the point where the tangent is vertical, p = 0, and 

If a is the acute angle between the meridian curve and 
the horizontal piane, i.e. if tt — a is the angle of contact of 

B. H, 1* 
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the mercury with the piane, and if A ìs the height of the 
drop, 



<^ = — (^ — al, when ir = A, 



and 



.'. h= 2ccos^. 



158. If a drop of -mercury be placed between two 
parallel horizontal plates of glass, so near to each other 
that the action of gravity may be neglected, the pressure 
inside the drop will be Constant, and, if the surface be a 
surface of revolution, we shall bave the equation, 

1 l_m 

r'^r'^ t 

where w is the excess of the inside pressure over the atmo- 
spheric pressure. 

In this case it will be convenient to measure x downwards 
from the piane which is midway between the two surfaces of 
glass, and we then bave the equation 



O 



y 



X 



-p 



dp 



dy 1 _ w 



2 
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or 



Integratìng, and taking l as the value of y when X'=^0, 

-l—^l + lJl 
(l+p«)4 6 6' 

by coB<f> = 1/^ + 10 — P. 

If the drop is so large that we can neglect 1/r', the 
meridìan curve is eircular, and r being its radius, 

t 
r = — . 

In this case ìf 2h is the distance between the planes 

2t cos a = (II' - II) 2h = 2vrh, 

and .-. r = Asec a, 

a being the acute angle between the mercury and the surface 
of each piate outside. 

159. If a drop of water between two parallel horizontal 
plates of glass takes the form of a surface of revolution, the 
surface will be anticlastic, since the angle of contact of water 
and glass is acute. 

In this case, if II is the atmospheric pressure, and II' the 
pressure of the water inside the drop, and if r is the radius 



i 
X 



of curvature of the meridìan curve, and r the radius of 
curvature of the perpendicular normal section, that is, the 

14—2 
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length of the nonnal ìnteroepted by the azis bf the snr&ce, 
the eqnation of equilibrium ìs 

r r'" t " t* 

for, in resolving along the normal, the resultant of two of the 
tensions will he outwards, and the resultant of the other two 
wiU be ìnwards in direction. 

Measurìng x downwards^ as before, from the piane which 
is midway between the platea, the equation becomes 

dp 
^óTy I ^tj^ 2 

(1+/)* y(l+jt>0* *""^''^^' 

leading to the equation 

by cos ^ = Z5 + i* — y*. 

For a large drop, we obtaìn, as before, 

r = A sec a, 

a being the acute angle between the surface of the water, 
and the surface of each piate inside. 

160. The well-known experiment of floating a needle 
on the surface of water caiì be explaìned by aid of the laws 
of surface tension. 

The figure representiug a section of the needle and the 



surface of the water at right angles to the axis of the needle, 
the forces in action on the needle are the tensions at P 
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and Q, and the water pressure on PAQ, which is equal to 
the weight of the volume NPAQM of water; these forces 
counterbalance the weight of the needle. 

Further the horizontal component of the tensìon at P, 
together with the horizontal water pressure on BDy is equal 
to the tension at 5, PD being horizontal and BD vertical. 

These conditions determine the equilibrium, and lead to 
the equations, 

2t sin (5 — a) 4- gpc (c9 + e sin 5 cos 6 — 2ksin0) = w 
et sin' — ^ — = gp (e cos — hy, 

where a is the angle of capillarity, w the weight of the needle, 
h the height of its axis above the naturai level of the water, 
and 20 the angle POQ. 

Liquid Filma, 

161. Liquid films are produced in various ways ; a soap- 
bubble is a familiar instance, and liquid films may be formed, 
and their characteristics observed, by shaking a clear glass 
bottle containing some viscous liquid, or by dipping a wire 
frame into a solution of soap and water, or glycerine, and 
slowly drawing it out. 

The fact that films apparently piane can be obtained, 
shews that the action of gravity may be neglected in com- 
parison with the tension of the film. 

It is found that a very small tangential action will tear 
the film, and it is therefore inferred that the stress across any 
line is entirely normal to that line. From this it follo ws, as 
in Art. (136), that the tension is the same in every direction. 

162. Energy of a piane film, 

If a piane film be drawn out from a reservoir of viscous 
liquid, a certain amount of work is expended, and the work 
thus expended represents the potential energy of the film. 
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Ima^ne a rectan^lar film ABGDy bounded by straight 
wires AD, BC, AB being in the surface of the liquid, and CD 
a moveable wire. 

The work done in pnlling out the film is equal to 
T . AB . AD, and therefore, if £f be the superficial ene^y, per 
unit of area, it follows that 

It should he observed that what we bave bere called the 
tension of the film is equal to twioe the surface tension of 
either side of the film. 

163. A mire in a vertical piane ofany shape has a piece 
of thread, of given length and weigkt, fastened at two points, 
and the wire and the thread form tìie houndary of a piane 
liquid film, 

To find the form assumed by the thread, we shall express 
the condition that the potential energy of the system is a 
minimum. 




V € 

If il be the area OABO, the energy of the film 

^SA-JSydw, 

and therefore if w be the weight of unit length of threcid, the 
potential energy of the system is a minimum when 



f8ydx'\'wfyd8 



is a maximum, 
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wìth the condition 

We bave then to find the condition that the variation of 
the expression 

/ {iSy + {wy + X) VTTp} dx 

shall be evanescent. 

By the aid of the calculus of variations this leads to 
the equation, 

Ì8 of the form -r^ ^ 



an expression which is easily ìntegrated. 

This equation may represent, for certain values of the 
constante, a circle or a catenary, as is obvious à priori. 

164. The question can be otherwise treated by writing 
down the conditions of equilibrium of an element of the 
thread. 

Measuring the are from 0, let ^ be the inclination to OA 
of the tangent at F, 

Then, if t is the tension of the thread at P, and t the 
tension of the film, we obtain the equations, 

St + wSs . sin ^ = 0, 

— = tBs + wBs . cos òy 
r 

r being the radius of curvature of the thread at P. 
Hence — = — w, t = w{a — y), 

j ^ dy 1 / w \ 
and.-. H=— r \P"+ 1)- 
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d^y TV 

so that n—^^ = — + C, 

vi +jt}* w 

which Ì8 the form obtained in the preceding article. 

In fact, if we assume that ^ = a, when y = 0, end that 
4> = ^y when y = AB = fe, the two unknown constants in each 
of the equations will be determined, and, observing that 
T = fif, the same value of 2>, as a function of y, will result fi*om 
each equation. 

165. Energy of a spherical soap bubble. 

If p be the difference between the internai and esternai 
pressures, 2t =prf and, assuming t Constant, the work done in 
expanding from r to r + Sr, is 

p . 47rr*Sr, or SirtrSr ; 

,\ the total work done in forming a bubble of radius e = 47rfc*, 
and as before the superficial energy = t 

And, in general, whatever be the form of a film, its 
energy = f. 8, if S be the surface, for the energy of a piane 
element = tSS. 



The Forms of liquid fil/ms» 

166. If the air pressure be the same on both sides of a 
film, the condition of equilibrium is that 

1 1 A 

-+-=0, 
r r 

or that the mean curvature is zero. 

This condition is satisfied in the cases of the catenoid 
and the helicoid, which are therefore possible forms of liquid 
films. 
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In Cartesian co-ordinates the equation becomes 

f, /d«VÌ cP-^ ^dzdz d^z T làz^\d?z ^ 
\ \dyJ J doc dx dy dxdy { \dxj ) dy 

as in Art. (134). 

The discussion of this equation is the subject of many 
memoirs by eminent mathematicians, and several very re- 
markable special solutions have been obtained. 

For instance the surfaces, 

^«^cosj^ and 4 sin ^ = (€"-6-0(6^ -e-*), 

COS X \ / \ /' 

will be each found to possess the property that its mean 
curvature is zero*. 

In Plateau's work, Sur les liquides sov/mis aux seules 
forces moleculaires (2 vols. 1873), will be found an elaborate 
account of the labours of mathematicians on this subject, and 
of bis own extensive geries of experiments ; and, in Darboux's 
Théorie Generale des Surfaces, Tome i., Livre ili., there is a 
full discussion of minima surfaces, that is, of surfaces which 
satisfy the condition given above. 

167. If the form of the film be that of a surface of 
revolution, then taking the axis of the surface as the axis of z, 

Substituting in the equation above, we obtain 

{/(^)}' + 2r'-ry(^) = 0; 
which, by transformation, becomes 

""d^ \dz) ~ 
Integi-ating, 

^ = ^^^^^ , and . •. ^ + 6 = a log (r + V»^^^), 
dr ijii» _ a* 

* Catalan, Journal de VE cole Polytechnique, 1856. 
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t+b z+b 


or 


2r = 


b h 


Assuming 




?^ae\ 


the result is 








2r 


z+h z+h 



shewing that a catenoid ìs the only possible fonn of revolution 
of a film when the pressure is the same on both sides. 

168. The same result is obtained by the principle of 
energy, for the surface 

fÌTryda 

is then a maximum or a minimum, and, by the calculus 
of variations, this leads to a catenary as the generating 
curve, the axis of revolution being the directrix of the 
catenary. 

In Todhunter's Besearches in the Calculus of Variations, 
it is shewn that it is not always possible, when a straight line 
and two points in the same piane are given, to draw a catenary 
which shall pass through the two points and bave the straight 
line for its directrix. 

It is also shewn that, under certain conditions two such 
catenaries can be drawn, and that, in a particular case, only 
one such catenary can be drawn. The two catenaries, when 
they exist, correspond to the figure formed by a uniform end- 
less string hanging over two smooth pegs. 

When there are two catenaries the surface generated by 
the revolution of the upper one about the directrix is a 
minimum, but the surface generated by the lower one is not 
a minimum. When there is only one catenary, it is not a 
minimum. 

Hence it appears that if a framework be formed of two 
circular wires, the planes of which are parallel to each other 
and perpendicular to the line joining their centres, it is not 
always possible to connect the wires by a liquid film. In 
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certain cases it is possible to conneot the wires by one of two 
catenoids, but, in the case of the catenoid formed by the 
revolution of the upper catenary, the equilibrium is stable, 
while the other catenoid is unstable. 

When there is only one catenoid it is unstable. 

There is also a discontinuous solution of the problem, 
consisting of the two circles lormed by the revolution of the 
ordinates of the points, and an infinitesimally slender cylinder 
connecting their centres. 

In the article on Capillarity in the British Cyclopaedia 
by Clerk Maxwell, the question is discussed in the foUowing 
manner. 

When two catenaries, having the same directrix, can be 
drawn through two given points, and the catenoids are formed 
by revolution about the directrix, the mean curvature of each 
catenoid is zero. 

If another catenary be drawn between the two catenaries, 
passing through the same two points, its directrix will be 
above the directrix of the other two, and therefore its radius 
of curvature at any point will be less than the distance, along 
the normal, of the point from the first directrix. 

The mean curvature of the surface of revolution is there- 
fore convex to the axis, and it foUows that if either catenoid 
is displaced into another catenoid between the two, the film 
will move away from the axis. 

Again, if a catenoid be taken outside the two, its mean 
curvature will be concave to the axis, and therefore if the 
upper catenoid be displaced upwards and the lower one 
downwards the film will, in each case, move towards the 
axis. 

Hence it foUows that the outer of the two catenoids is 
stable, and that the inner one is unstable. 

This argument however does not apply to any other form 
of displacement, and therefore, for a complete proof of the 
case of stability, it is necessary to bave recourse to the methods 
of the Calculus of Yariations. 
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169. If the pressures on the two sides of a film be 
diflFerent, and if p be the difference, the condition of 
equiUbrium is 

1 Ip 

or that the mean curvature is Constant. 

We shall apply the principio of energy to prove thìs 
relation for the case of surfaces of revolution. 

The fact that p is Constant may be expressed by closing 
the ends and assuming that the volume of air inside is 
Constant. 

The variation of the expression 

J(27ryds + Xiry'dx) 
is therefore zero. 

This leads to 

dx ^c \y , dPx _ / e _ ^^ ^ 

d^ "" y -"2 ' ^"""^ •'• (fo« ■" V y" ~ 2M • 

Hence, if PO be the normal, 

11 ^ . d^x -.1 dy 
PO r ds r ds 

according as the curve is convex or concave to the axis of x ; 
that is the mean curvature is Constant. And, in the general 
case, we bave to express the condition that the surface is 
a maximum or a minimum with a given volume, leading to 
the same general result*. 

170. If the film be in the form of a surface of revolution, 
we can shew that the meridian curve is the path of the focus 
of a conio rolling on a straight line. 

* See Jellet's Calcultis of Variations, or Todhanter's Integrai Calculus, 
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If p be the radius of curvature of the conio, and r the 
radius of curvature of the path of 8, 

1 1 p cos SPQ , 



iSfP 



SF' 



1 PCP 

= wp- pr «p» > "'■^ being perpendicular to SP, 

1 PL 



aP 87" 

1 J__J PL 

•''r'^^P'SP ST*- 

In the case of the parabola, thìs vanìshes, and r 

For the ellipse, 



= -8P. 



sr 



BG* 



»„h1u.J_--1 

SP'' 8P.HP' r'*' 8P~ AC 



and for the hyperbola, 



1 J__ 

r'^SP~ 



AC 



* See Roulettes and Olissettes. 
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The first is the catenoìd ; the second and third are called 
by Plateau the Unduloid, and the Nodoid, the former being 





a sinuous curve^ and the latter presenting a succession of 
nodes. 

To obtain a clear view of the generation of the nodoid, it 
must be considered that, as one branch of the hyperbola roUs, 
the point of contact moves oflF to an infinite distance; the 
line then becomes asymptotic to both branches, and the 
other branch begins to roU, thereby producing a perfect 
continuity of the figure*. 

Of the numerous works and papers on the subject of 
liquid films the student will find full accounts in Plateau's 
work, and in Professor Clerk Maxwell's article in the British 
Cyclopaedia. 



EXAMPLES. 

1. Two spherical soap bubbles are blown, one from water, 
and the other from a mixture of water and alcohol : if the 
tensions per linear inch are equal to the weights of one grain 
and 3^ grain respectively, and if the radii be ^ inch and 1 J 
inch respectively, compare the excess, in the two cases, of 
the total internai over the total extemal pressure. 

2. If two soap bubbles are blown from the same liquid, 
of radii r and /, and if the two coalesce into a single bubble 

* (Plateau, Voi. i. p. 136. See also an article by Delaunay, Liouville's Jour- 
nali 1841, and an article by Lamarle, BvMetins de VAcadémie Belgique^ 1857.) 
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of radius R, prove that, if II be the atmospheric pressure, 
the tension is equal to 

n iZ»-r^-/« 
2 >« + /'-. E«- 

If a soap bubble be placed between, and in contact with, 
two parallel plates, which are then slowly drawn apart, what 
are the forms, synclastic and antìclastìc, which can be 
assumed ? 

3. The superficial tensions of the surfaces separating 
water and air being 8*25, water and mercury 42*6, mercury 
and air 55, what will be the effect of placing a drop of water 
upon a surface of mercury ? 

4. A drop of oil, placed on the surface of water, at once 
spreads itself out into a layer of extreme tenuity; explain 
the cause of this expansion of the oil, and prove, from obser- 
vation of an attendant phenomenon, that the thickness of 
the layer may become less than 00001 of an inch. 

What will take place if another drop of oil is placed on 
the surface ? 

5. Shew that if a light thread with its ends tied together 
form part of the internai boundary of a liquid film, the cur- 
vature of the thread at every point will be Constant. 

If the thread bave weight, and if the film be a surface of 
revolution about a vertical axis, prove that, in the position of 
equilibrium, the tension of the thread is 

l being its length, w its weight per unit length, and t the 
tension of the film. 

6. A piane liquid film is drawn out from a soap-sud 
reservoir ; prove that the numerical value of the energy per 
unit of area (e) is equal to that of the tension (T) per unit 
of length. 
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If the film be removed from the reservoir, and if <r denote 
subsequently the mass of iinit of area, prove that 

de 



r=e- 



da' 



7. Any number of soap-bubbles are blown from the 
same liquid and then allowed to combine with one another. 
Find the radius of the resulting bubble, and prove that the 
decrease of surface bears a Constant ratio to the ÌDcrease of 
volume. 

8. The surface tension of water exposed to air is such 
that the stress across an inch is equal to the weight of about 
3*3 grains. If 1,000,000,000 spherical drops combine to form 
a single spherical rain-drop -^ inch in diameter» shew that 
the work done by the surface tensions is equal to about 
•0001277 foot-pounds. 

9. If a film under unequal and extemal pressure form a 
surface of revolution, prove that the inclination ^ of the 
tangent piane at P to the axis is given by the equation 

, X h 

cos = - + - : 
^ a X 

X being the perpendicular from P on the axis and a, 6 eon- 
stants. 

10. A drop of liquid with uniform surface-tension is 
made to revolve about an axis. Prove that the meridian 
curve of the surface will be the roulette of the pole of the 
curve 

c r 

11. Two soap-bubbles are in contact; if r^ r^, be the 
radii of the outer surfaces, and r the radius of the circle in 
which the three surfaces intersect, 

3 111 



4r' i\^ r^ i\r^ 
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12. If a frame of fine straight wire in the form of a 
tetrahedron be lowered into a solution of soap and water and 
drawn up again, there are found in certain eases piane films 
starting from the edges and meeting in a point. Shew tfaat 
this is not a possible form of equilibnam for every tetrahedron, 
and that it is so if one face be an equilateral triangle and the 
others isosceles triangles, whose vertical angles are each less 
than sec'* (— 3). 

18. If water be introduced between two parallel plates 
of glass, at a very small distance d firom each other, prove 
that the plates are puUed together with a force equal to 

2J.<cosa . T». • 
-1 h Bt sm a, 

A being the area of the film and B its periphery. 

14. A hoUow right circular cone of glass is placed with 
its axis vertical and vertex upwards in homogeneous liquid. 
Find the height to which the liquid will be raised in the 
cone, and write down the dififerential equation of the surface 
inside. Deduce results for a cylinder. 

15. A needle floats on water with its axis in the naturai 
level of the surface ; if o- be the specific gravity of steel 
referred to water, ^ the angle of capillarity, and 2a the angle 
subtended at the axis by the are of a cross-section in contact 
with the water, prove that 

{ira — a) sin i (* ~ /8) = cos a cos \ (a +/8). 

16. A capillary tube in the form of a surface of revolu- 
tion is partly immersed in a liquid with its axis vertical. 
Find the equation of the generating curve if the liquid is in 
equilibrium at whatever height it stands in the tube. 

17. A soap-bubble is fiUed with a mass m of a gas whose 
pressure is A; x (its density) at the temperature considered. 
The radius of the bubble is a, when it is first placed in air. 
The barometer then rises, the temperature remaining un- 
altered. Shew that the radius of the bubble increases or 

B. H. 15 
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diminishes according as the tension of the film is greater or 

, . 9 km 
less tnan t: — ^ . 
8 TTor 

18. Prove that the equation, 

■ 

e* cosh X = cosh y, 

represents a possible form of a liquid film, the pressure on 
both sides being the same. (Gatalan.) 

19. If two needles floating on water be placed symmetri- 
cally parallel to each other, shew that they will be apparently 
attracted to each other, and that this is due to the surface 
tension. 

20. A small cube floats with its upper face horizontal, in 
a liquid such that its angle of contact with the surface of the 
pube is obtuse and equal to tt — a. 

If p is the density of the liquid, and <r of the cube, and if 
gpc^ is the surface tension, prove that the cube will float if 

- < 1 -h 4 cos a . -ó . 
p a 

21. Two equal circular discs of radius a are placed with 
their planes perpendicular to the line which joins their cen- 
tres, and their edges are conuected by a soap film which 
encloses a mass of air that would be just sufficient in the 
same atmosphere to fiU a spherical soap-bubble of radius e. 
If the film be cylindrical when the distance between the 
discs is 6, prove that in order that it may become spherical 
the distance between the discs must be lessened to 2z where 

z {Sa' + 2z») {8c^ - Sab + ^^È^Ml = 6a6c' (2a - e). 

l va* + z* ) 

22. A framework of wires forms a prism of height 6, the 
bases being equilateral triangles of side a. If the framework 
is dipped into soapy water, describe the arrangement of piane 
films in the state of equilibrium. Prove that for equilibrium 
to be possible with piane films 6 must be greater than a/\/6. 
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23. A film of fluid adheres to two wires each of which 
forms one tum of a helix, the axes of the two helices being 
coìncident, and their steps equal. Shew that the condition 
of equilibrium of the film will be satisfied if the differential 
equation to any sectìon of the film through the axis is of the 
form 

^- y V f^A'' 

when 27ra = step of either helix: (i.e. distance between 
consecutive threads). 

24. To the extremities of the axis of a wire helix of 
pitch 6, whose length is very great compared with its dia- 
meter, an elastic string (modulus of elasticity E) is fastened, 
the wire being bent over radially at each end so as to meet 
the axis. The string when straight is tight but unstretched. 
If the helix and string be dipped into a solution of soap and 
then removed with a film adhering to the wire and string, 
shew that, except near the ends, the string will be drawn 
into a helix of radius r where r is given by the equation 

T representing the whole tension per unit of length (of both 
surfaces) of a soap-film. 
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CHAPTER XI. 

THE EQUILIBRIUM OF REVOLVING LIQUID, THE PARTICLES 
OF WHICH ARE MUTUALLY ATTRACTIVE. 

171. If a liquid mass, the particles of which attract 
each other according to a definite law, revolve uniformly 
about a fixed axìs, ìt is eoDceivable tbat, for a certain forni of 
tbe free surface, the liquid particles may be in a state of 
relative equilibrium ; since, however, the resultant attraction 
of the mass upon any particle depends in general upon its 
form, which is unknown, a complete solution of the problem 
cannot be obtained. 

For any arbitrarily assigned law of attraction, the question 
is one of purely abstract interest, and it is only when the 
law is that of gravitation that it becomes of importance, from 
its relation to one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our 
attention to two cases ; in the first of these the attractive 
forces are supposed to vary directly as the distance, and, in 
the second, to foUow the Newtonian law. 

172. A homogeneous liquid masSy the particles of which 
attract each other with a force varying directly cbs the distance, 
rotates uniformly about an axis thr&ugh its centre of gravity ; 
required to determine the form of the free »arface. 

The resultant attraction on any particle is in the direction 
of, and proportional to, the distance of the particle frotn the 
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centre of gravity ; and ìf ft be a measure of the whole mass 
of fluida fiXy fLj/y fiZy maj represent the components of the 
attraction, paxallel to the axis, on a particle ,of fluid about 
the point x, y, z. 

Taking the origin at the centre of gravitv, and axis of 
rotation as the axis otz, the equation of equilibrium is 

dp — p [{afx — fix) dx + ((o^y •- fiy) dy ^ fizdz] ; 

and therefore 

At the free siirface p is zero or Constant, and the equation 
to the free surfisbce is 



(l-'^(a? + y') + ^ = D, 



the Constant D depending upon a>, and upon the mass of the 
fluid. 

When o is very small, the free surface is nearly spherical, 
and as a>' increases from to /jl, the spheroidal surface becomes 
more oblato. 

When a>* = fi, the free surface consists of two planes ; to 
render this possible we may conceive the fluid enclosed with- 
in a cylindncal sur£EU3e, the axis of which coincides with the 
axis of rotation. 

When «■ > fi, the free surface is a hyperboloid of two 
sheets, which for a certain value (oi') of oi becomes a cono, 
the fluid fllling the space between the cone and the cylinder. 
Taking account of the volume of the fluid, the value of m 
can be determined by putting D = 0, since the pressure in 
this case vanishes at the origin. 

If G> > ù>\ the surface is a hyperboloid of one sheet, which, 
as a> increases, approximates to the form of a cylinder, and it 
is therefore necessary, for largo values of co, to conceive the 
containing cylinder closed at its ends. 
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The results of this artìcle, it may be observed, are e(|ually 
true of heterogeneous fluid, whatever be the law of vanation 
of density ìd the successive strata. 

173. A mass of homogeneous liquid, the particles o/which 
attrdct each other according to the Newtonian lato, rotates 
uniformlyy in a state of relative equiUbrium^ about an a^& 
through its centre of gravity ; required to determine a possible 
form of the surface. 

Fot the reason previously mentioned a direct solution of 
this problem cannot be obtained, but it cau be shewn that an 
oblato spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a 
particle at the point (a?, y, z) will be represented by 

Z = ^{(l + V)tan-*\-X}, 

A» 

F=^^^{(l+X')tan-^X-X}, 

^=-5?^{X-tan-*\}(l+X«), 

parallel, respectively, to the axes*. 

We bave then for the surfaces of equal pressure, putting 
€ for 



47rp' 

{2eX'' + X ^ (1 + X") tan"* X} {xdx + ydy) 

+ 2(tan-*X-X)(l + X')2:tfe = a 

* These èxpressionB will be found in Laplace'a Méeanique Celeste, Pois- 
8on*8 Méeanique, Dahamers Méeanique, and Todhunter's Statics. In the 
last named, the equation to the spheroid is {x^+y^ a^-^z^ja^ (1 - e') = 1, bai 
the expressions used in the text will result from the expressions there givea 
by putting 1 - 4^= 1/(1 + X2). 

By the ose 6t X, irrational quantities are avoided. 
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But, from the equation to the spheroid, 

adx + ydy '\-{l'^\*)zdz = 0, 
and, as these equations must be ideiitical, 

2e\' + X - (1 + X*) tan'' X = 2 (tan"* X - X) ; 

an equation the roots of which determine the possible values 
of X. 



It may be written 

3X + 2€X' 
3 + X* 



-tan"'X = (o), 



and the question is reduced to the discussion of the roots of 
this equation. 

For this purpose consider the curve 

2/ = ^^^-tan-'^ <^)- 

The abscissae of the points where this curve cuts the axis 
of X will be the values of X required. 

It must be observed that, in the equation (a), tan'^X is the 
least positive angle whose tangent is X ; we bave therefore 
only to consider one branch of the curve (J3). 

If the signs of x and y be changed, the equation is unal- 
tered ; the curve is therefore the same in the compartment 
— a?, — y, as in + a?, + y, and it is sufficient to examine the 
nature of the positive portion of the branch. 

When a? = 0, y = 0, and as a increases from zero, y begins 
by being positive, and when x increases indefinitely, has 
always positive values ; hence the curve cuts the axis of x in 
an even number of points, exclusive of the origin. 

. dy_ 2a^ {ea?* + 2 (5e - 1) a?» + 9e} 

^^^'°' dx' {l + x')(S + x'y ' 
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dyjdx is therefore zero at the orìgin (a point of inflection), and 
also at the points given by 

€a?*+2(5€-l)a;' + 9€ = (7). 

If the values of a?, obtained from this equation, be real, 
and positive, there will be a maximum and a minimum 
value of y ; the former, corresponding to the smallest root, 
will evidently be positive, sinoe y begins by being positive ; 
if the latter, corresponding to the greatest root, be negative 
or zero, there will be two zero values of y or one only, and 
consequently two possible spheroidal forms of equilibrium, or 
one only. 

If the minimum value of y be positive, there will be no 
zero value of y ; that is, the equilibrium of the fluid in the 
form of a spheroid is impossible. 

174. The preceding investigation may be illustrated by 
tracing the curve (fi) for different values of e. 

ir 1 

Putting tan"*a; = o "" tan'*- , and expanding, we obtain 

y = 2eA'-|, 

as the asymptote of the branch of the curve under considera- 
tion, and the appended figures exemplify the different cases 
above mentioned. 
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Nn/merical Calculaùion. 

175. To calcidate the limiting value of co for which the 
spheroidal form Ì8 possible. 

The equation (7) may bave positive roots if 5€ < 1 ; more- 
over the values of a? will be real, and positive, if 

(1 - 5e)' > 96", or 1 - 5e > 3€ ; 

i.e. € < ^. 

The superior limiting value of e can however be obtained 
very approximately from the condition that, in the extreme 
case of possibility, the minimum value of y is zero. 

We bave then y = and ;f^ = 0, simultaneously. 

Hence, substituting in ()3) the value of € obtained from 
(7), and putting y = 0, we bave 



(a;« + l)(«^ + 9)(a?* + 3) 



— tan'*a; = 0, 



X (7a? + 9) 

Àn approximate value of the positive root of this equation 
will be a value of a?, which, substituted in (7), will givo 
approximately the superior limit of the value of e. 

Since a)'=47rp€ this determines the greatest possible 
rate of rotation consistent with the existence of a spheroidal 
form. 

When o> is less than the limiting value thus obtained, 
there will be two spheroids, either of which will be a possible 
form of the rotating fluid. 

176. Approximate determination of the positive root of 
the eqiuttion 

-^^^^±^ - tan-^ - 
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Denoting the first member hy f{x\ it will be found tbat 

this is positive from ^ = to a? = V3, and is afterwards 
negative ; / {x) tberefore increases until x = V3, and then 
diminishes ; and, since / (0) = 0, f{x) begins by being 
positive. 

By the use of the formulai 

tan-'2 = ^-htan-'^ 

tan'^3 = T + tan"*i, 
4 

it will be found without much diflSculty that the root lies 
between 2 and 3, but the application of Newton's method 
with the value 2 as an approximate one shews that a closer 
limit will be convenient. 

If then 2*5 be substituted we obtain, by the aid of the 
formula 

tan"* (2-5) = tan"' (2) + tan"' •^, 

/(2'5) == '0025 approximately. 

Let a: = 2*5 + y, 

then, approximately, y = - jrr^^. , 

but / (2-5) = - -086, nearly ; 

.\y= 0293 and x = 2*5 293. 

The substitution of this value in (7) will give 

6 =1123, 



«» 



as the greatest possible value of e or - — . 

Hence, when a> is such that € < '1123, there are two sphe- 
roidal forms of equilibrium. 
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If € Ì8 very small, one of the values of x (i.e. X) will be 
very small and the other large, and thérefore as e decreases, 
the one spheroid becomes very oliate and approximates to 
a piane lamina, while the other approaches to the forni of a 
sphere. 

To fìnd the small value of X which satisfies the equation 

3X + 2€X' . .1. ^ 

-^-j^-tan^X = 0, 

expand in ascending powers of \, and we obtain 

15e 
\* = -^ approximately. 

This gives a spheroid very slightly oblato, the ratio of its 

156 

axes being s/(l + X') : 1, or very nearly 1 + -.- : 1. 
The large value of X is obtained by putting 

tan'^^X = ^ — tan"*- , 

and expanding in powers of - , a process which gives 

X = 7 h terms involving positive powers of e, 

as an approximation. 

If 71 be the ellipticity of the spheroid, 

c\/iTa?-c X* . , , 

.-. 4n = 2X*=15e, 
or \&irpn = low*. 

177. Application to the case of a fluid, the density of 
which Ì8 equal to the EartKs 7nea/a density. 

If r be the Earth's radius and p the mean density of the 
Earth, f Trpr is the attraction at the surface of a sphere of 
fluid of the same radius as the Earth, and of density p. 
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Suppose for a moment that the Earth is homogeneous, 
and spherical, then ^irpr measures the force of gravity at the 
pole. 

But, sìnce e =^ aù^/étirp, and therefore 3e = ©V/f^rpr, 
36 : 1 :: difFerence of the measures of gravity at the pole 
and the equator : gravity at the pole (g). 

Taking a second and a foot b& the units of time and 
space, jf = 82 approximately, r = 4000 x 1760 x 3, and it will 
be found that the time of rotation, 27r/a>, giving by the limit- 
ing value *1123 of e, is a little more than ^th of a day. 

This then is the smallest time in which a homogeneous 
fluid mass, of density equal to the Earth 's mean density, 
could rotate uniformly so as to be spheroidal in form. 

178. The Earth, as is known by geodetic measurements, 
diflfers very sUghtly in its form from a sphere, and we can 
therefore apply our equations with great ease to the ques- 
tion of the homogeneity of the Earth, assuming it to have 
taken its present form when in a state of fluidity, or to 
be now a mass of fluid contained within a comparatively 
thin crust 

It has been found by observation, that for the Earth the 
ratio wV : g is about 1 : 289, and we have therefore 

15e 
But from Art. (176), V = -— = ^^, 

and the ratio of the axes of the spheroid 

= 1+^ : 1=232 : 231, nearly. 

This result does not accord with the facts obtained 
by actual measurement, which givo 301 : 300 as an approxi- 
mate value of the ratio. 

The inference is that the Earth is not homogeneous. 

179. The foregoing articles are taken chiefly from 
Laplace, Mécanique Celeste, Tome ii. 
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It must be observed that the general problem of the form 
of a rotating fluid is not solved ; ali that is shewn being that, 
in certain cases, an oblate spberoid is a possible form of 
equilibriam. 

If (ù be such that 6> *1123, it does not foUow that equi- 
librium is impossible, but only that the spheroidal form 
cannot exist for that particular angular velocity. 

If we put — V* for X', taking X'* as a positive quantity less 
than unity, the equation (7) of Art. 173 becomes 

€V*-2(5€-l)V« + 9e = 0, 

or e (1 - X'») (9 - X'*) + 2X'* = 0, 

an equation which has no root less than unity. 

From this it foUows that a prolate spheroid is not a 
possible form of equilibrium*. 

180. An important distinction has been pointed out by 
Poisson (Tome il. p. 547), between the surfaces of equal 
pressure in a fluid at rest under the action of extraneous 
forces, and in a fluid at rest, or revolving uniformly about a 
fixed axis, under the action of the mutually attractive forces 
of its particles. 

Let ABC be the free surface, and DEF any surface of 
equal pressure ; then, in the former case, the resultant force 
at any point of DEF is perpendicular to the surface at that 
point, and is unafifected by the existence of the fluid between 
ABC and DEF; this fluid could therefore be removed with- 
out aflecting the equilibrium of the fluid mass bounded by 
DEF. In the latter case, the force at any point of DEF, 
although perpendicular to the surface at that point, is the 
resultant of the attractions of the mass of fluid contained by 
DEF, and of the mass contained between DEF and ABC', 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external to DEF 
cannot in general be removed without affecting the equi- 
librium of the remainder, 

* Mée. Celeste, Tome n. p. 59. The proof is also gìven in Pontécoiilant's 
Sy stèrne du Monde, Tome n. p. 401. 
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If, however, the fluid be homogeneous, and the particles 
attract each other according to the Newtonian law, so that 
the free surface may be spheroidal, the surfaces of equa! 
pressure will be similar spberoids ; and in this case, since the 
resultant attraction of an ellipsoidal sbell, bounded by two 
concentric, similar, and similarly situated ellipsoids, on an 
internai particle is zero, the portion of fluid between ABC 
and DEF may be removed, provided the rate of rotation 
remain unaltered. 

Moreover we bave shewn, Art. (173), that for a given 
value of cù not exceeding a determined limit, there are two 
possible spheroidal forms: let ABG^ the free surface, bave 
one of these forms, and describe withìn the fluid mass a 
concentric spheroid, 6HK, similar to the other spheroid ; 
then the fluid between ABC and OHK may be removed 
without affecting the fluid mass GHK. 

The action of the shell upon a particle at a point P of 
the surface GHK is not perpendicular to the surface at P, 
but this action, combined with the attraction of the mass 
OHK, and the hypothetical force measured by ©V, is perpen- 
dicular to the surface, at P, of the spheroid passing through 
P, which is concentric with, and similar to, the surSface ABC. 

In other words, the direction of sensible gravity, that is, 
of the weight, of a particle on the surface is normal to the 
surface, and of a particle inside, normal to the surface of equal 
pressure which passes through the particle. 

In the same manner if the free surface, ABG, bave one of 
the possible forms, we can imagine a concentric shell of liquid 
added to the mass, and having its outer surface of the same 
form, or of the other form. 

In the former case, ABC will stili be a surface of equal 
pressure, but, in the latter case, ABC will cease to be a 
surface of equal pressure, since the new surfaces of equal 
pressure will be similar and similarly situated to the outer 
surface. 

181. If a fluid mass be set in motion, about an axis 
through its centro of gravity, with an angular velocity such as 
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to make the value of e greater than the limit obtained in Art. 
(176), it does not foUow that the fluid cannot be in equi- 
librium in the forni of a spheroìd, for it may be conceived 
that the mass will expand lateraJly with reference to the axis, 
taking a more flattened shape, nntil its angular velocity is so 
far diminished as to render the spheroidal form possible. 

If the mass consist of perfect fluid, its form will oscillate 
through the spheroid of equilibrium, but if, as is the case in 
ali known fluids, friction be called into play by the relative 
displacement of the particles, the oscillations will gradually 
diminish and at length a position of equilibrium will be 
attained. Employing the principio that the 'Angular mo- 
mentum' of the system, relative to the axis, will remain 
Constant, we can determine the final angular velocity, and the 
form ultimately assumed* 

Considering the question generally, suppose the mass of 
fluid set in motion in any way, and then loft to itself ; the 
centro of gravity will be either at rest or moving uniformly in 
a straight line, and ali we bave to consider is the motion 
relative to the centro of gravity. 

Draw through the centro of gravity the piane, in the 
direction of which the angular momentum is a maximum ; 
then, however during the subsequent motion the fluid 
particles act on each other, this piane, which may be called 
the * momental * piane, will remain fixed, and when the 
motion of the particles relative to each other has been de- 
stroyed by their mutuai friction, the axis perpendicular to 
this piane will be the axis of rotation of the fluid mass in 
its state of relative equilibrium. 

Let 2H be the given angular momentum of the system, 
and cù its ultimate angular velocity. 

Taking e and c^/(l + X*) for the axes of the spheroid of 
equilibrium, and M for the mass, the expression for the 
angular momentum is | Mc^ (1 + V) od ; 

* The angular momentom of a system, relative to an axis, is the sum of 
the moments of the momenta of the several particles of the system abont 
the axis. 
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we bave also f wpc* (1 + X') = M, 

aod from these two equations, combined with the equation, 

^^t^^^' - ^^"'^ = • • • ^rt- (173), 

O + A. 

the values of e, co, and X can be determined. 
From the first two we obtain 

=p (1 + X*)~ , aupposed ; 

•• 3 A' tan>X = 0. 

ìs the equation which determines X. 

The left-hand member of this equation is positive when 
X is very small, and negative when X is indennitely largo, 
and the equation has therefore a positive root ; consequently, 
the fluid mass will at length attain a spheroidal form of 
equilibrium. 

It can be shewn moreover that the equation has only one 
positive root, and therefore there is one spheroidal form, and 
one only, towards which the oscillating fluid mass continually 
approximates. 

This discussion is taken from the Mécanique Celeste, 
Tome II. p. 71, and from Pontécoulant's Sy stèrne du Monde, 
Tome n. p. 409. 

182. It was discovered by Jacobi that an ellipsoid with 
three unequal axes is a possible form of relative equilibrium 
for a mass of rotating liquid. 

The following proof of Jacobi s theorem is taken from a 

paper by Liouville in the Journal de VÉcole Polytechniqiie, 
Tome XIV. 
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Taking the axis of rotation for the axis of z, suppose, if 
possible, that the surface of the liquid is of the form given by 
the equation 

'''i + rT^ + ^ = ^' (1). 



i + x' i+v 



Then, if M be the mass of the liquid, the resultant atti-ac- 
tions oa a partici e at the point (a?, y, z) of the surface are 
respectively Ax, By^ and C^*, 



where 



B 



e» io 



u'du 



G 






" e' io 



H representÌBg the expressioQ 

\/(iTxV) (1 + W). 

The differential equation of the free surface is 
{Ax — <o*x) dx + (By — <o*y) dy + Czdz = 0, 

and therefore, if the free surface be the ellipsoid (1), 

(^-co»)(H-X') = (5-«*)(l + \'')=C7 (2). 

Eliminating to', we obtain 

(1 + X') (1 + X") {A-B) = G (X** - X"), 
and, substituting for A, B, and C, this reduces to 

(1 4- X') (1 + X-) /] <^" -^? ^^'^^ = (K- - X') /[^ . 

Rejecting the solution V = X, which leads to the case of 
an oblato spheroid, and transposing, we obtain 



/ 



1 ^'(1 -^»)(1 -X'W) du _^ 
an equation which, if X be assigned, determines X'. 

* See the ilf écamgue Celeste^ Tome ii., or Duhamers Cours de Mécanique. 
B. H. 16 
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Assìgning a positive value to \', the left-hand member of 
the equation is positive if \' = 0, and is negative if X' = oo ; 
hence there is a positive value of \'^ which will satisfy the 
equation. 

Moreover, from the equations (2), 

C 



(o^^A 



e» Jo(l + 



1+V 
X» (1 - u!") y^du 



o(l + X«)(l + XV)ir' 

and 0)' is therefore a positive quantity. 

Hence it is completely established that an ellipsoid with 
three unequal axes, the smallest of which coincides with the 
axis of rotation, is a possible form of the free surface. 

183. The resultant action of gravity at the surface is the 
resultant of the forces (J.— ©*)«?, (5 — a)")y, and Gz, and 
is therefore inversely proportional to the perpendicular from 
the centre on the tangent piane. 

Also, hearing in mind that the attractions of the liquid on 
an internai particle are Ax^ By, and Cz, and utilizing 
Leibnitz's theorem, it is easily shewn that the resultant 
stress across any centrai piane section is perpendicular to 
that piane, and proportional to its area. 

184. It was pointed out by Mr Todhunter, and demon- 
strated in the foUowing manner, that the relative equilibrium 
of the rotating ellipsoid cannot subsist when the axis of rota- 
tion does not coincide with a principal axis. 

Referred to the principal axis, let l, m, n, be the direction 
cosines of the axis of rotation, M any point (ic, y, z) of the 
mass, and N the foot of the perpendicular from M upon the 
axis. 

Then ON^ Ix + my + nz, 

and, if ON^ v, the co-ordinates of N are Iv, mv, nv. 
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The acceleration to^MN, when resolved parallel to the 
axes, gives rise to the components 

tì>' (x — Iv), (ù^ {y — mv\ OD* (z — nv) ; 

therefore the differential equation of the free surface is 

{a}\x—lv)—Ax} da)+ {ù)\y^mv)-'By} dy+ {a)^(^- nv)—Cz] dz=^0; 

hence the form of the free surface is given by the equa- 
tion, 

o)'(a:j'+y^+5!*)— o)'(i»+my+w-2:)'~J.a?--jBy'--(7^=constant, 

and this cannot represent an ellipsoid referred to itsprincipal 
axes, unless two of the quantities 7, m, n, vanish. 

Mr Greenhill remarks that a particle of the liquid at the 
«nd of thè axis of rotation will be at rest under the action of 
the àttraction of the liquid alone, since the expression ®V 
vanishes at that point. 

Hence the àttraction on the particle must be normal to 
the surface, which is only the case at the end of an axis. 

185. The foUowing demonstration of Jacobi's theorem 
was given by Archibald Smith in the first volume (page 90) 
of the Cambridge Mathematical Journal, in 1838. 

If a mass of liquid revolves, as if rigid, about the axis of z 
with the angular velocity ©, and if X, F, Z, are the com- 
ponents of the àttraction at the point (a?, y, z), the equation of 
the free surface is 

(X- ®'a?) (ir + (F-G)V) dy + Zdz^O, 

Now, if the free surface is an ellipsoid, 

X = Ax, Y=By, Z=rCz, 

where A, B, C are independent of x, y, z. 

Hence, if a, b, e are the semi-axes of the ellipsoid, we bave 
if possible, to identify the equations, 

(A — ©*) xdx + ( JB — €0*) ydy + Gzdz = 0, 

-5 da? + li dy -f- -« dz = 0. 
a 0' ^ e 

16—2 
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We must therefore satisfy the equations, 

a e 

from which, by the elimination of \ and o)*, we obtain 

a'6*(5-^)-.(a»-6*)c'C = (a). 

Now, if D = {(a« + u) (5* + u) (e" + u)}K 
and if M is the mass of the liquid, 

The equation (a) then becomes 



^^ ^^jo D\(a' + u){V + u) c' + u 



= 0. 



If a is diflferent from 6, the relation between the axes 
must satisfy the equation 



rudu/1 1_1 _U\_r. 



If a and 6 are given this is an equation for determining 
e, and, since the left-hand member is negative when e = 0, 
and positive when e = oo , there must be one real value of e 
which satisfies the equation. 

Since u/iy is positive, and since 

1 1 1 t^ 

is positive if u is largo enough, it follows that, when u is 
small, this last expression must be negative. 

* See Thomson and Tait's Naturai Phihsophy, Art. 494 n, or Minchin's 
StaHcs. 
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Hence ìt appears that 



1 11 



and therefore that o is less than the least of the two quantities 
a and 6. 

To find the angular velocity, we have 
and therefore, if a is different from &, 



«-3 Af r ^^ 



and, this expression being a positive quantity, a possible 
value of 0) is obtained, and it is established that an ellipsoid 
with three unequal axes is a possible form of a mass of liquid 
rotating about the smallest axis. 

186. It can also be shewn that, theoretically, an elliptic 
cylinder is a possible form of the surface of an infinite mass 
of homogeneous gravitating liquid, rotating, as if rigid, about 
the axis of the cylinder. 

If a and h are the semi-axes, the components of the 
attraction at the internai point x, y, are 

4fn'pbx , 4nrpay 
a + 6 *^ a + b ' 

(Thomson and Tait, Art. 494 p\ and the equation of the free 
surface is therefore 

Identifying this equation with 
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we find that 

fi)* = 4s7rpab/ (a + 6)^ 

In Part il. Voi. i. of Thomson and Tait's Naturai 
Philoaophy an account is given of some of the various forms 
which can be assumed by a mass of gravitating liquid, when 
in . a state of uniform rotation, and of the stability, or in- 
stability, of some of these forms. 

The student may also consult the article by Poincaré in 
the seventh volume of the Acta Mathematica, Stockholm^ 
1885. 



MISCELLANEOUS EXAMPLES. 

1. A hemìspherical bowl is fiUed with liquid, the density 
of which, at the depth -sr, is a + ^z. Prove that the whole 
pressure is the same as if the liquid were of uniform density 
equal to the density at the depth of one-third of the radius. 

* 

2. A quantity of elastic fluid whose particles attract 
one another according to the law of nature fills a sphere 
in whose centro resides a centrai force fijp. The radius of 
the sphere is e and the mass of fluid (2« — /Lt) e, where pK = p. 
Show that the conditions of equilibrium are satisfied if p x 
inversely as r^. 

3. A sphere (radius e) is just fiUed with water, and 
rotates about a vertical axis with angular velocity o), such 
that 3cG)^ = 2g ; prove that the pressure in the surface of 
equal pressure which cuts the sphere at right angles is 
Sgpc -r 4, /o being the density of water. 

4. A spherical shell, whose interior radius is a, is fiUed 
with liquid of uniform density p, and revolves with uniform 
angular velocity © about the vertical diameter of the shell ; 
shew that, if the total normal pressure on the upper half of 
the shell be to that on the lower half as m : n, the pressure 
at the highest point of the liquid is 



P 



a^«^ 



3m ^n ga ara 



n — m 
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5. A mass of liquid is contained between three co- 
ordinate planes, each of which attracts with a force varying 
as the distance, and the absolute forces of attraction fi, ii\ fi ' 
are in harmonic progression. Half an ellipsoid is fixed with 
its piane face against one of the co-ordinate planes, and its 
surface toiiching the other planes, its axes being parallel to 
the co-ordinate axes and inversely proportional to 

V/A. Va^', V/'. 

If there be not sufficìent fluid quite to cover the ellipsoid, 
the uncovered part will be bounded by a circle. 

6. A mass of liquid is subject to the mutuai gravitation 
of its particles, and to a repulsive force tending from a piane 
through its centre of gravi ty and varying as the perpendicular 
distance from that piane; shew that the conditions of 
equilibrium will be satisfied if the surface be a prolate 
spheroid of a certain ellipticity, provided the repulsive force 
be not too great. 

7. A triangular area is immersed in a fluid with one 
side in the suiface ; the ellipse of largest possible area is 
inscribed in it ; shew that the depth of the centre of pressure 

of the remainder of the triangle is o^ T<> _ ^ 9 of ^^^ depth 
of its lowest point. 

8. Fluid self-attracting, aocording to Newton's law, just 

, a? 1^ ^ 
fiUs a vessel in the form of the ellipsoid i + n + ~s = 1 5 ^'^ 

the pressure at any point, and the points of maximum and 
minimum pressure on the vessel. 

9. If a, /8, 7, i be the depths of the comers of a quadri- 
lateral area which is wholly immersed in liquid, and h 
the depth of its centre of gravity, the depth of its centre of 
pressure is 

i(a + /8+7 + S)-^^()87 + 7a + aiS-f-aS + /3S + 7S). 
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10. A conical vessel of height A, vertex downwards, is 
fiUed with liquid the density of which is \x, x being the 
depth. This is poured into another vessel in the form of a 
surface of revolution, and it is found that the new density is 
iia?. Prove that the form of the vessel is given by the 
equation, 

2,« + ^2=^-2?^A-^^] tan»a. 

11. An embankment of triangular section ABG supports 
the pressure of water on the side BG : find the condition of 
its not being overtumed about the angle A when the water 
reaches to B, the vertex of the triangle : and shew that, when 
the area of the triangle is reduced to the minimum consistent 
with stability for a given depth of water, 

^ ^ 77T27T9 



^ . 75« + 254-9 

tan A = = , 

5— 1 

where s is the specific gravity of the embankment. 

12. A vessel of given capacity, in the form of a surface 
of revolution with two circular ends, is just fiUed with 
inelastic fluid which revolves about the axis of the vessel, 
and is supposed to be free from the action of gravity : in- 
vestigate the form of the vessel that the whole pressure 
which the fluid exerts upon it may be the least possible, the 
magnitudes of the circular ends being given. 

Shew that, for a certain relation between the radii of the 
circular ends, the generating curve of the surface is the 
common catenary. 

13. A mass of fluid is in equilibrium under the action of 
its own attraction: prove that the pressure at any point 
{Xy y, z) is given by the equation 

dx \p dxj dy \p dy) dz \p dzj "~ ^' 
where p is the density at (x, y, z). 
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An infinite mass of fluid such that p = kp*, where A; is a 
Constant, surrounds a rigid spherìcal shell and is in equilibrium 
under its own attraction, the pressure at infinity being II : 
find the pressure at any point. 

14. A bridge of boats supports a piane rigid roadway AB 
in a horizontal position. When a small moveable load is 
placed at O the bridge is depressed uniformly; when the 
load is placed at a point C the end A is unaltered in level ; 
when at D the end B is unaltered in level ; and when at P 
the point Q of the roadway is unaltered in level. 

Prove that AG .OG^BO, OD^PO .0Q\ and that the 
defiection produced at a point i2 by a load at P is equal to 
the defiection produced at P by the same load at R. 

15. A cup fioats upright in oil, and is ballasted with 
water; find its form and sketch it, when the difference of 
level of the two liquid surfaces is the same for ali degrees of 
immersion. 

16. If a liquid be inclosed in a vessel of any form and 
he allowed to run into another vessel of different form, and if 
p be the pressure at a?, y, z, in either of the vessels referred 
to rectangular co-ordinates independent of them, the difterence 
between the two values of jjjp dx dy dz differs from the work 
done by the liquid in running from the upper to the lower 
vessel by the work required to bring the surface of the fluid 
in the lower vessel to the same horizontal piane with the 
originai surface in the upper. 

17. A vessel in the shape of a paraboloid of revolution 
contains some fluid which is rotating about the vertical 
axis of the paraboloid. Find the angular velocity when the 

fluid begins to spili, and shew that, if this is ^fgJly the vessel 
must bave been half full of fluid. 

If the paraboloid be not of revolution but of the form 
^ = -- + ^, the axis of z being vertical, and if z^, z^he the 
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greatest and least heights of the curve ia which the surface 
of the fluid meets the vessel, prove that 

where e is the distance between the vertices of the two 
paraboloids. 

18. A hoUow vessel in the form of an anchor ring, just 
fiUed with water, spins uniformly round the vertical axis of 
generation, the whole moving as a solid ring. Find the 
whole pressure on the internai surfaxie. 

19. A cylindrical diving-bell is suspended with its axis 
vertical at a depth such that the water rises half-way up the 
beli : find the least distance of the centro of gravity of the 
beli from the centro of its upper surface, consistent with the 
condition that the equilibrium may be stable with reference 
to an angular displacement of the axis. 

20. Incompressible fluid is at rest under the action of 
forces 

fix fiy fiz 

"^' "6^' ""?' 

respectively parallel to the axes, and a particle, the density 
of which is less than that of the fluid, is placed any where in 
the surface 



0? f l_ 
-2 + 55 + ^,-m; 



prove that, neglecting the resistance, the velocity of the 
particle when crossing the surface defined by the quantity 
m' varies as 

Vm' — m. 

21. An elastic spherical envelope is in eauilibrium when 
it contains air at twice the atmospheric aensity, and its 
radius is twice the naturai size ; if the barometer fall 1/n*** 
of an inch, find the timo of a small oscillation in the magni- 
tudo of the envelope. 
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22. A rìght cone rests in a vessel contai oing equal 
depths of two given fluid», with its vertex fastened to 
the bottom and its axis vertical. Find the condition for 
stable equilibrium. 

23. A straight uniform rod consisting of matter attract- 
ing as (dist.)"* is surrounded by fluid at rest subject to its 
attraction only; shew that the differential equation to the 
meridian sections of the surfaces of equal pressure can he put 
in the form 

|.V^+iogJ=o. 

r, r being the distances of the point ayy from the ends of the 
rod, and \fr the angle subtended by the rod at that point. 

24. A rigid spherical envelope of radius a is filled with 
elastic fluid of mass M which is acted on by a repulsive 
force = /i (dist.)* from a point in the surface of the envelope : 
shew that the total normal pressure on the envelope is 

ri ^^^ 
\ xe ^ dx 



ri/ ??t«:a^ \ 



25. A portion of a paraboloid, latus rectum 4a, is cut off 
by a piane perpendicular to the axis at a distance 3a from 
the vertex ; if the vertex of the paraboloid he fixed at a 

depth ~ a beneath the surface of a liquid, shew that it will 

rest with the focus in the surface if the ratio of the density of 
the liquid Uy that of the solid he 729 : 232. 

26. A mass (M) of fluid, in which the density at any 
point is the sum of a given Constant quantity and a quantity 
hearing a given Constant ratio to the pressure at that point, 
revolves about a fixed axis with a given Constant angular 
velocity, and is attracted to a point in that axis by a given 
force which varies as the distance : find the form of the firee 
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surface ; and shew that its least semì-diameter (6) is deter- 
mined by the equation, 

rb ^:^ 
M^m ì e ^ a?dx, 

J 

when m and e are given constants. 

27. A centre of force, repelling ìnversely as the square 
of the distance, lies below the surface of a homogeneous 
inelastic fluid, which is also acted on by gravity and is at 
rest : the intensity of the force, at a point in the surface of 
the fluid vertically above its centre, is equal to that of 
gravity : prove that the extemal surface of the fluid has a 
horizontal asymptotic piane, and that the centre of force is 
environed by an internai cavity, the summit of which is at the 
extemal surface of the fluid. 

Find the volume of the cavity in terms of its length. 

28. A right prism on a square base has another prism, 
also on a square base, attached to it, so that their axes are 
coincident and sides parallel, and the whole floats on a fluid 
with their common piane in the piane of floatation. If the 
sides of the bases of the two pnsms are in the ratio 2:1, 
find their limiting heights in order that the equilibrium 
may be stable. 

29. A heavy cube is moveable about an axis, which 
passes through, and bisects, the opposite sides of one face ; 
this axis being fixed horizontally within an empty vessel, so 
that the cube is suspended in the position of equilibrium, 
find the depth to which fluid must be poured in, so as to 
render the equilibrium unstable, and the greatest ratio of the 
densi ties of the cube and fluid, that this may be possible. 

Supposing the cube half immersed and the equilibrium 
stable, find the time of a small oscillation. 

30. A cylinder whose axis is vertical is floating in a fluid 
in which the density at any point varies as the w power of 
the depth ; the cylinder is depressed till its upper end just 
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coincides with the surface of the fluid, and on being let go 

it rises just out of the fluid ; shew that, when the cylinder 

was floating, the depth immersed was to the height of the 

1 

cylinder as 1 to (n 4- 2)*"*'^. 

31. The height and latus rectum of a uniform paraboloid 
of revolution are h and Z, and ita specifie gravity with respect 
to a fluid in which it is floating is 8 ; shew that there will 
certainly be only one position of equilibrium with the vertex 

immersed if 2A (2 - 35*) < 3/. 

32. If the vessel be of thin material, in the shape of a 
paraboloid of revolution, contain liquid, shew that the equi- 
librium will be always stable, provided the density of the 
fluid inside be greater than that without ; the weight of the 
vessel being neglected. 

33. A frustum of a cone floats with its axis vertical in 
a liquid of twice its own density. Prove that the equilibrium 
will be stable if 

il? < ~ , where m = — ^^ ~ , 

m-1 (a' + b')^ 

h being the height of the frustum, and a, b the radii of its 
ends. 

Also if it float with its axis horizontal the equilibrium 
will be stable if 

34. A vessel in the form of a cube of side 12a containing 
liquid is placed so as to rest on the top of a perfectly rough 
fixed sphere of radius 5a ; neglecting the weight of the vessel, 
prove that for displacements in planes parallel to the vertical 
faces there will be stability provided the depth of the liquid 
is between 4a and 6a. 

35. An isosceles triangular lamina, of which the sides 
AB, AG are equal, floats with the angular point downwards 
in a liquid of which the density varies as the depth: if AD 
be perpendicular to BG, prove that if the lamina can float 
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with the line AD ìnclined at an angle to the vertical, 6 is 
given by the equation, 

81(r sin* = 64/> cos» a (sin» - sin» a)», 

where 2a is the angle BAC, a is the density of the lamina, and 
p is the density of the liquid at a depth equal to AB or AG, 

36. A solid of revolution floats with its axis vertical, and 
is sunk to different depths by placing weights at a iSxed 
point of its axis. Find the form when the equilibrium is 
always neutral. 

37. If a body float at rest, shew that for any displace- 
ment, consistent with the condition that the weight of the 
fluid displaced be equal to that of the float, the difference of 
the distances of the centres of gravity of the float and of the 
fluid displaced below the surface of the fluid will, in general, 
be a maximum or minimum according as the equilibrium is 
unstable or stable. 

Moreover if Z be this difference, and the body be symme- 
trical with respect to a vertical piane, perpendicular to the 
line about which the displacement aforesaid is made, and 
be the inclination of any fixed line in the body and in that 
piane to the vertical, the time of a small oscillation will be 

that of a simple pendulum of which the length is -j^, where 

W 
k is the radius of gyration about a line through the centro of 
gravity parallel to the axis of displacement. 

Mention any conditions which limit the generality of 
these theorems. 

38. An ellipsoid floats with the least axis (2c) vertical 
in a fluid of twice its density, and makes small oscillations in 
a vertical piane about a point in the major axis(2a) which is 
fixed. Shew that the period is 



27r 



/ 8 e 5/^" 

V 15 (7 lì 



5/c»+aN-^ 

2 



g HT + ac 
where k is the centrai distance of the fixed point. 
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39. A pneumatic railway carrìage can move ù-eely with- 
out firiction in a tunnel which it exactly fits. It is placed at 
rest at one end, and an engine begins to exhaust the air at 
the other, pumping out equal volumes in equal times. 

Shew tbat at time t the distance of the carrìage &om the 
end to which it is travelling is determined by an equation of 
the form 

X -j^ + -t: -\- n{x + bt) = na. 

40. A solid of revolution possesses this property. A 
portion being cut oflF by a piane perpeodicular to its axis and 
immersed vertex downwards in a liquid and then displaced 
through a small angle, the moment tending to restore equili- 
brium is independent of the amount cut oflF. Shew that, if 
y=:f{x) he the generating curve, to determine /we bave 

[/(^)r=/>[i + {/'(^)r+/(^)/'('«)] [/{^+/('^)/(^)}]'. 

p being the density of the solid compared with the fluid. 

41. From a solid hemisphere, of radius r, a portion in 
the shape of a right cylinder, of height A, coaxial with the 
hemisphere and having the centro of its base at the centre of 
the hemisphere, is removed. Into this portion is fitted a thin 
tube which exactly fits it. The solid is placed with its vertex 
downwards in a fluid, and a fluid, of density p, is poured into 
the tube. Find how much must he poured m, in order that 
the equilibrium may be neutral ; and if the tube he fìUed to 
a height 2%, shew that 

p_ r'-2Vh^ 

8 being the density of the solid. 

42. A solid body is floating in a liquid of variable den- 
sity and its position is slightly changed so that the mass of 
liquid displaced remains unaltered. ìff(z) be the density at 
a depth z, and (a?, y, z) the co-ordinates of any point in the 
immersed surface of the body, referred to the surface as the 



t 
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piane xy, prove that the point in the piane of floatation about 
which the body tums is the centre o^f gravity of that piane 
treated as a lamina, the density of which at the point \x, y) 

43. A cup whose outside surface is a paraboloid of revo- 
lution of latus rectum l, and whose thickness measured 
horizontally is the same at every point and very small 
compared with l, has a circa lar rim at a height h above the 
vertex, and rests on the highest point of a sphere of radius r, 
If water be now poured in until its surface cuts the axis 
of the cirp at a distance -^h from the vertex, and if the 
weight of water be four times that of the cup, shew that the 
equilibrium will be stable, if 

h r-2l 
ì^2r + l' 

44. An isosceles triangular lamina AGB is at rest with 
its piane vertical, and its vertex C fixed at a depth e below 
the surface of a liquid, the density of which varies as the 
depth. If the density of the lamina be the same as that of 
the liquid at the depth d, and if be the angle which the 
altitude h of the triangle makes with the vertical, prove that 

Sdh^ cos^ + a. cos* ^ — a = 3c* cos* a . cos 0, 

the angle AGB being 2a. 

45. If a solid of revolution be immersed in a heavy 
homogeneous fluid with its axis vertical, prove that, when 
the total normal pressure on the surface is a minimum, its 
form must be such that the numerical value of the diameter 
of curvature of the meridian at any point is a harmonic mean 
between the segments of the normal to the surface at that 
point intercepted between the point and the surface of the 
fluid and between the point and the axis, respectively. 

46. A hoUow cylinder of height 2h and radius e with 
both ends closed contains water, and is placed with the 
centre of its base in contact with the highest point of a rough 

B. H. 17 
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spbere of radius r ; the weight of the water is equal to that 
of the cylinder ; shew that the equilìbrìum wìll be stable if 
the water occupy a length of the cylinder which lies between 
the roots of 

2^-4(2r-A)a; + c' = 0. 

47. A weightiess shell in the form of a paraboloid of 
revolution rests in a similar shell, the parameter of which is 
doublé that of the former, and contains fluid whose density 
varies as fdepth)*. Find the depth of the fluid in order that 
the equilibrium may be neutral. 

48. If when the barometer stands at 30 inches, the 
specific gravity of mercury being 13'596 referred to water, of 
which a cubie inch weighs 252*77 grains, a cubie yard of 
atmospheric air is compressed into a vessel containing a cubie 
foot, find approximately the numerical measure of the energy 
stored up therein. 

49. The expansions of water and glass are given by the 
formulse 

r,= FJl +a(f-4)»}, and V,= F,(l +5flrf), 

where t is the temperature centigrade. If a water thermo- 
meter be constructed and graduated in the same way as the 
common mercurial thermometer, prove that except at the freez- 
ing and boiling points it will always give too low a reading ; 
that that reading will be negative from 0® to a little over 13®; 
and that the error will be a maximum when òaf + 2^ = 100. 

• 

50. A quantity of air, whose density is p and pressure p, 
is enclosed in a spherical vessel. Shew that if a centre of 
force /aD" be placed at the centre of the sphere the density at 
a distance r from the centre will be 

s 
w+4 \n+l 

n-H g' J _£P_!_l e"^^ '"" 

|p(« + l)| 



Vw + lj 
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the inteasity of the force being supposed so great that the 
density of the air in contact with the vessel may be 
neglected. 

51. The pressure and density of the atmosphere at the 
earth's surface being p^, p^ and the temperature at higher 
points varying inversely as the w*** power of the distance from 
the centro of the earth ; prove that the pressure p at' a 
distance r from the earth's centre is such that 

where a is the radius of the earth. 

Tf n = 1, shew that a spherical balloon of material equally 
extensible in ali directions will have its volume greatest 
when r is given by the equation 



m-iy 



Po (m - 1) -^ = — <1 - 7W^-^> , 



r" e I ^^ 



when m = ^^^— , \ is the modulus of elasticity, and e is the 

Po ^ 
unstretched radius of the balloon, it being just fiUed and 

unstretched when it leaves the ground. 

52. A balloon is at a certain moment at a height h, 
descending with velocity V, and moving horizontaliy with a 
velocity V' equal to the velocity of the wind at that height. 
If the velocity of the wind be proportional to the height, and 
if with a view to descending at a particular spot, the escape 
of the gas be regulated so as to keep the velocity of descent 
Constant, prove that a miscalculation dh in the initial height 
will produce in the point reached an error, 

-^y {1 + i c'-e-^ (1 + e)}, where e = ^. 

53. Prove that the work done duriag the (n + ly^ stroke 
of a Smeaton's air pump, supposing the expansion to be 
isothermal, is equal to 
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54. The condensation being isothermal, find the work 
done during the n^ stroke of a condensar. 

55. Prove that if a receiver of volume A is charged with 
air by a condensing pnmp of capacity B so rapidly that the 
loss of heat by conduction may be neglected, the pressure of 
air in the receiver after n strokes will be (1 +nBIA)^ times 
the pressure of the atmosphere ; and determine the tempera- 
ture in the receiver and the work done in compressing the air. 

Determine also the pressure of the air in the receiver 
after thermal equilibrium by conduction is re-established. 

56. A solid spherical nucleus of given mass and radius 
is surrounded by a gravitating atmosphere of elastic fluid 
(p = fcp). Prove that the equation determiniug the pres- 
sure is 

<^ f ^ #U ^'^ ^p = 0. 

dr \p drJ #c* ^ 
Find the conditions that the pressure may be of the 

form 

57. Assuming that the surfaces of equal density in the 
interior of the Earth are concentric spheres, and that the 
pressure is connected with the density by the formula 

A* 

|) = _ (p* — ^^*), where pa is the density at the surface, prove 

that ^ 

_ a sin J4mr^lk ^ 

* r sin jAnrc^jk ' 

where a is the radius of the earth, and r the distance of the 
point under consideration from the centro. The gravitational 
unit of mass is bere used, and the eflfect produced by the 
earth's rotation is neglected. 

58. A solid is composed of two cubes, symmetrically 
joined together, but of different material and size. It floats 
with the common piane in the surface of a fluid. Find the 
condition of stability. 
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69. A solid in the form of a paraboloid of revolution 
floats with its axis vertical ; if the centre of gravity coincide 
with the metacentre, prove that the equilibrium is stable. 

60. A solid in the form of a paraboloid of revolution 
floats with its axis vertical in a liquid, the density of which 
is n times that of the paraboloid. Tf the height h of the 
paraboloid is such that its centre of gravity is above the 
metacentre at the height e, prove that there is a position of 
equilibrium in which the axis is not vertical, and the base is 

entirely out of the liquid, if e < A (1 — w* )*. 

61. A ship of mass M has its sides in the neighbourhood 
of the water s edge vertical : the depth of the centre of 
gravity of the water displaced is ^. A small extra load OM 
is placed symmetrically on the ship, which sinks through a 
distance Z) and z becomes z + Sz, Prove that, retainingthe 
squares of small quantities, 

Sz^Z-Oz + ff^z-^dZ. 

62. A homogeneous ellipsoid floats in a liquid with its 
least axis COC^ vertical, and a weight w, f of that of the 
ellipsoid, fixed at the upper end G, such that the piane of 
floatation passes through the centre. Prove that, if it be 
turned about the mean axis (b) through a finite angle 0, the 
moment of the couple which will keep it in that position will 

be w {e — oe' cos 0(1 — e* cos* 0y^} sin 0, where e is the eccen- 
tricity of the section (a, e). 

63. A mass of m tons placed amidships at the distance 
e from the mediai line on the deck of a vessel, whose total 
displacement is fi tons, is observed to heel it over through a 
small angle ; shew that for the unloaded ship the height of 
the metacentre above the centre of gravity is approximately 
equal to mc/fi0 ; and that this expression may be made correct 
to the second order by adding to it 

m /, _ J. dr\ 
,m[ AdhJ' 

17—3 
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where 6 is the height of the centra of gravity of m above the 
water line, h is the depth of the keel, and A and / are the 
area and moment of inertia of the section at the water Une, 
supposed to be approximately known. (Tripos, 1886.) 

64. A small spherical cavity (radius = R) in an attracting 
mass is filled with homogeneous incompressible fluid, and 
the attraction at the centre of the sphere is evanescent : 
prove that the fluid pressure at the centre cannot be less 
than — ^ pcR^, and the total pressure on the surface of the 
cavity not less than '■'{c + ^ irp) ^irpBf', where p is the 
density of the fluid, and, U denoting the potential of the 

attracting mass, e is the least algebraical value of ^-j- at the 

centre for an element ds drawn in any direction from the 
centre. 

65. An influite mass of homogeneous incompressible 
fluid is at rest subject to a uniform pressure II, and contains 
a spherical cavity of radius a, filled with gas at a pressure 
mll ; prove that, if the inertia of the gas be neglected, and 
Boyle's law be supposed to hold throughout the ensuing 
motion, the radius of the sphere will oscillate between the 
values a and na, where n is determined by the equation 
1 + 3mlogw — 7i' = 0. 

If m be nearly equal to 1, the time of an oscillation will 
be ^a/ «T? » P being the density of the fluid. 

66. Two spherical closed balloons of equal weight and 
radius a, one made of inextensible matérial, the other of 
extensible material whose modulus ofelasticity is^,are filled 
with equal amounts of the same kind of gas at atmospheric 
pressure II. They are supported at the same height at the 
ends of a light string which passes over a smooth puUey. If 
the string be cut, shew that the difFerence of the heights of the 

balloons when in equilibrium will be — log - , where r is the 

real root of the equation t^ —ar^-^ ^ ^ = ; T is the tension 

oirgpJa 
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of the string, and p the density of air at pressure II, the 
temperature being supposed Constant. 

67. An elastic unstretched circular membrane is attached 
by its circumferenee to a rigid ring, and, being acted upon on 
one side by fluid pressure, takes up the form of a surface of 
revolution. It is found that any amali square traced on the 
unstretched membrane Tvith one side along a radius is 
distorted into a rectangle with its sides in a Constant ratio ; 
prove that the new form of the membrane must be a cone, 
and find the law of the fluid pressure upon it. 

68. Given that the surface tension Tot water is 81 dynes 
per centimetro at 20° C, and that dTjdt = — ir/550, investigate 
the coefficient of expansion of a soap-bubble as the tempera- 
ture t rises. 

69. A drop of viscous fluid rotates uniformly about an 
axis through its centro, and is under the action of no forces 
beyond its surface-tension. 

Assuming that the form is that of a surface of revolution, 
and measuring y from its centro along the axis of revolution, 
prove that the meridian curve is given by the equation 

dy x{a? + (?) 



where a is the equatorial radius. 

70. A tube in the form of a right circular cylinder of 
naturai radius a is made of a perfectly flexible material, which 
is inextensible along the generating lines but elastic along 
the generating circles. Two discs just fitting the tube are 
firmly fastened to it at its ends and then gas of a given pres- 
sure is forced in, the discs being free to approach each other ; 
prove that the differential equation of the meridian section is 



where m is a function of the elasticity and pressure. 



'dx\' 
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For ali pressures the principal radii of curvatine of the 
tube at the dìscs are in the ratio of 2 to 1. 

For dìfferent initial lengths of the tube, the maximum 
curvature of the meridian section at the broadest point 

is — f ^ j , the other principal curvature being 



a\2 mj' 



71. A spherical soap-bubble of mass m contains air 
which obeys Boyle's Law : and the tension (t) of the film 
does not vary for small changes of radius. The film is 
performingsmall oscillations about its position of equilibrium. 
ìf the film be not distorted from the spherical form, shew 

that the time of an oscillation is i,J -ri \ where the inertia 

of the air is neglected and the bubble has been placed in a 
vacuum. 

72. A closed surface is formed by the revolution of a 
catenary of parameter e round a chord parallel to the 
directrix and distant h from it. If it be filled with liquid of 
density a which rotates round the axis with uniform angular 
velocity a>, and be immersed in the same liquid, a small 
aperture at one of the angular points allowing communication 
between the exterior and interior liquid, prove that the 
principal tensions at the distance r from the axis will be 

<rfi)V {k''r)j%c, and crwV (4A; — 5r)/Sc. 

73. If the particles of a spherical soap-bubble, of radius 
r and tension t, repel each other according to the law of the 
inverse square of the distance, and if K be the potential, 
prove that F* = lèirrt. 

74. Into a spherical brass shell, of radius a, water is 
forced until the radius of the shell is found to expand to r. 
Having given that the coeflGicient of elasticity of the shell for 
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stretching is /i, and that the compressibility of water is X ; 
shew that the quantity of water in the shell is 



i'^P 



ar^ 



ar — 2\fi (r — a) 
where p is the density of iincompressed water. 

In the previous question you are given a = 4, r = 5 
«entitns. : and the following data : — 

The compression of water for 1 atmos. (1 megadyne per 
sq. cm.) = 10"** X 'o ; thickness of shell = '5 mm., and a brass 
wire of 1 sq. mm. section requires a force of 9000 megadynes 
to doublé its length, if its elasticity remain Constant 
Determine the measures in o.G.S. units of the quantities 
involved, and thence shew that the mass of water in the 
«phere = 535 grams. approximately. 

75. A soap-bubble extends from fixed boundaries, so as 
with them to form a closed space whose volume is v^ and 
«ontains a gas at pressure po and absolute temperature ff^. 
The temperature of the gas is gradually raised. If A he the 
axea of the film when the temperature is 6, and pressure jp, 
shew that 

dA ( 6 dp 



tOo^-= 



de 



-^pM^^'pÉ 



where t is the surface-tension supposed Constant, and the 
«xternal pressure is neglected. 

Find the relation between p and in the case of a 
spherical soap-bubble, and in this case integrate the above. 

76. A hemispherical bubble is floating on water. As- 
suming that its radius is such that the ratio of the difference 
of the internai and external pressures to the external pressure 
is a small quantity whose square may be neglected, find the 
form of the water surface inside the bubble, and shew that 
its greatest depression below the external water surface is 

2a'i ^^ 27r 
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where r is the radius of the bubble and e? the ratio of the 
surface energy for air and water per unit area to the weight 
of unit volume of water. {Mr Bumgide.) 

77. GifiFard's freezing machine consista of two cylinders, 
the pistons of which work on to two cranks on the same 
shafb, driven by an extemal source of power, and of a large 
air reservoir which is always maintained at the temperature 
of the extemal air. In the first cylinder air is compressed 
till its pressure is the same as in the reservoir, when valves 
open and the air passes, as the stroke is completed, into the 
reservoir. The second and smaller cylinder acts as an engine 
rèceiving compressed air from the reservoir for such a portion 
of the stroke that being expanded for the remainder of the 
stroke it is discharged at atmospheric pressure, but at a lower 
temperature. If V^ and F, he the volumes of the cylinders, 
and if the compression and expansion he supposed adiabatic, 
prove that the work dono during each stroke in the first 

cylinder is II Fj [_ . — ^ — - , and in the second cylinder 

is n "^ (^1— '^s)» n being the atmospheric pressure. 
7 — 1 

{Dr Hopkinson.) 

78. A spherical homogeneous solid earth, supposed to 
be fixed, is surrounded by a shallow sea, which is attracted 
by a distant fixed body ; prove that, neglecting the attraction 
of water on itself, the surface of the sea will remain spherical, 
but that its centro will deviate from the centro of the earth 
by a distance amounting to the same firaction of its radius 
that the attraction of the disturbing body is of the attraction 
of the earth on an element of the liquid. 

79. If the earth be supposed spherical and covered with 
an ocean of small depth, and if the attraction of the particles 
of water on each other be omitted, the ellipticity of the ocean 
spheroid will be given by the equation, 

^ _ centrifugai force at the equator 
force of gravity at the earth's surface ' 



r 
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80. A small qu«antity of fluid is spread over the surface 
of a material prolate spheroid. Shew that the free surface of 
the fluid is also a spheroid, and that the depth of the fluid at 
the equator is to the depth at the pole as the major axis of 
the spheroid to the minor. 

81. If the Earth be completely covered by a sea of small 
depth, prove that the depth in latitude l is very nearly equal 
to JjT (1 — € sin'* Z), where H is the depth at the equator, and 
€ the elliptieity of the Earth. 

82. If the particles of a mass of liquid, rotating uniformly 
about a fixed axis, attract one another according to such a 
law that the surfaces of equal pressure are similar coaxial 
oblate spheroids, prove that the resultant attraction of a 
spheroid, the particles of which attract according to the same 
law, is the resultant of two forces perpendicular to the equator 
and the axis of revolution respectively, and varying as the 
distance of the attracted point, respectively, from the equator 
and the axis. 

83. In the case of Art. 182, prove that the mean 
pressure throughout the liquid is | of the pressure at the 
centre of the ellipsoid : and if the equation of the free surface 
is a^/a* + y*lb^-\'Z^/(f=ly and the mass of the liquid is M, 
prove that the kinetic energy of the system is 

.^M{2Cc-Aa-Bbl 

where A, B, G are the forces at the ends of the axes of a?, y, z 
due to the attraction of the liquid, the rotation being round 
the axis of z. 

84. In the case of Art. 173, find the pressure at any 
point of the interior of the liquid mass when X is so small 
that powers beyond X* may be neglected. 

In this case, if w is the elliptieity, prove that the whole 
pressure on the equatorial piane will be approximately equal 
to (5 — 6n) {irpà?fl\5 astronomical units of force, where a 
is the equatorial radiua 
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85. An infinite mass of uniform gravitating liquid of 
density p surrounds an infinitely long thin rigid cylinder of 
which the section is an ellipse of axes 2a and 26'. The 
liquid and the cylinder rotate with uniform angular velocity 
a) about the axis of the cylinder ; prove that a possible form 
of the free surface of the liquid is a confocal elliptic cylinder 
of axes 2a and 2b, such that 

0,» (a + 6)' = 47r/o {ab - ab'). 

86. A mass (M) of homogeneous liquid revolves in 
relative equilibrium about a fixed axis with a uniform 
angular velocity such that the ellipticity (e) of its surface is 
small. If the part fiM of the mass were collected into an 
infinitely dense material point at the centro, and the density 
of the remaining part {1— fi)M were diminished in the 
ratio of 1 —/Lt to 1, find what would be the ellipticity of the 
new surface of equilibrium, supposing the time of rotation 
to be the same as before. 

87. A solid ellipsoid of uniform density being supposed 
to revolve round its least axis of figure, and to carry with it 
a surrounding envelope of homogeneous liquid of diflferent 
deusity, the entire mass attractìng according to the law of 
nature, it is required to find the conditions requisite for the 
permanent assumption of the ellipsoidal form by the fìree 
surface. (Prof Townsend, Math. of Ed, Times, Voi. xxxv.) 
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College, Cambridge. Fcap. Svo, 3^. 6d,, or separately, 2s, each. 

[Gram, Sch, Class, 

SOPHOCLES. Edited by rbv. f. h. blaydbs, m'.a. VoL I. Oedipus 

Tjrrannus — Oedipus Coloneus — Antigone. Svo, 8j. [Bib, Class, 

Voi. II. Philoctetes — Electra— Trachiniae — ^Ajax.^ ,By f. a. paley, 

M.A., LL.D. Svo, dr., or the four Plays separately in limp cloth, 2s. 6d, 

each. 

— Trachiniae. With Notes and Prolegomena. By Alfred pretor, m.a., 

Fellow of St Catherine's College, Cambridge. Post Svo, 41. 6d, 

[Pub, Sch, Ser, 

— The Oedipus Tyrannus of Sophocles. By b. h. Kennedy, d.d., 

R^us Professor of Grec k and Hon. Fellow of St John's College, Cam- 
bridge. With a Commentary containing a large ntimber of Notes selected 
from the MS. of the late T. h. steel, m.a. Crown Svo, %s. 
A School Edition Post Svo, 2s, 6d. [Pub, Sch, Ser, 

— Edited by f.,a. paley, m.a., ll.d. 5 toIs. Fcap. Svo, is. 6d, each. 

[Coffib, Texts with Notes. 
Oedipus Tyrannus. Electra. 

Oedipus Coloneus. Ajax. 

Antigone. 

TACITUS : Germania and Agricola. Edited by the late rbv. p. frost, 
late Fellow of St. John^s College, Cambridge. Fcap. Svo, 2s. 6d, 

[Gram, Sch, Class, 

— The Germania. Edited, with Introduction and Notes, by r. f. Davis, 

M.A. Fcap. Svo, is, 6d. 
TERBNCE. With Notes, criticai and explanatory, by WILHELM Wagner, 
PH.D. ydeditim. Post Svo, ^s, 6d, [Pub, Sch, Ser* 

— Edited by Wilhelm Wagner, ph.d. 4 vols. Fcap. Svo, is, 6d, each. 

[Camb, Texts with Notes. 



Andria. 
Adelphi. 



Hautontimorumenos. 
Phormio. 



THBOCRITUS. With short, criticai and explanatory Latin Notes, by 
F. A. PALEY, M.A., LL.D. 2nd edition^ revisea. Post Svo, 4^. td, 

[Pub, Sch, Ser. 
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• 

THUCYDIDES, Book VI. By T. w. dougan, m.a,, Fellow of St. John'i 
College, Cambridge; Professor of Latin in Queen*s College, Belfast. 
Edited with English notes. Post 8vo, 2j. \Pub. Sch, Ser. 

— The History of the Peloponnesian War. With Notes and a careM 

CoUation of the two Cambridge Manuscripts, and of the Aldine and 
Juntine Editions. By the late Richard shillbto, m.a., Fellow of 
St. Peter's College, Cambridge. 8vo. Book I. 6j. 6d, Book II. 5^. 6d, 

VIROIL. By JOHN CONINGTON, M.A., and HENRY NETTLESHIP, late Corpus 
Professor of Latin at Oxford. Svo. [Bib, Class. 

Voi. I. The Bucolics and Georgics, with new Memoir and three Essays 
on Virgirs Commentators^ Text, and Critics. Stk editian, revised by 
F. HAVERFIELD, M.A. IO/. 6(L [In the pr€SS. 

Voi. II. The Aeneid, Books I.-VL 4M tdition, lOf. 6</. 

Voi. III. The Aeneid, Books VII. -XII. ydedition. loj. 6d. 

— Abridged from professor conington*s Edition, by the rev. j. g. shep- 

PARD, D.C.L., H. NETTLESHIP, late Corpus Professor of Latin at the 
University of Oxford, and w. Wagner, ph.d. 2 vols. Fcap. Svo, 
4J. 6d, each. [Gram, Sch, Class. 

Voi. I. Bucolics^ Georgics, and Aeneid, Books I. -IV. 

Voi. IL Aeneid, Books V.-XII. 

Also the Bucolics and Georgics, in one voi. ^x. 

Or in^ separate volumes {Grammar School ClassicSy with Notes atfootofpage)^ 

price is. 6d, each. 



Bucolics. 

Georgics, I. and IL 
Georgics, III. and IV. 
Aeneid, I. and II. 
Aeneid, III. and IV. 

Or in 12 separate volumes (Cambridge Texts with Notes at end), pria 

is, 6d, each. 



Aeneid, V. and VI. 
Aeneid, VII. and VIIL 
Aeneid, IX. and X. 
Aeneid, XI. and XII. 



Bucolics. 

Georgics, I. and IL 
Georgics, III. and IV. 
Aeneid, I. and IL 
Aeneid, IH. and IV. 
Aeneid, V. and VI. (price 2J.) 



Aeneid, VII. 
Aeneid, VIIL 
Aeneid, IX« 
Aeneid, X. 
Aeneid, XI. 
Aeneid, XII. 



— Aeneid, Book I. conington's Edition abridged. With Vocabulaiy 

by w. F. R. SHILLETO, M.A. Fcap. Svo, IJ. 6^/. \Lower Form Ser, 

XENOPHON : Anabasis. With Life, Itinerary, Index, and three Maps. 

Edited by the late J. F. macmichael. Revised edition, Fcap. Svo, 

3j. dd, [Gram, Sch, Class, 

Or in 4 separate volumes^ price is, 6d, each, 

Book I. (with Life, Introduction, Itinerary, and three Maps) — Books 

IL and IIL— Books IV. and V.— Books VI. and VII. 

— Anabasis. macmichael's Edition, revised by j. E. mblhuish, m.a^ 

Assistant Master of St. Paul's School. In 6 volumes, fcap. 8va With 
Life, Itinerary, and Map to each volume, is, 6d, each. 

[Camò, Texts with Notes. 
Book L— Books IL and IIL— Book IV.— Book V.— Book VL— 
Book VII. 
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XBNOPHON. Cyropaedia. Edited by 6. M. gorham, m.A., late Fellow 
of Trinity College, Cambridge. New edition, Fcap. 8vo, 3J. 6d, 

[Gram, Sch, Class, 
Also Books I. and II., \s, 6d, ; Books V. and VI., is, 6d, 

— Memorabilia. Edited by percival frost, m.a., late Fellow of St. 

John's College, Cambridge. Fcap. 8vo, 3^. [Gram* Se A, Class. 

— Hellenica. Book I. Edited by L. d. dowdall, m.a., b.d. Fcap. 8vo, 

2J. [Camò. Texts with Notes, 

— Hellenica. Book IL By l. d. dowdall, m.a., b.d. Fcap. Svo, zs, 

\Camh, Texts with Notes, 

TEXTS. 

AESCHYLUSr Ex novissima recensione F. a. paley, a.i^, ll.d. Fcap. 
Svo, 2s, \Catnh, Texts, 

CAESAR De Bello Gallico. Recognovit G. long, a.m. Fcap. Svo, 
ij. 6^. \Catnb, Texts, 

CATULLUS. A New Text, with Criticai Notes and an Introduction, by 
j. P. POSTGATE, MJl., LITT.D., Fellow of Trinity College, Cambrid|;e, 
Professor of Comparative Philology at the University of London. Wide 
fcap. Svo, 3J. 

CICERO De Senectute et de Amicitia, et Epistolae Selectae. Recen- 
suit G. LONG, A.M. Fcap. Svo, \s, 6d. [Cantò, Texts, 

CICERONIS Orationes in Verrem. Ex recensione o. long, a.m. 
Fcap. Svo, 2s. 6d. [Camb, Texts, 

CORPUS POETARUM LATINORUM, a se aliisque denuo recogni- 
tormn et brevi lectionum varietate instructorum, édidit JOHANNES perci- 
val posto ate. Tom. I. — Ennius, Lucretius, Catullus,Horatius,Vergilius, 
Tibullus, Propertius, Ovidius. Large post 4to, 21/. net. Also in 2 Parts, 
sewed, 9^. each, net. 
,*» To be completed in 4 parts, making 2 volumes. 

CORPUS POETARUM LATINORUNI. Edited by WALKE». Con- 
tainin^ : — Catullus, Lucretius, Virgilius, Tibullus, Propertius, Ovidius, 
Horatius, Phaedrus, Lucanus, Persius, Juvenalis, Martialis, Sulpicia, 
Statius, Silius Italicus, Valerius Flaccus, Calpumius Siculus, Ausonius, 
and Claudianus. I voi. Svo, cloth, iSj. 

EURIPIDES. Ex recensione F. A. paley, A.M., LL.D. 3 vols. Fcap. 
Svo, 2s, each. [Camb, Texts, 

Voi. I. — Rhesus — Medea — Hippoly tus — Alcestis —Heraclidae — Sup- 
plices — Troades. 
Voi. II. — lon — Helena — Andromache — Electra — Bacchae — Hecuba. 
Voi. III. — Hercules Furens — Phoenissae — Orestes — Iphigenia in Tauris 
^Iphigenia in Aulide — Cyclops. 

H ERO DOT US. Recensmt j. 6. blakeslby, s.t.b. 2 vols. Fcap. Svo, 
2J. 6d, each. [Camb, Texts, 

HOMERI ILIAS I.-XII. Ex novissima recensione F. a. paley, a.m., 
LL.D. Fcap. Svo, is, 6d, [Camb, Texts, 

HORATIUS. Ex recensione A. j. macleane, a.m. Fcap. Svo, is, 6d, 

[Camb, Texts, 

JUVENAL ET PERSIUS. Ex recensione a. j. macleane, a.m. 
Fcap. Svo, is, 6d, [Camb, Texts, 

LUCRETIUS. Recognovit H. a. j. munro, a.m. Fcap. Svo, 2s, 

[Camb, Texts. 
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PROPBRTIUS. Sex. Propertii BlegUram Libri IV. recensnit A. 
PALMER, coU^[ii sacrosanctae et individuae Trìnitatis juxta Dublinum 
SodQS. Fcap. 8vo, y, téU 

— Sexti Properti Carmina. Recc^ovit JOH. psrcival postgats, 
Large post 4to, boards, y, 6d, net. 

SALLUSTI CRISPI CATILINA ET JUGURTHA, Recognovit 

G. LONG, A.M. Fcap. 8vo, IX. 6d» [Carni, Texts, 

SOPHOCLES. Ex recensione F. a. faley, a.m., ll.d. Fcap. 8vo, 2s, 6d, 

[Camò. Texts. 

TERENTI COMOEDIAE. gul. Wagner relegit et emendavit. Fcap. 

8vo, 2J. [Camò, Texts, 

THUCYDIDES. Recensuit j. o. Donaldson, s.t.p. 2 vols. Fcap. 

8yo, 2s. each. [Camò. Texts, 

VERGILI US. Ex recensione j. coningtgn, a.m. Fcap. 8vo, 2s, 

[Camò, Texts, 
XENOPHONTIS EXPEDITIO CYRL Recensuit j. F. macmichael. i 
A.B. Fcap. 8vo, is. 6d. [Camò. Texts. \ 

I 
I 
I 

AESCHYLUS, The Tragedies of. Translated into English verse by t 
ANNA SWANWICK. 4th editìOH revised, Small post 8vo, 5j. 

^ The Tragedies of. Liteially translated into Prose, by t. A. buckley, b. A. 
Small post 8vo, 3;. 6^. 

— The Tragedies of. Translated by Walter headlam, m.a., Fellow of 

King*s College, Cambridge. [Preparing. 

ANTON IN US (M. Aurelius), The Thoughts ot TransUted by 
GEORGE LONG, M.A. Revtsed editioH. Small post 8vo, ^r. 6d, 
Fine paper edition on handmade paper. Pott 8vo, 6^. 

APOLLONIUS RHODIUS. The Àrgonautica. Translated by E. P. 
COLERIDGE. Small post 8vo, 5^. 

AMMIANUS MARCELLINUS. History of Rome durìng the 
Reigns of Constantius, Julian, Jovianus, "^entinian, and Valens. Trans- 
lated by PROF, e D. YONGE, M.A. With a complete Index. Small post 
8vo, 7x. 6d. 

ARISTOPHANES, The Comedies of. Literally translated by w. J. 
HICKÌE. With Portreàt. 2 vols. Small post 8vo, 5^. each. 
. VoL I.— Achamians, Knights, Clouds, Wasps, Peace, and Birds. 

Voi. IL— -Lysistrata, Thesmophoriazusae, Frc^, Ecclesiarosae, and 
Plutus. 

— The Achamians. Translated by w. h. covington, b.a. With Memoir i 

and Introdaction. Crown 8vo, sewed, \s. 
i— The Plutua. Translated by m. t. quinn, m.a., Lond. Cr. 8vo, 

sewed, u. 
ARISTOTLE on the Athenian Constitution. Translated, with Notes 

and Introduction, by F. G. kenyon, m.a., Fellow of Magdalen College, 

Oxford. Pott 8vo, prìnted on handmade paper. 7.nd edition. ^. 6d. 

— History of Animala. Translated by Richard cresswell, m. a. Small 

post 8vo, 5£. 
ARISTOTLE. Organon : or. Logicai Treatises, and the Introduction of 
Forph3rry. With Notes, Analysis, Introduction, and Index, by the RBV. 
O. F. OWEN, m.a. 2 Tols. Small post 8yo, 3^. 6d. each. 
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ARISTOTLB. Rhetoric and Poetics, Litcral]yTranslated,withHobb«s' 
Analysis, &c., by T. buckley, b.a. Small post 8vo, 5^. 

— Nicomachean Ethics. Literally Translated, with Notes, an Analytical 

Introduction, &c., by the Venerable archdsacon brownb, late Classical 
Professor of King's Colle|;e. Small post 8vo, Jj. 

— Politica and Bconomics. Translated, with Notes, Analyses, and 

Index, by E. walford, m.a., and an Introductory Essay and a Life by 
DR. GiLLiES. Small post 8vo, 5j. 

— Metaphysics. Literally Transìated, with Notes, Analysis, &c., by the 

Rsv. JOHN H. m'mahon, M.A. Small post 8vo, 5^. 
ARRIAN. Anabasis of Alexander, together with the Indica. Trans- 

lated by E. j. chinnock, m.a., ll.i>. \^th Introduction, Notes, Maps, 

and Plans. Small post 8vo, $s. 
C AE S AR. Commentaries on the Gallic and Civil Wars, with the Supple- 

mentary Books attributed to Hirtias, including the complete Alexandrìan, 

African, and Spanish Wars. Translated by w. A. m'dsvittb, b.a. 

Small post 8vo, $s, 

— Gallic War. Translated by w. A. m'dsvitte, b. a. 2 vols., with Memoir 

and Map. Crown Svo, sewed: Books I. to IV., Books V. to VII., 

is, each. 
CALPURNIUS SICULUS, The Eclogues of. The Latin Text, with 

English Translation by E. j. L. SCOTT, m.a. Crown 8vo, 3^. 6d. 
CATULLUS, TIBULLuS, and the Vigli of Venus. Prose Translation. 

Small post 8vo, 5^. 
CICERO, The Orations of. Translated by prof. c. d. yongb, m.a. 

With Index. 4 vols. Small post 8vo, 5^. each. 

— On Oratory and Orators. With Letters to Quintus and Brutus. Trans- 

lated by the rsv. j. s. Watson, m.a^ Small post 8vo, 51. 

— On the Nature of the Gods. Divination, Fate, Laws, a Republic, 

Consulship. Translated by PROF. e. D. yonge, M.A., and Francis 
BARHAM. Small post 8vo, 5^. 

— Academics, De r inibus, and Tusculan Questiona. By prof. c. d. 

yonge, m.a. Small post Z\o, 5^. 

— Offices ; or, Moral Duties. Cato Major, an £ssay on Old Age ; Laelius, 

an Essay on Friendship ; Scìpio's Dream ; Paradoxes ; Letter te Quintus 
on Magistrates. Translated by e R. edmonds. Wùh Fartrctit^ y. 6d, 

— Old Age and Friendship. Translated, with Memoir and Notes, by 

G. H. WELLS, M.A. Crown 8vo, sewed, is. 
DEMOSTHENES, The Orations of. Translated, with Notes, Arguments, 
a Chronological Abstract, Appendices, and Index, by e. rann Kennedy. 
5 vols. Small post 8vo. 

Voi. I. — The Olynthiacs, Philippics. y. 6d, 

Voi. II. — On the Crown and on the Embassy. $s. 

Voi. III. — Against Leptines, Midias, Androtion, and Aristocrates. 5^. 

Vols. IV. and V. — Private and Miscellaneous Orations. 5^. eadi. 

— On the Crown. Translated by e. rann Kennedy. Crown 8vo, 

sewed, is. 
DIOGENES LAERTIUS. Translated by prof. c. d. yonge, m.a. 

Small post 8vo, 5^. 
EPICTETUS, The Discourses of. With the Encheirìdion and 

Fra^ents. Translated by George long, m.a. Small post 8vo, 5/. 
Fme Paper Edition, 2 vols. Pott 8vo, los, od* 
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BURIPIDES. A Prose Translation» from the Test of Palej. By 

X. P. COLERIDGE, B.A. 2 vols., y. each. 

Voi. L — Rhesus, Medea, Hippolytus, Alcestìs, HeradicUe, SuppliceSi 
Treades, lon, Helena. 

Voi. II. — Andromache, Electra, Bacchae, Hecuba, Hercules Furens, 
Phoenissae, Orestes, Iphìgenia in Tauris, Iphigenia in Aulis, Cyclops. 

«*« The plays separately (except Rhesus, Helena, Electra, Iphigenia in 
Aulis, and Cyclops). Crown 8vo, sewed, is. each. 

— Translated from the Text of Dindor£ By T. A. bucklky, B.A. 2 yoIs. 

small post 8vo, y. each. 
GREBK ANTHOLOQY. Translated by George burges, m.a. Small 

post 8vo, 5j. 
HBRODOTUS. Translated by the rey. henry cary, m.A. Small post 

8vo, 3J. 6d, 

— Analysis and Stimmary of. By j. t. wheeler. Small post Sto, 5j. 
HESIOD, CALLIMACHUS, and THEOQNIS. TransUted by the 

REV. j. BANKS, M.A. Small post Svo, 5^. 
HOMER. The Iliad. Translated by T. A. buckley, B.A. Small post 

8vo, Ss. 
. — The Odyssey, Hymns, Epigrams, and Battle of the Prògs and 

Mice. Translated by T. A. buckley, b.a. Small post 8vo, 5^. 

— The Iliad. Books I.-IV. Translated into English Hexameter Verse, 

by HENRY SMITH WRIGHT, B.A., late Scholar of Trinity College, Cam- 
bridge. Medimn 8vo, 5^. 
HORACE. A New Prose Translation by A. Hamilton bryce, ll.d. 
With Memoir and Introduction. Small post 8vo. 3;. 6d, 
Also in 4 vols., crown 8va, sewed, ix. each. 



Satires. 

Epistles and Ars Poetica. 



Odes. I. and IL 

Odes. III. and IV., with 

the Carmen Secolare 

and Epodes. 

— Translated by Smart Rtvised tdùioiu By T. A. buckley, B.A. Small 

post 8vo, 3J. ^ 

— The Odes and Carmen Saeculare. Translated into English Verse by 

the late JOHN conington, mjl. Corpus Professor of Latin in the 
University of Oxford. lUheditwru Fcap. 8yo. y. 6cL 
-> The Satires and Epistles. Translated into English Verse by prof. 
JOHN conington, M.A. 8/^ éditùm, Fcap. 8vo, y, 6d. 

— Odes and Epodes. Translated by sir Stephen e. de vere, bari. 

'^rdedition, enlargtd* Imperiai i6mo. 7^. 6</. net. 
ISOCRATES, The Orations of. Translated by j. H. freese, m.a., late 

Fellow of St. Tohn's College, Cambridge, with Introductions and NoteSi 

Voi. I. Small post 8vo, Cr. 
JUSTIN, CORNELIUS NEPOS, and EUTROPIUS. Translated 

by the REV. J. s, WATSON, M.A. Small post 8vo, Sj. 
JUVENAL, PERSIUS, SULPICIA, and LUCILIUS. Translated 

by l. EVANS, M.A. Small post 8vo, 5^. 
LIVY. The History of Rome. Translated by dr. spillan, a edmonds, 

and others. 4 vols. small post 8vo, 5^. each. 
Books L, IL, IIL, IV. A Revised Tzanslation by J. H. freese, mjl, 

^ate Fellow of St. John's College, Cambridge. With Memoh:, and Mapi. 

4 vols., crown 8vo, sewed, i^. eadu 
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LIVY. Book V. and Book VI. A Revised Translation by e. s. weymouth, 
M.A., Lond. With Memoir, and Maps. Crown Svo, sewed, i^. each. 

— Book IX. Translated by Francis stors» b.a. With Memoir. Crown 

8vo, sewedy is. 
LUCAN. The Pharsalia. Translated mto Prose by H. T. riley. Small 
post 8vo, 5j. 

— The Pharsalia. Boók I. Translated by Frederick conway, m.a. 

With Memoir and Introduction. Crown Svo, sewed, is, 
LUCIAN'S Dialogues of the Gods, of the Sea-Gods, and of the 

Dead. Translated by HOWARD williams, m.a. Small post 8vo, 5^. 
LUCRETI US. Translated by the REV. j. s. Watson, m. a. Small post Svo, $s, 

— Literally trans, by the late H. A. J. munro, m. a. ^h edilion. Demy Svo, 6j. 
M ARTI AL' S Bpigrams, complete. Literally translated into Prose, with 

the addition of Verse Translations selected firom the Works of English 
Poets, and other sources. SmaU post Svo, *js, 6d. 
OVID,|The Works of. Translated. 3 vols. Small post Svo, 5^. each. 

VoL I. — Fasti, Tristia, Pontic Epistles, Ibis, and Halieuticon. 

VoL II. — Metamorphoses. With FrotUispiece, 

VoL III. — Heroides, Amours, Art of Love, Remedy of Love, and 
Minor Pieces. With Frontispiece. 

— Pasti. Translated by H. T. riley, b.a. 3 vols. Crown Svo, sewed, is. each. 

— Tristia. Translated by H. T. riley, b.a. Crown Svo, sewed, i^. 
PINDAR. Translated by DAWSON w. turner. Small post Svo, 5^. 
PLATO. Gorgias. Translated by the late E. M. copb, m.a., Fellow 

of Trinity College. 2nd editian, Svo, 'js, 

— Philebus. Translated by F. A. paley, m.a., ll.d. Small Svo, 4J. 

— Theaetetus. Translated by F. A. paley, m.a., ll.d. Small Svo, 4^. 

— The Works of. Translated, with Introduction and Notes. 6 vols. Smdl 

post Svo, 5^. each. 

VoL I. — The Apology of Socrates — Crito— Phaedo^Gorgias — Prota- 
goras — ^Phaedrus — ^Theaetetus — Eutyphron — Lysis. Translated by the 
REV. H. cary. 

VoL II. — The Republic — ^Timaeus — Critias, Trans, by henry DAVIS. 

VoL III. — Meno — Euthydemus^The Sophist — Statesman — Cratylus 
— Parmenìdes — The Banquet. Translated by G. burges. 

VoL IV. — Philebus — Charmides — Laches — Menexenus — Hippias — lon 
— ^The Two Alcibiades — Theages — Rivals — Hipparchus — Minos — Cli- 
topho — Epistles. Translated by G. burges. 

VoL V.— The Laws. Translated by G. BORGES. 

VoL VI.— The Doubtfiil Works. Edited by G. BURGES. With General 
Index to the six volumes. 

— Apology, Crito, Phaedo, and Pfotagoras. Translated by the REV. H. 

CARY. Small post Svo, sewed, u., doth, u. 6d, 

— Dialogues. A Summary and Analysis ot With Analytical Index, giving 

references to the Greek text of modem editions and to the above transla- 
tions. By A. day, LL.D. Small post Svo, 5^. 
PLAUTUS, The Comedies of. Translated by H. t. riley, b.a. a vols. 
Small post Svo, $s. each. 

VoL I. — Trinummus — ^Miles Gloriosus — Bacchides — Stichus — Pseudolus 
^-Menaechmei — Aulularia — Captivi — Asinaria — Curculio. 

VoL II. — Amphitryon — Rudens— Mercator — Cìstellaria — Tmcidentui 
—Persa — Casina — Poenulus — Epidicus — Mostellarìa — Fragmenti. 
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PLAUTUS. Trìnummus, Menaechmei, Aulularìa, and Captivi. 

Translated by H. T. riley, b.a. Smail post Svo, sewed, ix., doth, u. 6dl 
PLINY. The Lettera of Pliny the Younger. Melmoth's Translation, 

revised, by the rbv. f. c. t. bosanquet, m.a. Small post 8vo, 5x. 
PLUTARCH. Lives. Translated by A. Stewart, m.a., late Fellow of 

Trinity College, Cambridge, and GEORGE LONG, M.A. 4 vols. small post 

8yo, 3J. td, each. 

— M orala. Theosophical Essafs. Translated by e. w. KING, M.A., late 

Fellow of Trinity College, Cambridge. Small post 8vo, 5j. 

— M orala Ethical Essays. Translated by the Rsv. A. R. shilleto, M.A. 

Small post 8vo, 5^. 
PROPERTIUS. Translated by rev. p. j. f. gantillon, M.A., and 

accompanied by Poetical Versions, from various sources. Sm. post 8vo, 3/. 6dl 
PRUDENTIUS, Translations from. A Selection from bis Works, with 

a Translation into English Verse, and an Introduction and Notes, by 

FRANCIS ST. JOHN THACKERAY, M.A., F.S.A., Vicar of Mapledurham, 

formerly Fellow of Lincpln College, Oxford, and Assistant-Master at 

Eton. Wide post 8vo, 7j. 6^. 
QUINTILIAN : Institutea of Oratory, or, Education of an Orator. 

Trans, by the REV. J. s. WATSON, M.A. 2 vols. small post 8vo, 5^. each. 
SALLUST, FLORUS, and VELLEIUS PATERCULUS, Trans- 

lated by j. s. WATSON, m.a. Small post 8vo, 5j. 
SENECA: On Benefits. Translated by A. Stewart, m.a., late Fellow 

of Trinity College, Cambridge. Small post 8vo, 3J. 6^ 

— Minor Essaya and On Clemency. Translated by A. STEWART, M.A. 

Small post 8vo, 5^. 
SOPHOCLES. Translated, with Memoir, Notes, etc, by E. P. COLERIDGE, 
B.A. Small post 8vo, 5x. 
Or the plays separately, crown 8vo, sewed, u. each. 

— The Tragedies of. The Oxford Translation, with Notes, Argomenta, 

and Intrwiuction. Small post 8vo, 5^. 

— The Dramas of. Rendered in English Verse, Dramatic and Lyric, by 

SIR GEORGE YOUNG, BART., M.A., formerly Fellow of Trinity College, 
Cambridge. Sto, I2s. 6^. 

— The CEdipus Tyrannus. Translated into English Prose. 3y prof. b. 

H. KENNEDY. Crown 8vo, in paper wrapper, u. 
SUETONIUS. Lives of the Twelve Caesars and Lives of the 

Grammarìans. Thomson's revised Translation, by t. FORESTER. Small 

post 8vo, 5/. 
TACITUS, The Works of. Translated, with Notes and Index 2 vols, 

Small post 8yo, 5^. each. 
Voi. I.— The Annals. 

VoL II. — The History, Gei mania. Agrìcola, Oratory, and Index. 
TERENCE and PHAEDRUS. Translated by H. T. riley, b.a. Small 

post 8vo, ^5, 

THEOCRITUS, BION, MOSCHUS, and TYRTAEUS. Translated 
by the rev. j. banks, m.a. Small post 8yo, 55. 

THEOCRITUS. Translated into English Verse by e. S. cAlverley, 
M.A., late Fellow of Christ's College, Cambridge. Nwf tdiiitm. Orown 
8ve, 5/. 
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THUCYDIDES. The Peloponnesian War. Translated by the &>▼. H, 

DALE. IVùh PartraU, 2 vola., 3^. 6d. each. 
— Analysis and Summary of. By j. T. Wheeler. Small post 8vo, ^j. 

yiRGIL. Translated by A. HAMijLTON brycb, LL.D. With Memoir aod 
Introduction. Small post 8vo, y, 6d, 
Also in 6 vols.» crown 8v0y sewed, is, each. 



'Georg^cs. 
Bucolica. 
Aneid I..III. 



-ffineidlV.-VI. 
-ffineid VII.-IX. 
Aneid X..XII. 



XENOPHON. The Works of. In 3 vols. Small post Svo, 5^. each. 

Voi. I. — The Anabasis, and Memorabilia. Translated by the rev. j. s. 
WATSON, M. A. With a Geographical Commentary, by w. F. ainsworth, 

v.SsA.* F*RaG«S*, ecc. 

VoL II. — Cyropaedia and Hellenics. Translated by the RSV. j. s. 
WATSON, M.A., and the rev. h. dale. 

Voi. III.— The Minor Works. Translated by the REV. J. s. 

WATSON, M.A. 

— Anaba8is. Translated by the REV. j. s. WATSON, M.A. With Memoir 

and Map. 3 vols. 

— Hellenics. Books I. and II. Translated by the RBV. H. dale, m.A. 

With Memoir. 



SABRINAB COROLLA In Hortulis Regiae Scholae Salopiensis con- 
tezuemnt tres yiri floribos legendis. 4/h eaitton, rarised and re^arranged, 
By the late Benjamin hall Kennedy, d.d., Regius Professor of Greek 
at the University of Cambridge. Large post Svo, los, 6d, 

SERTUM CARTHUSIANUM Florìbus trìum Seculomm Conteitnm. 
Cura GULiELMi HAIG BROWN, Scholae Carthusianae Archididascali. 
Demy Svo, Cr. 

TRANSLATIONS into Bnglish and Latin. By e. s. calverlet, if.A., 
late Fellow of Christ's College, Cambridge. 4/^ edition^ Crown Svo, 51. 

TRANSLATIONS from and into the Latin, Greek and Bnglish. By 
R. e. JEBB, LITT.D., M.P., Regius Professor of Greek in the University of 
Cambridge, H. JACKSON, M.A., LITT. D., Fellows of Trinity College, Cam- 
bridge, and w. E. CURREY, M.A., formerly Fellow of Trinity College, 
Cambridge. Crown Svo. ydulition, y. 



GRAMMAR AND COMPOSITION. 

BADDBLE Y. Auxilia Latina. A Series of Progressive Latin Exerdses. 
By M. j. B. BADDELEY, M.A. Fcap. Svo. Part I., Accidence. 5/>l 
edition. 2s, Part II. 5M edUion, 2s, Key to Part II. 2S. 6d, 

BAIRD. Greek Verbs. A Catalogue of Verbs, Irregular and Defective; 
their leading formations, tenses in use, and dialectic inflezions, with a 
copious Appendix, containing Paradigms for conjugation, Rules for 
formation of tenses, &c., &c. By j. s. baird, t.cd. New sdùiàn, n- 
vised, 2s, 6d, 

— Homeric Dialect. Its Leading Forms and Peculiarìtiei. By j. s. maikd, 
T.C.D. New edUióHt retnad, By the rbv. w. gunion &uthbrfo&d^ 
N;.A.f LL.D.y Head Master at Westminster SchooL i|. 
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BAKER. Latin Prose for London Studente. Bj Arthur bakbr, 
M.A., Classical Master, Indq>endent College, Taunton. Fcap. Syo, 2x. 

BARRY. Notes on Greek Accents. Bj the right rbv. a. barry, 
D.D. New edUian, re-wriften, u, 

CHURCH. Latin Prose Lessons. By A. j. church, m.a., Professor of 
Latin at University College, London, g^h edition, Fcap. 8vo, zs. 6d, 

CLAPIN. Latin Primer. By the rev. a. c. clapin, m.a., Assìstant 
Master at Sherbome School. 4/A edition, Fcap. 8vo, is. 

COLERIDGE. Res Romanae. Being aids to the History, Geology, 
Archseology, and Literature of Ancient Rome, for less advanced Scholars. 
By E. F. COLERIDGE, B.A. With 3 maps. 2ndediHùn, Crown 8vo. 2J. 6d, 

— Res Graecae. Being aids to the study of the History, Geography, 

Archaeology, and Literature of Ancient Athens. By E. p. Coleridge, b. a. 

[In the press. 
COLLINS. Latin Ezercises and Grammar Papera. By t. Collins, 

M.A., Head Master of the Latin School, Newport, Salop. *jth edition, 

Fcap. 8vo, 2J. 6d» 
^ Unseen Papers in Latin Prose and Verse. With Examination Questions. 

7M edition. Fcap. 8vo, 2s, 6d. 

— Unseen Papers m Greek Prose and Verse. With Exammation Qnes- 

tions. 5M edition, Fcap. 8vo, 3^. 

— Easy Translations from Nepos, Caesar, Cicero, Livy, &c., for Retrans- 

lation into Latin. With Notes. 2s. 
COMPTON. Rudiments of Attic Construction and Idiom. An Intro- 

duction to Greek Syntax for B^nners who ha ve acquired some knowledge 

of Latin. By the rev. w. cookworthy compton, m.a.. Head Master 

of Dover College. Crown 8vo, 3J. 
FROST. Eclogae Latinae ; or, First Latin Reading Book. With Notes 

and Vocabulary by the late rev. p. frost, m.a. Fcap. 8vo, u. 6d, 

— Analecta Graeca Minora. With Notes and Dictionary. New edition, 

Fcap. 8vo, zs. 
^ Materials for Latin Prose Composition. By the late rev. p. frost, 
M.A. New edition, Fcap. 8vo. 2s, Key. 4;. net. 

— A Latin Verse Hook. New edition. Fcap. 8vo, 2s, Key. 5^. net 

— Materials for Greek Prose Composition. New edition. Fcap. Svo, 

2S, 6d, Key. 5^. net. 

— Greek Accidence. New edition, is, 

— Latin Accidence. is, 

H ARKN E SS. A Latin Grammar. By Albert harknbss. Post 8vo, 6s, 
KEY. A Latin Grammar. By the late T. H. key, m.a., f.r.s. ^h thou- 
sand. Post 8vo, 8f. 

— A Short Latin Grammar for Schools. i6th edition. Post 8vo, 3J. 6d. 
HOLDEN. Foliorum Silvula. Part I. Passages for Translation into 

Latin Elegiac and Heroic Verse. By H. A. holden, ll.d. iith edition. 
Post 8vo, 7J. 6d, 

— Foliorum Silvula. Part II. Select Passages for Translation into Latin 

Lyric and Comic lambic Verse, ^rd edition. Post 8vo, 5^. 

— Foliorum Centuriae. Select Passages for Translation into Latin and 

Greek Prose, loth edition. Post 8vo, 8;. 
JEBB, JACKSON, and CURREY. Extracts for Translation in 
Greek, Latin, and EngUslji, By R. e. jebb^ LiTT.p., m.p.^ Regius Pro- 
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JEBB, JACKSON, and CURRÉY— r^«//wW. 

fessor of Greek in the University of Cambridge ; H. JACKSON, ijtt.d., 
Fellow of Trinity College, Cambridge; and \v. e. currey, m.a., late 
Fellow of Trinity College, Cambridge. Crown 8vo, 2j. 6d, 

Latin Syntax, Principles of. \s. 

Latin Versifìcation. i^. . 

MASON. Analytical Latin Exercises By e. p. mason, b.a. /^th 
edition. Part I., u. (id, Part IL, Zf. 6(/. 

— The Analysis of Sentences Applied to Latin. Post 8vo, ix. 6r/. 
NETTLESHIP. Passages for Translation into Latin Prose. Pre- 

ceded by Essays on : — I. Politicai and Social Ideas. II. Range of Mela- 
phorical Expression. III. Historical Development of Latin Prose Style 
in Antiquity. IV. Cautions as to Orthography. By H. nettleship, 
M. A., late Corpus Professor of Latin in the University of Oxford. Crown 
8vo, 3^. A Key, 4J. 6^. net. 

Notabilia Quaedam ; or the Principal Tenses of most of the Irregular 
Greek Verbs, and Elementary Greek, Latin, and French Constiuctions. 
New edition, \s. 

PALEY. Greek Particles and their Combinations according to Attic 
Usagc. A Short Treatise. By F. a. paley, m.a., ll.d. 2s. 6d, 

PENROSE. Latin Elegiac Verse, Easy Exercises in. By the rev. j. 
PENROSE. New edition. 2s, (Key, 3^. 6d. net.) 

PRESTON. Greek Verse Composition. By g. preston, m.a. $th 
edition. Crown 8vo, 45". 6d. 

PRUEN. Latin Examination Papers. Comprising Lower, Middle, and 
Upper School Papers, and a number of the Woolwich and Sandhurst 
Standards. By G. G. pruen, m.a., Senior Classical Master in the Modem 
Department, Cheltenham College. Crown 8vo, 2s. 6d, 

SE A GÈ R. Faciliora. An Elementary Latin Book on a New Principle. 
By the rev. j. l. seager, m.a. 2s. 6d. 

STEDMAN (A. M. M.). First Latin Lessons. By A. m. m. stedman, 
M.A., Wadham College, Oxford, ^rd edition. Crown 8 vo, 2J. 

— Initia Latina. Easy Lessons on Elementary Accidence. 2nd edition. 

Fcap. 8vo, ij. 

— First Latin Reader. With Notes adapted to the Shorter La-tin Primer 

and Vocabulary. "^rd edition. Crown 8vo, is. 6d. 

— Easy Latin Passages for Unseen Translation. ^^d and enlarged 

edition. Fcap. 8vo, li", dd. 

— Exempla Latina. First Exercises in Latin Accidence. With Vocabu- 

lary. Crown 8vo, \s. 

— The Latin Compound Sentence ; Rules and Exercises. Crown 8vo, 

\s. 6d. With Vocabulary, 2s. 

— Easy Latin Exercises on the Syntax of the Shorter and Revised Latin 

Primers. With Vocabulaiy. 6th edition. Crown 8vo, 2s. 6d. 

— Latin Examination Papers in Miscellaneous Grammar and Idioms. 

^th edition. 2s. 6d. Key (for Tutors only). 2nd edition. 6j.net. 

— Notanda Quaedam. Miscellaneous Latin Exercises. On Common 

Rules and Idioms. yd edition. Fcap. 8vo is. 6d. With Vocabulary, 2j. 

— Latin Vocabularìes for Repetition. Arranged according to Subjects. 

5M edition. Fcap. 8vo, is. 6d. 

— Steps to Greek. i2mo, is. 

— Easy Greek Passages for Unseen Translation. Fcap. 8vo, is. 6d. 

— Easy Greek Exercises on Elementary Syntax. [In preparation. 

A3 
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STEDMAN (A. M. M.). Greek Vocabularìes for Repetition. Tnd 
edition. Fcap. 8vo, u. 6d. 

— Greek Testament Selections for the Use of Schools. ^rd editian. 

With Introduction, Notes, and Vocabulary. Fcap. 8vo, 2^. td 

— Greek Examination Papers in Miscellaneous Grammar and Idioma. 

y^d edition, 2s, 6d. Kèy (for Tutors only), 6^. net. 
THACKERAY. Anthologia Graeca. A Selection of Greek Poetrj, 

with Notes. By P. ST. JOHN thackeray. 5M edition, i6mo, ^r. 6d, 
*. Anthologia Latina. A Selection of Latin Poetry, from Naevius to 

Boethius, with Notes. By rev. f. st. john thackbray. tth edition, 

i6mo, 45. 6d, 

— Hints and Cautions on Attic Greek Prose Composition. Crown 

8vo, 3J. 6d, 

— Exercises on the Irregular and Defective Greek Verbs. is, 6d. 
WELLS. Talea for Latin Prose Composition. With Notes and 

Vocabulary. By G. H. wells, m.a., Assistant Master at Merchant 
Taylor's School. Fcap. 8vo, 2s, 



HISTORY, GEOGRAPHY, AND REFERENCE BOOKS, 

ETC. 

TEUFFEL'S History of Roman Litemtnre. $(A edition^ revised by 
DR. SCHWABE, translated by professor o. c. w. warr, m.a., King's 
College, London. Medium 8vo. 2 yols. 3Qr. VoL I. (The Republican 
Period), 15X. VoL II. (The Imperiai Period), 15J. 

KEIGHTLEY'S Mythology of Ancient Greece and Italy. ^h edUion^ 
revised by the late leonhard schmitz, ph.d., ll.d., Classical Examiner 
to the University of London With 12 Plates. Small post 8vo, 5j. 

DON ALDSON'S Theatre of the Greeks. loM edition, Small post 8vo, 

DICTIONARY OF LATIN AND GREEK QUOTATIONS; in- 

cluding Proverbs, Maxims, Mottoes, Law Terms and Phrases. With ali 

the Quantities marked, and English Translations. With Index Verborum. 

Small post 8vo, <^. 
A GUIDE TO THE CHOICE OF CLASSICAL BOOKS. By j. b. 

mayor, M.A., Professor of Moral Philosophy at King's College, late 

Fellow and Tutor of St. John's College, Cambridge, yrd edUion^ with 

Supplementary List. Crown 8vo, 4J. dd, 
PAUSANIAS' bescription of Greece. Newly translated, with Notes 

and Index, by A. R. shilleto, m.a. 2 vols. Small post 8vo, 5^, each. 
STRABO'S Geography. Translated by w. falconer, m.a., and h. c. 

HAMILTON. 3 voù. Small post 8vo, ^r. each. 
AN ATLAS OF CLASSICAL GEOGRAPHY. By w. HUGHES and 

G. LONG, M.A. Containing Ten selected Maps. Imp. 8vo, 35. 
AN ATLAS OF CLASSICAL GEOGRAPHY. Twenty-four Maps 

by w. HUGHES and GEORGE LONG, M.A. With coloured outlines. 

Imperiai 8vo, 6j. 
ATLAS OF CLASSICAL GEOGRAPHY. 22 large Coloured Maps, 

With a complete Index. Imp. 8vo, chiefly engraved by the Messrs. 

Walker. ^j. dd^ 
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MATHEMATICS. 

ARITHMETIC AND ALGEBRA. 

BARRACLOUGH (T.). The Eclipse Mental Arìthmetic. By titus 
BARRACLOUGH, Board School, Halifax. Standards I., II., and III., 
sewed, 6d, ; Standards IL, III., and IV., sewed, 6d, net ; Book III., 
Part A, sewed, 4//. ; Book III., Part B, cloth, is, 6d. 

BEARD (W. S.). Graduated Ezercises in Addition (Simple and Com- 
pound). For Candidates for Commercial Certificates and Civil Service 
appointments. By w. s. beard, F.R.G.S., Head Master of the Modem 
School, Fareham. ydedition, Fcap. 4to, is, 

— Su PENDLEBURY. 

ELSE E (C). Arithmetic. By the rev. c. elsee, m.a., late Fellow of 
St John*s College, Cambridge, Senior Mathematica! Master at Rugby 
School. 14/^ edition, Fcap. 8vo, 3^. 6d, 

[Camò. School and College Texis, 

— Algebra. By the rev. c. elsee, m.a. Zth edUion, Fcap. 8vo, 4^. 

\Catnb, S, and C TexU. 

PILIPOWSKI (H. E.). Anti-Logarìthms, A Table of. By H. K. 
FILIPOWSKI. yrdedUion, 8vo, 15J. 

GOUDIE (W. P.). See Watson. 

HATHORNTHWAITE (J. T.). Elementary Algebra for Indian 
Schools. By j. T. hathornthwaite, m.a., Principal and Professor 
of Mathematics at Elphinstone College, Bombay. Crown 8vo, 2J. 

MACMICHAEL (W. F.) and PROWDE SMITH (R.). Algebra. 
A Progressive Course of Examples. By the REV. w. F. MACMICHAEL, 
and R. PROWDE SMITH, M.A. 4/A edUion, Fcap. 8vo, 3j. td, With 
answers, 41. 6^. \Camb, S, and C, Texts. 

MATHE WS (G. B.). Theory of Numbers. An account of the Theories 
of Congruencies and of Arithmetical Forms. By G. B. mathews, m.a., 
Professor of Mathematics in the University College of North Wales. 
Part I. Derry 8vo, I2s. 

MOORE (B. T.;. Elementary Treatise on Mensuration. By b. t. 
MOORE, M.A., Fellow of Pembroke College, Cambridge. New edition, 
3J. 6d. 

PENDLEBURY (C). Arithmetic. With Examination Papers and 
8,000 Examples. By Charles pendlebury,*m.a., f.r.a.s.. Senior 
Mathematical Master of St. Paul*s, Author of ** Lenses and Systems of 
Lenses, treated after the manner of Gauss." qtk edition, Crown 8vo. 
Complete, with or without Answers, 4?. 6d, In Two Parts, with or 
without Answers, 2s, ^d, each. 

Key to Part II. 2nd edition, *js, 6d, net. [Camò, McUh, Ser, 

— Examples in Arìthmetic. Extracted from Pendlebury's Arithmetic. 

With or without Answers. ^th edition. Crown 8vo, Jj., or in Two Parts, 
IJ. 6d, and 2s. [Cantò, Math. Ser. 

— Examination Papers in Arithmetic. Consisting of 140 papers, each 

containing 7 questions ; and a coUection of 357 more difficult problems. 
yd edition. Crown 8vo, %s. 6d. Key, for Tutors only, 5^. net. 
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PENDLEBURY (C.) and TAIT (T. S.). Arìthmetic for Indian 
Schools. By e. pendlebury, m.a. and t. s. tait, m.a., b.sc., 
Principal of Baroda College. ' Crown 8vo, 3^. [Camb. Math. Ser, 

PENDLEBURY (C.) and BEARD (W. S.). Arithmetic for the 
Standards. By e. pendlebury, m.a., f.r.a.s., and w. s. beard, 
F.R.G.s. Standards I., II., III., sewed, 2d, eacb, cloth, yi. each ; IV., 
V., VI., sewed, 3</. each, cloth, Ad. each; VII., sewed, 6^., cloth, &/. 
Answers to I. and II., 4^/., III.-VII., 4//. each. 

— Elementary Arìthmetic. ydedition, Crown 8vo, is, 6d, 

POPE (L. J.). Lessons in Elementary Algebra. By l. j. pope, b.a. 
(Lond.), Assistant Master at the Oratory School, Birmingham. First 
Series, up to and including Simple Equations and Problems. Crown 8vo, 
IX. 6d, 

PROWDE SMITH (R.). See Macmichael. 

SHAW (S. J. D.). Arilhmetic Papere. Set in the Cambridge Higher 
Locai Examination, from June, 1869, to June, 1887, inclusive, reprinted 
by permission of the Syndicate. By s. j d. shaw, Mathematical 
Lecturer of Newnham College. Crown 8vo, 2s. 6d, ; Key, 4?. 6d, net. 

TAIT (T. S.). See Pendlebury. 

WATSON (J.) and GOUDIE (W. P.). Arithmetic. A Progressive 
Course of Examples. With Answers. By j. Watson, m.a.. Corpus 
Christi College, Cambridge, formerly Senior Mathematical Master of the 
Ordnance School, Carshalton. 7/// edition^ revised and enlarged, By w. 
p. GOUDlE, b.a. Lond. Fcap. 8vo, 25. 6d. [Camb, S, and C. Texts, 

WHITWORTH (W. A.). Algebra. Choice and Chance. An Ele- 
mentary Treatise on Permutations, Combinations, and Probability, with 
640 Exercises and Answers. By w. A. whitworth, m.a., Fellow of 
St. John's College, Cambridge. 4/>4 edition, revised and enlarged, 
Crown 8vo, 6^. [Camb. Math. Ser. 

WRIGLEY (A.) Arìthmetic. By a. wrigley, m.a , St. John's College 
Fcap. 8vo, 3J. 6d, [Camb. S. and C, Texts, 



BOOK-KEEPING. 

CRELLIN (P.). A New Manual of Book-keeping, combining the 

Theory and Practice, with Specimens of a set of Books. By phillip 

CRELLIN, Chartered Accountant. Crown 8vo, 3^. dd, 
— Book-keeping for Teachers and Pupils. Crown 8vo, is. 6d, Key, 

2s. net. 
POSTER (B. W.). Doublé Entry Elucidated. By b. w. poster. 

14/^ ediiion, Fcap. 4to, 3^. 6</. 
MEDHUR8T J. T.). Examination Papers in Book-keeping. Com- 

piled by JOHN T. medhurst, a.k.c., f.s.s., Fellow of the Society of 

Accountants and Auditors, and Lecturer at ihe City of London College. 

4M editton, Crown 8vo, y, [A Key in the press, 

THOMSON (A. W.). A Tcxt-Book of the Principles and Practice 
of Book-keeping. By professor a. w. thomson, b.sc, Royal 
Agricultural College, Cirencester, 2nd ediiion ^ revisid* Crown 8vo, 5^. 
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GEOMETRY AND EUCLID. 

BESANT (W. H.). Conic Sections treated Geometrically. By w. 
H. BESANT, SC.D., F.R.s , Fellow of St. John's College, Cambridge. 
9/A ediiion, Crown 8vo, 4J. 6(i. net. Key, $s. net. [ Camb, Math. Ser. 

BRASSE (J.). The Enunciations and Figures of Euclid, prepared for 
Students in Geometry. By the REV. j. brasse, d.d. New edition, 
Fcap. 8vo, IJ. Without the Figures, dd. 

DEIGHTON (H.). Euclid. Books I.-VI., and part of Book XI., newly 
translated from the Greek Text, with Supplementary Propositions, 
Chapters on Modem Geometry, and numerous Exercises. By IIORACE 
DEIGHTON, M.A., Head Master of Harrison College, Barbados, yd 
edition. 4^. 6</., or Books I.-IV., 3^. Books V.-XL, 2j. 6</. Key, 5^. net. 

\Camb, Math. Ser 
Also issued in parts : — Book I., is. ; Books I. and IL, u. 6d. ; Books 
I.-III., 25. 6d. ; Books III. and IV., is. 6d. 

DIXON (E. T.). The Foundations of Geometry. By Edward t. 
DIXON, late Royal Artillery. Demy 8vo, 6s. 

MASON (C. P.). Euclid. The First Two Books Explained to Beginners. 
By C. p. MASON, B.A. 2nd ediiion. Fcap. 8vo, 2s. 6d. 

McDowell (J.) Exercises on Euclid and in Modem Geometry, con- 
taining Applications of the Principles and Processes of Modem Pure 
Geometry. By the late j. McDowell, m.a., F.R.A.S., Pembroke College, . 
Cambridge, and Trinity College, Dublin. 4/A ediiion. 6s, 

[Camò. Math, Ser, 

TAYLOR (C). An Introduction to the Ancient and Modem Geo- 
metry of Conics, with Historical Notes and Prolegomena. i$s. 

— The Elementary Geometry of Conics. By e. Taylor, d.d., Master 
of St. John's College. 7M edition, revised. With a Chapter on the Line 
Infinity, and a new treatment of the Hyperbola. Crown 8vo, 4^. 6^. 

\Camb, Math. Ser. 

WEBB (R.). The Definitions of Euclid. With Explanations and 
Exercises, and an Appendix of Exercises on the First Book by R. webb, 
M.A. Crown 8vo, \s. 6d. 

WILLIS (H. G.). Geometrìcal Conic Sections. An Elementary 

Treatise. By h. g. willis, m.a., Clare College, Cambridge, Assistant 

• MasterofManchesterGrammarSchool. Crown 8vo,5f. \Camb, Math, Ser. 



ANALYTICAL GEOMETRY, ETC. 

ALDIS (W. S.). Solid Geometry, An Elementary Treatise on. By w. 
s. ALDIS, M.A., late Professor of Mathematics in the University College, 
Auckland, New Zealand. 4/^ edition^ rezdsed, Cro¥;n 8vo, 6s. 

[Camò. Math, Ser. 

BESANT (W. H.). Notes on Roulettes and Glissettes. By w.-H. 
BESANT, SC.D., F.R.S. 2nd edition, enlarged, Crown 8vo,' 5^. 

\Cafìì^. Math. Ser. 

CAYLEY (A.). Elliptic Functions, An Elementary Treatise on. By 
ARTHUR CAYLEY, Sadlerian Professor of Pure Mathematics in the Univer- 
sity of Cambridge, znd edition, Demy 8vo. 155. 
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TURNBULL(W. P.). Analytical Piane Geometiy, An Introduction to. 

By w. p. TURNBULL, M.A., somctimc Fello w of Trinity Collie. 8vo, I2J. 
VYVYAN (T. G.). Analytical Geometry for Schools. By rev. t. 

VYVYAN, M.A., Fellow of Gonville and Caios Collie, and Mathematica! 

Master ofCharterhouse. tthedition. Syo,4s^6d, [Canib, S, and C. Texts. 

— Analytical Geometry for Beg^nners. Part I. The Straight Line and 

Circle. 2nd édition. Crown Svo, 2j. 6^. [Camb.Math.Ser. 

WHITWORTH (W. A.). Trilinear Co-ordinates, and other methods 
of Modem Analytics^ Geometry of Two Dimensions. By w. A. WHIT- 
WORTH, M.A., late Professor of Mathematics in Queen's Coll^[e, Liver- 
pool, and Scholar of St. John*s College, Cambridge. 8vo, i6j. 

TRIGONOMETRY. 

DYER (J. M.) and WHITCOMBB (R. H.). Elementary Trìgono- 
metry. By j. M. dyer, m.a. (Senior Mathematica! Scholar at Oxford), 
and REV. R. H. WHITCOMBE, Assistant Masters at Eton College. 2ml 
edition, Crown 8vo, 4f. 6d. [Camò. Math. Ser, 

PENDLEBURY (C). Elementary Trigonometry. By Charles 
FENDLEBURY, M.A., F.R.A.S., Senior Mathematica! Master at St. Paul's 
School. 2nd edition. Crown 8vo, 4^. 6d. [Camb. Math, Ser» 

VYVYAN (T. G.). Introduction to Piane Trigonometry. By the 
REV. T. G. VYVYAN, M. A., formerly Fellow of GonvSle and Caius College, 
Senior Mathematica! Master of Charterhouse. 3n/ edition^ revised and 
augmented. Crown 8to, 3^. 6d. [Camb. Math. Ser. 

WARI> (G. H.). Examination Papera in Trigonometry. By 6. h. 
WARD, M.A., Assistant Master at St Paurs SchooL Crown 8vo, 2s. 6d, 
Key, 5x. net 

MECHANICS AND NATURAL PHILOSOPHY. 

ALDIS (W. S.). Geometrica! Optics, An Elementary Treatise on. By 
w. s. ALDIS, M.A. $th edition. Crown 8vo, 4S. [Camb. Math. Ser, 

— An Introductory Treatise on Rigid Dynamics. Crown Svo, 4s. 

[Camb. Math. Ser. 

— Fresnel's Theory of Doublé Refraction, A Chapter on. 2nd edition^ 

reznsed, 8vo, 2s. 
BASSET (A. B.). A Treatise on Hydrodynamics, with numerous 
Examples. By A. B. basset, m.a., F.R.S., Trìnity College, Cambridge. 
Demy 8vo. VoL L, price lar. 6d. ; Voi. II., I2j. 6d. 

— An Elementaxy Treatise on Hydrodjmamics and Sound. Demy 

8yo, 7j. 6d, 

— A Treatise on Physical Optics. Demy Svo, i6s. 

BESANT (W. H.). Elementary Hydrostatics. By w. H. besAnt, 
SC.D., F.R.S. 16M edition, Crown 8vo, ^r. 6d. Solutions, Ss. net 

[Camb. Math. Ser, 

— Hydromechanics, A Treatise on. Part I. Hydrostatics. 5M edition 

revised^ and enlarged. Crown 8vo, 5j. [Camb^ Math. Ser, 

BESANT (W. H.). A Treatise on Dynamics. 2nd edition. Crown 

8vo, lOf 6d. [Camb, Math. Ser, 

CHALLIS (PROF.). Pure and Applied Calculation. By the late 

REV. J. CHALLIS, M.A., F.R.S., &c. Demy 8vo, IKS. 
^ Physics, The Mathematica! Principle of. Demy 8vo^ 5^. 
-» Lectures on Practical Astronomy. Demy 8vo, los. 
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EVANS Q. H.) and MAIN (P. T.). Newton's Principia, The First 
Three Sections of, with an Appendix; and the Ninth and Eleventh 
Sections. By j. h. evans, m.a., St. John's College. The 5/A edition, 
editedby p. T. main, m.a., Lecturer and Fellow of St. John*s College. 
Fcap. 8vo, 4?. [Camb, S, and C, Texts, 

GALLATLY (W.). Elementary Physics, Examples and Examination 
Papers in. Statics, Dynamics, Hydrostatics, Heat, Light, Chemistry, 
Electricity, London Matrìculation, Cambridge B. A., Edinburgh, Glasgow, 
South Kensington, Cambridge Junior and Senior Papers, and Answers. 
By w. GALLATLY, M.A., Pembroke College, Cambridge, Assistant 
Examiner, London University. Crown 8vo, 4J. [Camb, Math. Ser, 

GARNETT (W.). Elementary Dynamics for the use of Colleges and 
Schools. By William garnett, m.a., d.cl., Fellow of St. John's 
College, late Principal of the Durham College of Science, Newcastle-upon- 
T)nie. $th editUm^ revised, Crown 8vo, 6s, [Camb, Math, Ser, 

— Heat, An Elementary Treatise on. 6th edition, revised, Crown 8vo, 

45. dd, [Camò. Math, Ser, 

GOODWIN (H.). Statics. By H. goodwin, d.d., late Bishop of 

Carlisle. 2nd edition, Fcap. 8vo, 3J. [Camb, S, and C, Texts, 

HOROBIN (J. C). Elementary Mechanics. Stage L II. and III., 

ij. 6d, each. By j. e. horobin, m.a., Principal of Homerton New 

College, Cambridge. 

— Theoretical Mechanics. Di vision I. Crown 8vo, 2s, 6d. 

*^^* This book covers the ground of the Elementary Stage of Di vision 1. 
of Subject VI. of the " Science Directory," and is intended for the 
examination of the Science and Art Department, 

JESSOP (C. M.). The Elements of Applied Mathematics. In- 
cluding Kinetics, Statics and Hydrostatics. By e. M. jessop, m.a., late 
Fellow of Clare College, Cambridge, Lecturer in Mathematics in the 
Durham College of Science, NewcasUe-on-Tyne. 2nd edition, Crown 
8vo, 4f. 6d, [Camò, Math, Ser, 

MAIN (P. T.). Piane Astronomy, An Introduction to. By P. T. main, 
m.a., Lecturer and Fellow of St. John*s College. 6ih edition, revised, 
Fcap. 8vo, 4J. [Camò, S, and C, Texts » 

PARKINSON (R. M.). Structural Mechanics. By r. m. Parkinson, 
Assoc. M.I.C.E. Crown 8vo, 4J. 6^. 

PENDLEBURY (C). Lenses and Systems of Lenses, Treated after 
the Manner of Gauss. By Charles pendlebury, m.a., f.r.a.s.. Senior 
Mathematical Master of St. PauFs School, late Scholar of St. John*s 
College, Cambridge. Demy 8vo, ^s, 

STEELE (R. E.). Naturai Science Examination Papers. By 
R. e. STEELE, M.A., F.C.S., Chief Naturai Science Master, Bradford 
Grammar School. Crown 8vo. Part I., Inorganic Chemistry, 2J. dd, 
Part IL, Physics (Sound, Light, Heat, Magnetism, Electricity), 2s, 6d, 

[School Exam, Series, 

WALTON (W.). Theoretical Mechanics, Problems in. By w. wal- 
TON, M.A,, Fellow and Assistant Tutor of Trinity Hall, Mathematical 
Lecturer at Magdalene College, yd edition, revised, Demy 8vo, i6s, 

WALTON (W.). Elementary Mechanics, Problems in. 2nd edition, 
Crown 8vo, 6f. [Camb, Math. Ser, 
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DAVIS J. F.). Army Mathematica! Papers. Being Ten Years* 
Woolwich and Sandhurst PrelimiDary Papers. Edited, with Answers, by 
j. F. DAVIS, D.LIT., M.A. Lond. Crown 8vo, 2j. 6d. 

DYER (J. M.) and PROWDE SMITH (R.). Mathematica! Ex- 
amples. A Collection of Examples in Arithmetic, Algebra, Trigono- 
metry, Mensuration, Theory of Equalions, Analytical Geometry, Statìcs, 
Dynamics, with Answers, &c. For Army and Indian Civii Service 
Candidates. By j. M. DYER, M.A., Assistant Master, Eton College 
(Senior Mathematica! Scholar at Oxford), and R. prowde smith, m.a. 
Crown 8vo, 6j. ' \Camb. Math. Ser. 

GOODWIN (H.). Problems and Examples, adapted to *'Goodwin's 
Elementary Course of Mathematics. " By T. G. vyvyan, m.a. yd 
edition. 8vo, 5^. ; Solutions, yd ediiiony 8vo, 95. 

SMALLEY (G. R.). A Compendium of Pacts and Formulae in 
Pure Mathematics and Naturai Philosophy. By G. R. smalley, 
F.R.A.S. New edition, revised and enlarged. By J. MCDOWELL, M.A., 
F.R.A.S. Fcap. 8vo, 2^. 

WRIGLEY (A.). Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, 
Mechanics, &c., with Aiuwers and Occasionai Hints. By the R£V. A. 
WRIGLEY. \oth edition, 20ih thousand. Demy 8vo, 3J. dd, 

A Key. By j. e. platts, m.a. and the REV. A. wrigley. 2nd edition. 
Demy 8vo, 5j. net. 

MODERN LANGUAGES. 

ENGLISH. 

ADAMS (E.). The Elements of the English Language. By Ernest 

adams, ph.d. 26th edition. Revised by j. F. DAVIS, d.lit., m.a., 

(LOND.). Post 8vo, 4J. 6d. 
— The Rudiments of English Grammar and Analysis. By Ernest 

ADAMS, PH.D. 19M thousand. Fcap. 8vo, is. 
ALFORD (DEAN). The Queen's English : A Manual of Idiom and 

Us.ifre. By the late henry alford, d.d., Dean of Canterbury. 6ih 

edition. Small post 8vo. Sewed, u. , cloth, is. 6d. 
ASCHAM'S Scholemaster. Edited by professori, e. b. mayor. Small 

post 8vo, sewed, is. 
BELL'S ENGLISH CLASSICS. A New Series, Edited for use in 

Scliools, with Introduction and Notes. Crown 8vo. 

BROWNING'S Strafford. Edited by E. H. hickey. With Introduction by 

S. R. CARDI KER, LL.D. 2f. 6d. 

BURKE'S Letters on a Regicide Peace. I. and II. Edited by h. g. keene, 

M.A., CI E. 3J. ; sewed, ss. 
BYRON'S Childe Harold. Edited by H. G. kkeni^, m.a., ci e., Authorof "A 

Manual of Frerch Literature," etc. 3^ . 6d. Also Cantos I. and II. sevvred, is. gd. 

Cantos III. and IV. sewed, is. 9-/. 
— Siege of Corinth. Edited by p. hordern, late Director of Public Instruction in 

CARLYLE'S' '* Hero as Man of Letters." Edited, with Introduction, by 
MARK HU-NTER, M.A., Principal of Coimbatore College. [/« the f>iess. 

CARLYLE'S *' Hero as Divinity." By the same editor. \In the press. 

CHAUCERS MINOR POEMS, SELECTIONS FROM. Edited by j. b. 
BiL>>ERB£CK, B.A., Profes.sor of English Literature, Presidency College, Madras. 
^nd edition. 2S. 6d. ; sewed, is. qd. 
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BELL'S ENGLISH ClaK^^lZ^—continued. 

DE QUINCEY'S Revolt of the Tartara and The Enelish Mail-Coach. 

Edited by CECiL m. barrow, m. a. ^ Principal of Victoria College, Palghàt, and 

MARK HUNTER, B.A., Pfincipal of Coimbatore College. 3^. ; sewed, 2f. 
\* Revolt of the Tartars, separately, sewed, \s. td. 
DE QUINCEY'S Opium Eater. Edited by mark hunter, b.a. 4^. 6a'., 

sewed, 3^. 6/. 
GOLDSMITH'S Good-Natured Man and She Stoops to Conquer. Edited 

by K. UEiGHTON. Each, is. cloth ; xs. td. sewed. The two plays together, sewed, 

25. td. 
IRVING'S Sketch Book. Edited by r. g. oxenham, ma. Sewed, \s. 61. 
JOHN SON'S Life of Addison. Edited by f. ryland, Author of "The Students' 

Handbook of Psychology," etc. 2*. 6d. 

— Life of S^vifc. Edited by f. ryland, m.a. 2j. 

— Life of Pope. Edited by f. ryland, m.a. 2j. 6d. 
*»* The Lives of Swift and Pope, together, sewed, 2*. 6d, 

— Life of Milton. Edited by f. ryland, m.a. 2s. 6d. 

— Life of Dryden. Edited by f. ryland, m.a. 2*. 6d. 
*,* The Lives of Milton and Dryden, together, sewed, 2f. 6d. 

LAMB'S Bssays. Selected and Edited by k. deighton. %s. ; sewed, 2f. 
LONGFELLOW, SELECTIONS FROM, including Evangeline. Edited 

by M. T. QUINN, M.A., Principaland Professor^of English Language and Literature, 

Pachaiyappa's College, Madras. 2f. 6d. ; séwed, is. gd. 

%* Evangeline, separately, sewed, ix. 3^/. 
MACAULAY'S Lays of Ancient Rome. Edited by p. hordern. 2s. 6d. : 

sewed, is. gd. 

— Essay on Clive. Edited by cecil barrow. m.a. a*. ; sewed, is. 6d. 
MASSINGER'S A New Way to Pay Old Debts. Edited by k. deighton. 

3f. ; sewed, 2S 
MILTON *S Paradise Lost. Books III. and IV. Edited by r. g. oxenham, m.a., 
Principal of Elphinstone College, Bombay, zs. ; sewed, if. 6</., or separately, 
sewed, lod. eacn. 

— Paradise Regained. Edited by k. deighton. 2S. 6d. ; sewed, is. gd. 
POPE, SELECTIONS FROM. Containing Essay on Criticism, Rape of the 

Lock, Tempie of Fame, Windsor Forest. Edited by k. deighton. 2J. 6d. ; 

sewed, 1*. 9». 
SCOTT'S Lady of the Lake. Edited by the rev. a. e. woodward, m.a. Cloth, 

3^. 6d. The Six Cantos separately, sewed, 8d. each. 
SHÀKESPEARE'S Julius Caesar. Edited byT.DUFFBARNETT,B.A.(Lond.V 9S. 

— Merchant of Venice. Edited by t. duff barnett, b.a. (Lond.). 2S. 

— Tempest. Edited by t. duff barnett, b.a. (Lond.). 2*. 
WORDSWORTH'S Excursion. Book I. Edited, with Introduction and Notes, 

by M. t. QUINN, M.A. Sewed, is. yi. 

Others iofoUaw. 

BOO KS. Post 8vo, cloth, illuslrated. 
GuUs* Crag. td. 



BELL'S READING 

Infanta. 
Infant*8 Primer. T^d, 
Tot and the Cat. 6^. 
The Old Boathouse. dd. 
The Cat and the Hen. (yd. 

Standard I. 
Scbool Primer. dd. 
The Two Parrots. dd. 
The Three Monkeys. dd. 
The Kew-bom Lamb. 6^. 
The Blind Boy. 6</. 

/ Standard H. 
The Lost Pigs. td. 
Story of a Cat. td, 
Queen Bee and Busy Bee. td* 



Standard III. 
Great Deeds in English History. 

\5, 

Adventures of a Donkey. u. 
Grimm's Tales. \s, 
Great Englishmen. \s, 
Andersen's Tales. \s, 
Life of Columbus, is. 

Standard IV. 
Uncle Tom's Cabin. \s, 
Great Englishwomen. i^. 
Great Scotsmen. \s. 
Edgeworth's Tales. is, 
Gatt/s Parablesfrom Nature, u. 
Scott's Talisman. \s. 
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BBLL'S READING BOOKS^on/inued. 



Standard V. 
Dickens' Oliver Twist l/. 
Dickens' Little Neil. i/. 
Masterman Ready, xj. 
Marryat's Poor Jack. i/« 
Arabian Nights. is, 
Gulliver's Travels. i/. 
Lyrìcal Poetry for Boysand Qirls. 

Vicar of Wakefield. u. 

BELL'S GEOGRAPHICAL READERS. By li. J. barrington- 
WARD, M.A. (Worcester College, Oxford). 



Standards VI. and VII. 
Lamb's Tales from Shakespeare 

IX. 

Robinson Cnisoe. u. 
Tales of the Coast. is. 
Settlers in Canada, is. 
Southey's Life of Nelson. i#« 
Sir Roger de Coverley. ij; 



The Child's Geography. Illus 
trated. Stiff paper cover, 6d, 

The Map and the Compass. 
(Standard I) lUustrated. Cloth, 



The Round World. (Standard II.) 

Illustrated. Cloth, io/. 
About England. (Standard III.) 

With Illustrations and Coloured 

Map. Cloth, is, 4d, 



BELL'S ANIMAL LIFE READERS. A Series of Reading Books 
for the Standards, designed to inculcate the humane treatment of animals. 
Edited by EDITH carrington and Ernest bell. Illustrated by 
HARRISON WEIR and others. %* Full Prospectus on application, 
BROWNING (R.). Handbook to Robert Brownin^'s Works by mrs. 
SUTHERLAND ORR. 6th editioft, Revised with a bibliography. Fcap. 
'Sto, 6/. 
EDWARDS (P.). Examples for Analysis in Verse and Prose. Selected 

and arranged by F. EDWARDS. New edìHon, Fcap. 8vo, cloth, \s, 
GOLDSMITH. The Deserted Village. Edited, with Notes and Life, 

by e. P. MASON, B.A., F.c.p. i^h tdition, Crown 8vo, u. 
HANDBOOKS OF ENGLISH LITERATURE. Edited by J. w. 
HALES, M.A., formerly Clark Lecturer in English Literature at Trinity 
College, Cambridge, Professor of English Literature at King's College, 
London. Crown 8vo, 3J. dd, each. 
The Age of Pope. 2nd edttion* By JOHN dennis. 
The Age of Dryden. Tndedition. By r. garnett, LL.D., CB. 
The Age of Wordsworth. By professor c. h. herford, litt.d. 
The Age of Milton. By j. bass mulunger, m.a., and the rbv. 

J. H. B. masterman, B.A. 

In preparatUm, 
The Age of Chaucer. By professor hales. 
The Age of Shakespeare. By professor hales. 
The Age of Tennyson. By professor hugh walker. 
The Age of Johnson. By Thomas seccombb. 
HAZLITT ( W.). Lectures on the Literature of the Age of Elisabeth. 
Small post 8vo, sewed, \s, 

— Lectures on the English Poets. Small post 8vo, sewed, ix. 

— Lectures on the English Comic Writers. SmaU post 8vo, sewed, zx. 
LAMB (C). Specimens of English Dramatic Poets of the Time of 

Elizabeth. With Notes. Small post 8vo, 3x. od. 
MASON (C. P.). Grammars by e P. MASON, B.A., F.C.P., Fellow of 
University Collie, London. 
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MASON (C. P.). First Notions of Grammar for Young Leamers. Fcap. 

8vo. 105M thousand, Cloth, \s, 
» First Steps in English Grammar, for Junior Classes. Demy i8mo. 59/^ 

thotisand, is, 

— Outlines of English Grammar, for the Use of Junior Classes. 19M 

edition. 107M thousand. Crown 8vo, 2s, 
^- English Grammar ; including the principles of Grammatical Analysis. 
38M edttiortf revised, 16'^rd thousand, Crown 8vo, green cloth, 3^. 6d, 

— A Shorter English Grammar, with copious and carefully graduated 

Exercises, based upon the author's English Grammar. lUh edition, S2nd 
thousand, Crown 8vo, brown cloth, 3^. 6d, 

— Practice and Help in t)ie Analysis of Sentences. Price 2s, Cloth. 

— English Qrammar Practice, consisting of the Exercises of the Shorter 

English Grammar published in a separate form. 3n/ ediiton, Crown 8vo, 

— Remarks on the Subjunctxve and the so-called Potential Mood. 

Sd.y sewn. 

— Blank Sheets Ruled and headed for Analysis. 1^. per dozen. 
MILTON : Paradise Lost. Books I., II., and III. Edited« with Notes 

on the Analysis and Parsing, and Explanatory Remarks, by C. P. MASON, 
B.A., F.c.p. Crown 8vo. u. each. 
-^Paradise Lost. Books V. -VIII. With Notes for the Use of Schools. 

By e. M. LUMBY. 2J. 6d, 

PRICE (A. C). Elements of Comparative Grammar and Philology. 
For Use in Schools. By A. e. price, m.a., Assistant Master at Leeds 
Grammar School. Crown 8vo, 2s, 6d, 

SHAKESPEARE. Notes on Shakespeare's Plays. With Introduction, 
Summary, Notes (Etymological and Explanatory), Prosody, Grammatical 
Peculiarities, etc. By T. duff barnett, b.a. Lond., late Second 
Master in the Brighton Grammar School. Specially adapted for the Locai 
and Preliminary Examinations. Crown 8vo, is, each. 

Midsummer Night's Dream.— ^Julius Csesar. — ^The Tempest. — 
Macbeth. — Henry V. — Hamlet. — Merchant of Venice. — King 
Richard II. — King John. — King Richard III. — King Lear.— 
Corìolanus. — Twelfth Night. — As You Likeit. — Much Ade About 
Nothing. 

"The Notes are comprehensive and concise." — Educational Times, 
"Comprehensive, practical, and reliable." — Schoolmaster, 

— Hints for Shakespeare-Study. Exemplifìed in an Analytical Study of 

Julius Cassar. By marygrafton moberly. 2ndedition, Crown 8vo, 

sewed, u. 
i— Coleridge's Lectures and Notes on Shakespeare and other English 

Poets. Edited by T. ashe, b.a. Small post 8vo, 3^. (ìd, 
i— Shakespeare's Dramatic Art. The History and Character of Shake- 

speare's Plays. By DR. Hermann ulrici. Translated by L. dora 

scHMii^z. 2 vols. small post 8vo, 3^. dd. each. 

— William Shakespeare. A Literary Biography. By KARL elzb, ph.d., 

LL.D. Translated by L. dora schmitz. Small post 8vo, jp. 

— Hazlitt's Lectu: ;3 on the Characters of Shakespeare's Plays. Small 

post 8vo, i/. 
^BELL'S ENQLISH CLASSICS. 
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SKBAT (W. W.). Questions for Examinations in English Litera- 
ture. With a Preface containing brief hints on the study of English. 
Arranged by the REV. w. w. skeat, litt.d., EIrington and Bosworth 
Professor of Anglo-Saxon in the University of Cambridge, y^d edition. 
Crown 8vo, 2j. €d. 

SMITH (C. J.) SynonymsandAntonymsof the English Language. 
Collected and Contrasted by the ven. c. J. smith, m.a. 2tid edition, 
revìsed. Small post 8vo, ^s. 

— Synonyms Discriminated. A Dictionary of Synonymous Words in the 

English Language. Illustrated with Quotations from Standard Writers. 
By the late ven. c. j. Smith, m.a. With the Author's latest Corrections 
and Additions, edited by the rev. h. percy Smith, m.a., of Balliol 
College, Oxford, Vicar of Great Barton, Suffolk. 4/A edition, Demy 
8vo, I4r. 
TEN BRINK'S Early English Literature. Voi. I. (to Wiclif). Trans- 
lated into English by horace m. Kennedy, Professor of German Literature 
in the Brooklyn Collegiate Institute. Small post 8vo, 3^'. ()d. 

— Voi. IL (Wiclif, Chaucer, Earliest Drama, Renaissance). Translated by 

W. CLARKE ROBINSON, PH.D. Small pOSt 8vo, y, 6d. 

— Voi. III. (To the Death of Surrey.) Edited by professor AL OIS brANDL. 

Translated by L. dora schmitz. Small post 8vo, 3J. 6d. 

— Lectures on Shakespeare. Translated by Julia Franklin. Small 

post 8vo, 3J. 6d, 
TENNYSON (LORD). A Handbook to the Works of Alfred Lord 

Tennyson. By morton LUCE. 2nd ediiion. Fcap. 8vo. 6s, 
THOMSON : Spring. Edited by e. P. mason, b.a., f.c.p. With Life. 

2nd edition, Crown 8vo, u. 

— Winter. Edited by e. p. mason, b.a., f.c.p. With Life. Crown 8vo, is, 
WEBSTER'S INTERNATIONAL DICTIONARY of the English 

Language. Including Scientific, Technical, and Biblical Words and 
Terms, with their Significations, Pronunciations, Alternative Spellings, 
Derivations, Synonyms, and numerous illustrative Quotations, with various 
valuable literaiy Appendices, with 83 extra pages of Illustrations grouped 
and classified, rendering the work a Complete Literary and Scientific 
Reference-Book. New edition (1890). Thoroughly revised and en- 
larged under the supervision of noah porter, D.D., LL.D. i voi. (2,118 
pages, 3,500 woodcuts), 4to, cloth, 3IJ. ^d, ; half calf, £2. 2s, ; half russia, 
£2 5j. ; calf, £2 Ss, ; or in 2 vols. cloth, £i 14S, 

ProspectuseSy with specimen pages , sent posi f ree on application, 

WEBSTER'S BRIEF INTERNATIONAL DICTIONARY. A 

Pronouncing Dictionary of the English Language, abridged from Webster's 
International Dictionary. With a Treatise on Pronunciation, List of 
Prefixes and Suffixes, Rules for Spelling, a Pronouncing Vocabulary of 
Proper Names in Histoiy, Geography, and Mythology, and Tables of 
English and Indian Money, Weights, and Measures. With 564 pages 
and 800 Illustrations. Demy 8vo, 35. 
WRIGHT (T.). Dictionary of Obsolete and Provincial English 
Containing Words from the English Writers previous to the iQth century, 
which are no longer in use, or are not used in the same sense, and Words 
which are now used only in the Provincial Dialects. Compiled by THOMAS 
WRIGHT, M.A., F.S.A , etc. 2 vols. 5^. each. 
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FRENCH CLASS BOOKS. 

BOWER (A. M.). The Public Examination French Reader. With 
a Vocabulary to every extract, suitable for ali Students who are preparing 
for a French Examination. By A. M. bower, f.r.g.s., late Master in 
University College School, etc. Cloth, 35. dd, 

BARBIER (PAUL). A Graduateci French Examination Course. 
By PAUL BARBIER, Lecturer in the South Wales University College, etc. 
Crown 8vo, 3^, 

BARRERE (A.) Junior Graduated French Course. Affording Mate- 
rials for Translation, Grammar, and Conversation. By A. barrlre, 
Professor R.M. A., Woolwich. is, 6d, 

— Elements of French Grammar and First Steps in Idioms. With 

numerous Exercises and a Vocabulary. Being an Introduction to the 
Précis of Comparative French Grammar. Crown 8vo, 2s, 

— Précis of Comparative French Grammar and Idioms and Guide to 

Examinations. ^h edition. 3^. dd, 

— Récits Militaires. From Valmy (1792) to the Siege of Paris (1870). 

With English Notes and Biographical Notices. ^nd edition, Crown 8vo, y, 
CLAPIN (A. C). French Grammar for Public Schools. By the 
rev. a. c. clatin, M.A., St. John*s College, Cambridge, and Bacheliei- 
ès-lettres of the University of France. Fcap. 8vo. 14M ediiion. 2s. 6tL 
Key to the Exercises. 3J. 6d. net. 

— French Primer. Elementary French Grammar and Exercises for Junior 

Forms in Public and Preparatory Schools. Fcap. 8vo. wth edition, \s. 

— Primer of French Philology. With Exercises for Public Schools. 

%th edition. Fcap. 8vo, u. 

— English Passages for Translation into French. Crown 8vo, 2j. 6</. 

Key (for Tutors only), 4J. net. 
DAVIS (J. F.) Army Examination Papers in French. Questions set 

at the Preliminary Examinations for Sandhurst and Woolwich, from Nov., 

1876, to June, 1890, with Vocabulary. By j. F. Davis, d.lit., m.a., 

Lond. Crown 8vo, 2^. 6</. 
DAVIS (J. F.) and THOMAS (F.). An Elementary French 

Reader. Compiled, with a Vocabulary, by j. F. Davis, m.a., d.lit., 

and FERDINAND THOMAS, Assistant Examiners in the University of 

London. Crown 8vo, 2s. 
DELILLE'S GRADUATED FRENCH COURSE. 



The Beginner'sown French Book. 

2j. Key, 2J. 
Easy French Poetry for Be- 

ginners. 2j. 
French Grammar. 3J. Key, 3J. 



Repertoire des Prosateurs. 3^. dd, 
Modèles de Poesie. 3^. dd, 
Manuel Etymologique. 2x. 6^. 
Synoptical Table of French 
Verbs. 6^. 



ESCLANGON (A.). The French Verb Newly Treated: an Easy, 
Uniform, and Synthetic Method of its Conjugation. By A. Esclangon, 
Examiner in the University of London. Small 4to, 5j. 

GASC (F. E. A.). First French Book; being a New, Practical, and 
Easy Method of Leaming the Elements of the French Language. Reset 
and ihoroughly revised, iiótA tàotésand, Crown 8vo, u. 

— Second French Book ; being a Grammar and Exercise Book, on a new 
and practical pian, and intended as a sequel to the ** First French Book." 
55M thousand, Fcap. 8vo, is. dd. 
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OASC (P. E. A.). Keyto First and SecondFrenchBoolct. tthitUHmt 

Fcap. 8vo, y. 6il net. 
-^ French Pables, for Beginners, in Prose, with an Index of ali the Words 

at the end of the work. 17M thousand, i2mo, is, 6d. 

— Select Fables of La Fontaine. 19/^ thousand, Fcap. 8vo, ix. 6d, 

— Histoires Amusantes et Instructives ; or, Selections of Complete 

Stories from the best French modem authors, who have wrìtten for the 
young. With English notes. 17/A thotisand, Fcap. 8vo, 2j. 

— Practical Guide to Modem French Conversation, containing : — 

I. The most current and usefiil Phrases in Everyday Talk. II. Every- 
body's necessaiy Questions and Answers in Travel-Talk. n^h edition, 
Fcap. 8vo, IJ. èd^ 

— French Poetry for the Young. With Notes, and preceded by a few 

plain Rules of French Prosody. ^th edition^ revised, Fcap. 8vo, ix. 6d, 

— French Prose Composition, Materials for. With copious footnotes, and 

hints for idìomatic renderings. 2'^rd thousand, Fcap. 8vo, 3J. 
Key. 2nd edttion, 6s, net. 

— Prosateurs Contemporains ; or, Selections in Prose chiefly from con- 

temporary French literature. With notes, iith edttion, i2mo, 3^. 6d^. 

— Le Petit Compagnon ; a French Talk-Book for Little Children. i^h 

edttion, i6mo, ix. 6d, 

— French and English Dictionary, with upwards of Fifteen Thousand 

new words, senses, &c, hitherto unpublished. 6th edition, with numerous 
additions and correcticns. In one voi. 8yo, cloth, lor. 6^. In use at 
Harrow, Rugby, Shrewsbury, &c. 

— Pocket Dictionary of the French and English Languages ; for the every- 

day purposes of Travellers and Students. Containing more than Five 
Thousand modem aud current words, senses, and idiomatic phrases 
and renderings, not found in any other dictionary of the two languages. 
New ediiion, $^rd thousand, i6mo, cloth, 2s, 6d. 
QOSSET (A.). Manual of French Prosody for the use of English 
Students. By ARTHUR gosset, m.a., Fellow of New College, Oxford. 
Crown 8vo, y, 

"This is the very hook we have been looking for. We hailed the title 
with delight, and were not disappointed by the perusal. The reader who 
has mastered the contents will know, what not one in a thousand of 
Englishmen who read French knows, the rules of French poetry." — 
Journal of Education, 

LE NOUVEAU TRESOR; designed to facilitate the Translation of 

English into French at Sight. By M. E. s. \%th edition, Fcap. 8vo, 

IX. 6d 
STEDMAN (A. M. M.). French Examination Papers in Miscel- 

laneous Grammar and Idioms. Compiled by A. M. M. stedman, m.a. 

6th edition, Crown 8vo, 2s. 6d, A Key. (For Tutors only.) 6x.net. 

— Easy French Passages for Unseen Translation. 2nd edition, Fcap. 

8vo, IX. 6d. 

— Easy French Exercises on Elementary Syntax. Crown 8vo, 2x. 6d, 

— First French Lessons. Crown 8vo, ix. . 

— French Vocabularies for Repetition. Fcap. 8vo, ix. 

— Steps to French. i8mo, Sd, 

^ILLAN (J. N.). Scheme of French Verbs, with Verb Papers. Ij; 
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FRENCH ANNOTATED EDITIONS. 

'ÓAL2AC. Ursule Mirouét. By honoré db balzac Edited, with 
Introduction and Notes, by jambs boì'elle, B.-ès-L., Senior French 
Master, Dulwich College, y. 

CLARETIE. Pierrille. By JULBS clarétis. With 27 lUustrations. 
Edited, with Introduction and Notes, by james boiellb, B.-ès-L. zr. 6d, 

DAUDET. La Belle Nivemaise. Histoire d'un vieux bateau et de son 
équipage. By alphonsb daudet. Edited, with Introduction and 
Notes, by JAMES BOlfELLE, B.-ès-L. With Six lUustrations. 2s, 

FÉNELON. Aventures de Télémaque. Edited by e. j. delille. 

4/A editian* Fcap. 8vo, 2J. dd, 
QOMBERT'S french DRAMA. Re-edited, with Notes, by F. E. A. 

GASC. Sewed, 6</. each. 

MOLIÈRE. 



Le Misanthrope. 

L'Avare. 

Le Bourgeois Gentilhomme. 

Le Tartuffe. 

Le Malade Imaginaire. 

Let Femmes Savantet. 



Les Pourberies de Scapin. 
Les Précieuses Ridicules. 
L'Ecole des Femmes. 
L'Ecole des Maris. 
Le Médecin Malgré Lui. 



La Thébalde, on 

Ennemis. 
Andromaque. 
Les Plaideurs. 
Iphigénie. 


RAC] 
Les Frères 


[NE. 

Britannicus. 
Phédre. 
Esther. 
Athalie. 


LeCid. 
Horace. 


CORNI 


2ILLE. 

Cinna. 
Polyeucte. 



VOLTAIRE.— Zaire. 
GREVI LLE. Le Moulin Frappier. By henry greville. Edited, 

with Introduction and Notes, by james boi elle, B.-ès-L. 31. 
HUGO. Bug Jargal. Edited, with Introduction and Notes, by james 

bo'ìelle, B.-ès-L. 3J. 
LA FONTAINE. Select Fables. Edited by F. b. a. gasc. 19M 

tlumsand, Fcap. 8vo, u. td, 
LAMARTINE. Le Tailleur de Pierres de Saint-Point. Edited with 

Notes by james boì'elle, B.-ès-L. 6M thousand, Fcap. 8vo, ix. 6d. 
SAINTINE. . Picciola. Edited by dr. dubuc itih thousand, Fcap. 

8vo, is. 6d. 
VOLTAIRE. Charles XII. Edited by L. dirby. StA ediiùm. Fcap. 

8vo, is, 6d, 

GERMAN CLASS BOOKS. 
BUCHHEIM (DR. C. A.). German Prose Composition. Consist- 
ing of Selections from Modem English Writers. With grammatical notes, 
idiomatic renderings, and general introduction. By e. a. buchheim, ph.d. 
Professor of the German Language and Literature in King's College, and 
Examiner in German to the London University. 1 5M edition^ enlargedand 
TfvUed, With a list of subjects for originai composition. Fcap. 8vo, 41. 6</. 
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A Key to the ist and 2nd parts. %rd ediiion, y. net To the 3rd and 
4th parts. ^. net 
BUCHHEIM (DR. C. A.). First Book of German Prose. Being 
Parts I. and II. of the above. With Vocabulary by H. R. Fcap. 8vo, is. 6d. 
CLAPIN (A. C). A German Grammar for Public Schools. By the 
REV. A. e. CLAPIN, and F. HOLL-MULLER, Assistant Master at the Bruton 
Grammar School. 6th edition, Fcap. 8vo, 2s. 6d, 
— A German Primer. With Exercises. 2nd edition. Fcap. 8vo, i j. 
German. The Candidate's Vade Mecum. Five Hundred Easy Sentences 
and Idioms. By an Army Tutor. Cloth, u. For Army Prelim, Exam. 
LAN GÈ (F.). A Complete German Course for Use in Public Schools. 
By F. LANCE, PH.D., Professor R.M.A. Woolwich, Examiner in German 
to the College of Preceptors, London ; Examiner in German at the Victoria 
University, Manchester. Crown 8vo. 
Concise German Grammar. With special reference to Phonology, 
Comparative Philology, English and German Equivalents and Idioms. 
Comprising Materials for Translation, Grammar, and Convereation. 
Elementary, 2s. ; Intermediate, 2s, ; Advanced, 3^. 6d. 
Progressive German Examination Course. Comprising the Elements 
of German Grammar, an Historic Sketch of the Teutonic Languages, 
English and German Equivalents, Materials for Translation, Dictation, 
Extempore Conversation, and Complete Vocabularies. I. Elementary 
Course, 2j. II. Intermediate Course, 2s. III. Advanced Course. 
Second revised edition, is, 6d, 
Elementary German Reader. A Graduated Collection of Readings in 
Prose and Poetry. With English Notes and a Vocabulary. 4/>5 
edition. is. 6d. 
Advanced German Reader. A Graduated Collection of Readings in 
Prose and Po.etry. With English Notes by F. lange, ph.d., and 
j. F. DAVIS, d.lit. 2nd ediiion. 3^. 
MORICH (R. J.). German Examination Papers in Miscellaneous 
Grammar and Idioms. By R. j. morich, Manchester Grammar School. 
2nd edition. Crown 8vo, 2s. (>d. A Key, for Tutors only. 5j. net. 
PHILLIPS (M. E.). Handbook of German Literature. By mary 
E. PHILLIPS, LL.A. With Introduction by dr. a. weiss, Professor of 
German Literature at R. M. A. Woolwich. Crown 8vo, 3^. 6d. 
STOCK (DR.). Wortfolge, or Rules and Exercises on the orderof Words 
in German Sentences. With a Vocabulary. By the late Frederick 
STOCK, D.LIT., M.A. Fcap. 8vo, is. 6d. 

KLUGE'S Etymological Dictionary of the German Language. 
Translated by j. F. DAVIS, D.LIT. (Lond.). Crown 410, 7^. 6d. 

GERMAN ANNOTATED EDITIONS, 

AUERBACH (B.). Auf Wache. Novelle von Berthold auerbach. 

Der Gefrorene Kuss. Novelle von otto roquette. EditedbyA. a. 

MACDONELL, M.A., PH.D. 2nd edition. Crown 8vo, 2J. 
BENEDIX (J. R.). Doktor Wespe. Lustspiel in fiinf Aufzlìgen von 

JULIUS RODERICH BENEDIX. Edited by PROFESSOR F. LANGE, PH.D. 

Crown 8vo, 2^-. 6d. 
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BBERS (G.)* EinePrage. Idyll von gborg ebbrs. EditedbyF. storr, 
B.A., Chief Master of Modem Subjects in Merchant Taylors' SchooL 
Crown 8vo, 2j. 

PREYTAG (G.). Die Jonmalisten. Lustrici von Gustav freytag. 
Edited by professor f. lange, ph. d. ^h revisededition, Crown 8vo, 2s, 6d, 

— SOLL UND HABEN. Roman von GUSTAV freytag. Edited by 

w. HANBY crump, m.a. Crown 8vo, 2s, 6d, 
GERMAN BALLADS from Uhland, Goethe, and Schiller. With Intro- 

ductions, Copious and Biographical Notices. Edited by e. L. bielbfeld. 

tih edition, Fcap. 8vo, u. hd, 
GERMAN EPIC TALES IN PROSE. I. Die Nibelungen, von 

A. f. c vilmar. II. Walther und Hildegund, von Albert richter. 

Edited by KARL neuhaus, ph.d., the International College, Isleworth. 

Crown 8vo, 2j. 6^. 
GOETHE. Hermann und Dorothea. With Introdaction, Notes, and Argu- 

ments. By E. bell, m.a., and e. wolfel. znd edition» Fcap. 8vo, ix. 6d. 
GOETHE. FAUST. Part I. German Text with Hayward's Pro^e 

Translation and Notes. Revised, With Introduction by e. A. buchheim, 

PH.D., Professor of German Language and Literature at King's College, 

London. Small post 8vo, 5^. 
GUTZKOW (K.). Zopf und Schwert. Lustspiel von karl gutzkow. 

Edited by professor f. lange, ph.d. Crown 8vo, 2s. 6d, 

HEY'S PABELN PUR KINDER. lUustrated by o. speckter. 
Edited, with an Introduction, Grammatical Summary, Words, and a com- 
plete' Vocabulary, by professor f. lange, ph.d. Crown 8vo, u. 6d. 

— The same. With a Phonetic Introduction, and Phonetic Transcription of 

the Text. By professor f. lange, ph.d. Crown 8vo, 2j. 

HEYSE (P.). Hans Lange. Schauspiel von paul heysb. Edited by 
A. A. MACDONELL, M.A., PH.D., Taylorian Teacher,- Oxford University, 
Crown 8vo, 2s, 

HOPFMANN (E. T. A.). Meister Martin, der Kiifher. Erzahlung 
von E. T. A. HOFFMANN. Edited by F. LANGE, PH.D. 2nd edUwn, 
Crown 8vo, is. 6d, 

MOSER (G. VON). Der Bibliothekar. Lustspiel von G. VON MOSSE. 
Edited by F. lange, ph.d. 4/h edition, Crown 8vo, 2j. 

ROQUETTE (O.). ^<f^ Auerbach. 

SCHEPPEL (V. VON). Ekkehard. Erzahlung des zehnten Tahr- 
hunderts, von VICTOR voN scheffel. Abridged edition, with Intro- 
duction and Notes by Herman hager, ph.d., Lecturer in the German 
Language and Literature in The Owens College, Victoria University, 
Manchester. Crown 8vo, 3^. 

SCHILLER'S Wallenstein. Complete Text, comprising the Weimar 
Prologue, Lager, Piccolomini, and Wallenstein's Tod. Edited by dr. 
BUCHHEIM, Professor of German in King's Colle|;e, London. 6M edition, 
Fcap. 8vo, 5x. Or the Lager and Piccolomim, 2J. 6dl WaUenstein's 
Tod, 2J. dd, 

— Maid of Orleans. With English Notes by dr. Wilhelm Wagner. 3r</ 

edition, Fcap. 8vo, \s, 6d, 

— Maria Stuart. Edited by v. kastner, B.-ès-L., Lecturer on French 

Language and Literature at Victoria University, Manchester. ^deditipH, 
Fcap. 8vo, is, 6df 
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ITALIAN. 

DANTE. The Inferno. A Litexal Prose Translation, with the Text of the 
Originai collated with the best editions, printed on the same page, and 
Explanatory Notes. By JOHN A. ca&lyl^ h.d. With Portrait znd 
ediiion. Small post 8vo, 5^. 

— The Purgatorio. A Literal Prose Translation, with the Text of Bianchi 

printed on the same page, and Explanatoiy Notes. By w. s. DUGDALB. 
Small post 8vo, 5J. 

BELUS MODERN TRANSLATIONS. 

A Seties of Translations front Modem Languages^ with Memoirs^ 
IntroductionSy etc, Crown Svo, is. each^ 

GOETHE. Egmont. Translated by ANNA swanwick. 

— Iphigenia in Taurìs. Translated by ANNA swanwick, 
HAUFP. The Caravan. Translated by s. Mendel. 

— The Inn in the Spessart. Translated by s. Mendel. 
LESSINO. Laokoon. Translated by E. c. bbasley. 

— Nathan the Wise. Translated by R. dillon boylan. 

— Minna von Bamhelm. Translated by Ernest bbll, mjl 

MOLIÈRE. The Misanthrope. Translated by e. heron walu 

— The Doctor in Spite. of Himself. (Le Médedn malgré lui). Trans- 

lated by C. HERON WALL. 

— Tartuife ; or. The Impostor. Translated by e heron walu 

— The Miser. (L'Avare). Translated by & heron wall. 

— The Shopkeeper tumed Gentleman. (Le Bourgeois Gentilhomme). 

Translated by e. heron WALL. 
RACINE. Athalie. Translated by R. brucb BOSWELL, M.A. 

— Esther. Translated by R. brucb Boswell, m.a. 

SCHILLER. William Teli. Translated by SIR theodorb MARTIN, 
K.C.B., LL.D. New editiony enHrefy revised, 

— The Maid of Orleans. Translated by ANNA SWANWICK. 

— Mary Stuart. Translated by j. mellish. 

— Wallenstein's Camp and the PiccolominL Translated by j. CHURCHILL 

and S. T. COLERIDGE. 

— The Death of Wallenstein. Translated by s. T. Coleridge. 

«*^ For other Translations of Modera Languages, su the Catalogne of 
Bohn's librarìes, which will he forwaided on application. 



SCIENCE, TECHNOLOGY, AND ART. 

CHEMISTRY. 

COOKE (S.). First Principles of Chemistry. An Introduction to 
Modem Chemistry for Schools and CoUeges. By Samuel cooke, m.a., 
B.E., Assoc. Mem. Inst. C £., Principal of the College of Sdence, Poona. 
6th edition^ revised, Crown Svo, aj. 6</. 

— The Student's Practical Chemistry. Test Tables for (Jualiti^tÌTe 
Analysis. ^n/ tditwn^ nvised ami miar^fd, Pemy Sto, Ut 
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8TOCKHARDT ( J. A.). Bzperìmental Chemistry. Founded on thtt 
work of J. A. STÒCKUA&DT. A Handbook for the Study of Science \ff 
Simple Experìments. By C. w. heaton, P.I.C., F.cs., Lecturer in 
Chemistry in the Medicai School of Charing Cross Hospital, Examiner in 
Chemistry to the Royal College of Physicians, etc. Revised edition, 51. 

WILLIAMS (W.M.). The Frame work of Chemistry. Parti.' Typical 
Facts and Elementary Theory. By w. M. Williams, m.a., St. John's 
College, Oxford ; Science Master, King Henry VIII.*s School, Coventry. 
Crown 8yo, paper boards, 92/. net. 

BOTANY. 

HAYWARD '(W. R.). The Botanfst's Pocket-Book. Containing in 
a tabulated forra, the chief characteristics of British Plants, with the 
botanica! names, soil, or situation, colour, growth, and time of flowering 
of every plant, arranged under its own order ; with a copious Index. 
By w. R. HAYWARD. ^th editUm^ revised, Fcap. 8vo, cloth limp, 41. 6«/. 

LONDON CATALOGUE of British Plants. Part L, containing the 
British Phsenogamia, Filices, Equisetaceae, Lycopodiacese, Selaginellacese, 
Marsileaceae, and Characese. 9/À edition, Demy 8vo, 6</. ; interleaved 
in linip cloth, u. Generic Index only, on card, 2d, 

MASSEÈ (G.). British Fungus-Flora. A Classified Text-Book of 
Mycology. By George massee, Author of " The Plant World.** With 
namerous lUustrations. 4 vols. post 8vo, *is, 6d, each. 

SOWERBY'S English Botany. Containing a Descrìption and Life-size 
Drawing of every British Plant. Edited and brought up to the present 
standard of scientific knowledge, by T. Boswell (late syme), ll.d., 
F.L.S., etc $rd ediiiùn, entirely revised, With Descriptions of ali the 
Spedes by the Editor, assisted by n. e. brown. 12 vols., with 1,937 
coloured platesy £24 3^. in cloth, £26 iis, in half-morocco, and £y^ gs, 
in whole morocco. Also in 89 parts, 5^., except Part 89, containing 
an Index to the whole work, ys, 6d, 

«*« A Supplement, to be completed in 8 or 9 parts, is now publishing. 
Parts I., II., and III. ready, 5^. each, or bound together, making 
VoL XIII. of the complete woric, 17J. 

TURNBULL (R.). Index of British Plants, accordmg to the London 
Catalogne (Eighth Edition), including the Sjmonyms used by the prìncipal 
authors, an Alphabetical List of English Names, etc By Robert 
TURNBULL. Paper cover, 2x. 6d., cloth, 3^. 

GEOLOGY. 

JUKES-BRO WNB (A. J.). Student's Handbook of Physical Geo- 
logy. By A. j. JUKES-BROWNE, B.A., F.G.S., of the Geological Survey of 
Englan;! and Wales. With nnmerous Diagrams and Illustrations. 2nd 
ediiioHf much enlarged, *js. 6d, 

— Student'a Handbook of Historical Geology. With nnmerons Diagrams 

and Illustrations. 6s, 

" An admirably planned and well executed ' Handbook of Historical 
Geology.' "—Journal ofEducatùnu 

— The Building of the Éritiah Isles. A Study in Geographical 

With Maps. Tind edition rtviffd. 7/, 6</, 
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MEDICINE. 

CARRINGTON (R. E.), and LANE (W. A.). A Manual of Distee- 
tions of the Human Body. By the late R. s. carrington, ic.ix 
(Lond.)> F.R.C.F., Senior Assistant Physidan, Guy's HospitaL 2nd 
edition, Revìsed and enlarged by w. arbuthnot lank, ics., F.R.C.s.9 
Assistant Surgeon to Guy's Hospital, etc Crown Sto, 9ur. 

<• As solid a piece of work asever was pnt into a hook ; accurate from 
beginning to end, and'unique of its kind." — British Medicai Journal, 

HILTON'S Rest and Pain. Lectures on the Influence of Mechanical and 
Physiological Rest in the Treatment of Accidents and Snrgical Diseases, 
and the Diagnostic Value of Pain. By the late JOHN hilton, F.R.s.9 
F.R.C.S., etc. Edited by w. H. A. JACOBSON, M.A., H.CH. (Ozon.), 
F.R.C.S. tth edition, gs, 

HOBLYN'S Dictionary of Terms used in Medicine and the Collateral 
Sciences. i2/>i edition, Revised and enlarged by J. A. p. pricb, B.A.y 
M.D. (Oxon.). los, 6d. 

LANE (W. A.). Manual of Operative Surgery. For Practitioners and 
Students. By w. arbuthnot lane, m.b., m.s., f.r.c.s., Assistant 
Surgeon to Guy's HospitaL Crown Sto, Sj. 6d, 



BELUS AGRICULTURAL SERIES. 
In crown Svo, Illusirated^ 160 pages, cloth, 2s, 6d, each. 

OH E AL (J.). Fniit Culture. A Treatise on Planting, Growing, Storage 
of Haidy Friits for Market and Private Growers. By J. cheal, F.R.H.S., 
Member of Fruit Conunittee, Royal Hort Society, etc. 

PREAM (DR.). Soils and their Properties. By dr. William frbam, 
B.SC. (Lond.)., F.L.S., F.G.S., F.S.S., Associate of the Surveyor's Institu- 
tion, Consulting Botanist to the British Dairy Farmers* Association and 
the Royal Counties Agrìcultural Society; Prof, of Nat Hist. inDownton 
College, and formerly in the Royal Agric. Coli., Cirencester. 

QRIPFITHS (DR.). Manures and their Uses. By dr. a. b. griffiths, 
F.R.S.E., F.C.S., late Principal of the School of Science, Lincoln ; Membre 
de la Società Chimique de Paris ; Author of " A Treatise on Manures," 
etc., etc In use ai Dcwnton College, 

— The Diseases of Crops and their Remedies. 

MALDEN (W. J.). Tillage and Implements. By w. j. mAlden, 
Prof, of Agriculture in the College, Downton. 

SHELDON (PROF.). The Farm and the Dairy. By professor 
j. p. SHELDON, formerly of the Royal Agricultural Collie, and of the 
Downton College of Agriculture, late Special Commissioner of the 
Canadian Government . In use ai Doivnton College, 



Spedally adapted for Agricultural Classes. Crown 8vo. Illustrated. is, each. 
Practical Dairy Farming. By professor sheldon. Reprinted from the 

author's laiger work entitled " The Farm and the Dairy. 
Practical Fruit Growing. By j. cheal, f.r.h.s. Reprinted from the 

author *s larger work, entitled '* Fruit Culture," 
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TECHNOLOGICAL HANDBOOKS. 

Edited òy Sir H, Trueman Wood. 

Speciali^ adapted for candidates in the examinations of the City Guilds 

Institute. lUustrated and uniformly prìnted in small post 8vo. 

BEAUMONT (R.). WooUen and Worsted Cloth Matr-facture. By 

ROBERTS BEAUMONT, Professor of Textile Industiy, Yorkshire College, 

Leeds ; Examiner in Cloth Weaving to the City and Guilds of London 

Institute. 2ndedition* 7^. dd. 
BBNEDIKT (R), and KNECHT (E.). Coal-tar Colours, The 

Chemistry of. With special reference to their application to Dyeing, etc. 

By DR. R. BBNEDIKT, Professor of Chemistry in the University of Vienna. 

Translated by E. knscht, ph.d. of the Technical College, Bradford. 

Tnd and enlarged edUion^ 6jr. dd, 
QADD (W. L.). Soap Mauufacture. By w. Lawrence gadd, f.i.c, 

F.C.S., R^[istered Lecturer on Soap-Making and the Technology of Oils 

and Fats, also on Bleaching, Dyeing, and Csdico Printing, to the City and 

Guilds of London Institute. Ks, 
HELLYER (S. S.). Plumbmg: Its Principles and Practice. By 

s. STEVENS HELLYER. With numerous lUustrations. 5^. 
HORNBY (J.). Gas Manufacture. B^ j. hornby, F.I.C., Lecturer 

under the City and Guilds of London Institute. 5^. 
HURST(G. H.). Silk-Dyeing and Finishing. ByG. H. hurst, F.cs., 

Lecturer at the Manchester Technical School, Silver Medallist, City and 

Guilds of London Institute. With lUustrations and numerous Coloured 

Pattems. *is, 6d, 
JACOBI (C. T.). Printing. A Practical Treatise. By e T. JACOBI, 

Manager of the Chiswick Press, Examiner in T3rpography to the City and 

Guilds of London Institute. With numerous lUustrations. $s. 
MARSDEN (R.). Cotton Spinning: Its Development, Principles, 

and Practice, with Appendix on Steam BoUers and Engines. By R. 

MARSDEN, Editor of the *< Textile Manufacturer." 4/^ edition. 6s. 6d. 
i— Cotton Weaving: Its Development, Principles, and Practice. 

By R. MARSDEN. With numerous lUustrations. lar. 6d. 
PHILIPSON (J.). Coach Building. By john philipson. With 

numerous lUustrations. 6s. 
POWELL (H.), CHANCE (H.), and HARRIS (H. G.). Glass 

Manufacture. Introductory Bssay, by h. powell, b.a. (Whitefriars 

Glass Works) ; Sheet Glass, by henry chance, m.a. (Chance Bros., 

Birmingham): Piate Glass,byH.6. HARRIS, AssocMemb. InstCE. y,6d, 
ZAEHNSDORF (J. W.). Bookbinding. By j. w. zaehnsdorp, 

Examiner in Bookbinding to the City and GuUds of London Institute. 

With 8 Coloured Plates and numerous Diagrams. ^d edùion, 5^. 
*«* Complete List of Technical Books on Application* 

MUSIC. 
BANI8TER (H. C). A Text Book of Music: ByH. e banister. 
Professor of Harmony and Composition at the R. A. of Music, at the GuUd- 
hall School of Music, and at the Royal Normal Coli, and Acad. of Music 
for the Blind. 15M editton, Fcap. 8vo. 5x. 

^ This Manual contains chapters on Notation, Harmony, and Counterpoint 
Modulation, Rhythm, Canon, Fugue, Voices, and Instruments ; together 
with ezercises on Harmony, an Apipendix of Examination Papers, and » 
oopious Index and Glossaiy of Musical Terms. 
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BANISTBR (H. C). Lectures on Musical Analjrsis. Embnciiig 

Sonata Fonn, Fugue, etc, Illustrated by the Works of the Clasàcal Masters. 
2nd edition, revisecL Crown 8vo, ^s. 6d, 

— Musical Art and Study : Papers for Musidans. Fcap. 8vo, 2s, 
CHATBR (THOMAS). Scientific Voice, Artistic Singing, and 

Effective Speaking. A Treatise on the Organs of the Voice, t^eir 
Naturai Functions, Scientific Development, Proper Training, and Artistic 
Use. By THOMAS chater. With Diagrams. Wide fcap. 2x. 6d, 
HUNT (H. G. BONAVIA). A Concise History of Music, from the 
Commencement of the Christian era to the present time. For the use of 
Students. By REV. H. G. bonavia hunt, Mus. Doc. Dublin ; Warden 
of Trinity College, London ; and Lecturer on Musical History in the same 
College. 14/i eMtiont reznsed to dati (1896). Fcap. 8vo, 3/. 6<^ 

ART. 

BARTER (S.) Manual Instruction— Woodwork. By s. bartbr 
Organizer and Instructor for the London School Board, and to the Joint 
Committee on Manual Training of the School Board for London, the City 
and Guilds of London Institute, and the Worshipfiiì Company of Drapers. 
With over 300 Illustrations. Fcap. 4to, doth. *js. 6d* 

BELL (SIR CHARLES). The Anatomy and Philosophy of Expres- 
Sion, as connected with the Fine Arts. By siR cha&lss bbll, K.H. 
7/A editicn^ revistd, 5^. 

BRYAN'S Biographical and Criticai Dictionary of Painters and 
Engravers. With a List of Ciphers, Monograms, and Marks. A new 
Edition, thoroughly Revised and Enlarged. By R. E. gravss and 
WALTER ARMSTRONG. 2 volumes. Imp. 8vo, buckram, 3/. gj. 

CHEVREUL on Colour. Containing the Principles of Harmony and Con- 
trast of Colours, and their Application to the Arts. y^d edition^ with 
Introduction. Index and several Plates. 5^. — With an additional series 
of 16 Plates in Colours, 7^. 6d, 

DELAMOTTE (P. H.). The Art of Sketching from Nature. Byp. 
H. DELAMOTTE, Professor of Drawing at King's College, London. Illus- 
trated by Twenty-four WooVuts and Twenty Coloured Plates, arranged 
progressively, from Water-colour Drawings by prout, e. w. COOKB, R.A., 
GIRTIN, VARLEY, DE wiNT, and the Author. NeweditWH, Imp. 4to, 2ls, 

PLAXMAN'S CLASSICAL COMPOSITIONS, reprinted in a cheap 
form for the use of Art Students. Oblon^; paper covers, 2s, 6d, each. 
Homer. 2 vols. — Ascbylus. — Hesiod.— Dante. 

— Lectures on Sculpture, as delivered before the President and Members 

of the Rovai Academy. With Portrait and 53 plates. 6s, 
HARRIS (R.). Geometrical Drawing. For Anny and other Examina- 

tions. With chapters on Scales and Graphic Statics. '\^th 221 

diagrams. By &. HARRIS, Art Master at St. Paul's SchooL New 

edition, enlarged, Crown 8vo, 3^. 6d, 
HEATON (MRS.). A Concise History of Painting. By the late MRS. 

CHARLES HEATON. New edition, Revised by cosmo MONKHOUSE. 51. 
LELAND (C. G.). Drawing and Designing. In a series of Lessons 

for School use and Self Instruction. By CHARLES G. LBLAND, M.A., 

F.R.L.S. Paper cover, u. ; or in doth, ix. 6d, * 

^ Leather Work : Stamped, Moulded, and Cut, Cdr-Booillé» Sewo, etc. 

With numerous Illustrations. Fcap. 4to, ^f. 
^ Manual of Wood CarviDg. By Charles a lilamd» li. a.» F.R.US. 
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LBLAND (C. Qi,)~-<anHMUed. 

Revised by j. j. holtzapffel, A.M. INST.CS. Wiih numerous Illustra- 
tions. Fcap. 4to, 55. 

-^ Metal Work. With numerous Illustrations. Fcap. 4to, 5^. 

LEONARDO DA VlNCPS Treatise on Painting. Tianslated from 
the Italian by J. F. rigaud, r.a. With a Life of Leonardo and an 
Account of his Works, by j. w. brown. With numerous Plates. 5j. 

MOODY (P. W.)* Lectures and Lessons on Art. By the late F. w. 
MOODY, Instructor in Decorative Art at South Kensington Museum. With 
Diagrams to illustrate Composition and other matters. A new andcheaper 
edition, Demy 8yo, sewed, 4J. (td, 

STRAN GB (E. F). Alphabets : a Handbook of Lettering, compiled for 
the use of Artists, Designers, Handicraftsmen, and Students. With com- 
plete Historical and Fractical Descrìptions. By Edward f. strange. 
With more than 200 Illustrations. New edition. Crown 8vo. 5^. 

WHITE (GLEESON). Practical Designing: A Handbook on the 
Preparation of Working Drawings, showing the Technical Methods em- 
ployed in preparing them for the Manufacturer and the Limits imposed on 
the Design by the Mechanism of Reproduction and the Materials employed. 
Editedby GLEESON WHITE. Freely Illustrated. ydedUion. CrownSvo, 5j. 
Conients : — Bookbinding, by H. ORRiNSMiTH — Carpets, by Alexander 
millar — Drawing for Reproduction, by the Editor — Pottery, by w. p. 
Rix— Metal Work, by r. ll. rathbone — Stamed Class, by selwyn 
IMAGB — ^Tiles, by owen carter — Woven Fabrics, Printed Fabrics, and 
Floorcloths, by Arthur Silver — Wall Papers, by G. e. haité. 

MENTAL, MORAL, AND SOCIAL 

SCIENCES. 

PSYCHOLOGY AND ETHICS. 

ANTONINUS (M. Aurelius). The Thoughts of. Translated literally, 
with Notes, Biographical Sketch, Introductory Essay on the Philosophy, 
and Index, by GEORGE long, m.a. Revised edUion. Small post ovo, 

^x. ódT., or new edition on ffandnutdepaper, huckram, dr. 
ON'S Novam Organum and Advancement of Leaming. Edited, 
with Notes, by j. dbvby, m.a. Small post Svo, 5^. 

EPICTETUS. The Discourses of. With the Enchpirìdion and Frag- 
ments. Translated with Notes, a Life of Epictetus, a View of his Philo- 
sophy, and Index, by GEORGE LONG, M.A. Small post Svo, y., ornew 
edition on Hanamaae paper, 2 vols., buckram, lor. 6d, 

HEGEL' S Philosophy of Right. Translated by s. w. dydb, d.sc., 
. Professor of Mental Philosophy in Qaeen's College, Kingston, Canada. 
Large Post Svo, fs, 6d. 

KANT'S Critique of Pure Reason. Translated by j. M. d. meiklejohn. 
Professor of Education at St Andrew*s University. Small post Svo, Ss, 

— Prolegomena and Metaphysical Foundations of Science. With 
Life. Translated by E. belfort sax. Small post Svo, 5^. 

LOCKE'S Philosophical Works. Edlted by j. a. st. john. 2 vols 
Small post Svo, 3J. 6d, each. 

RYLAND (F.). The Student's Manual of Psychology, designed 
chiefly for the London B.A. and B.Sc. By F. ryland, m.a., late 
Scholar of St. John's College, Cambridge. Cloth, red edges. 6tA 
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RYLAND V^.y-anUinued. 

tdition^ revised and gnlarguL With lìsts of books for Students, and 
Examination Papera set at London University. Crown Sto, y» 6d, 

— ' Bthics : An Introdnctory Mannal for the use of University Stadents. 
With an Appendix containing List of Books recommended, and Exami- 
nation Questioni. Crown Sto, 31. 6d, 

^- Logic. An Introductory Manual for the use of University Students. 
Crown 8vo, 4/. 6d, 

SCHOPENHAUER on the Pourfold Root of the Prìnciple of Soffi- 
cient Reasoxiy and On the Will in Nature. Translated by madame 

HILLBBRAND. Small post 8vo, y. 

*- Essays. Selected and Translated. With a Biographical Introduction 
and Sketch of his Philosophv, by b. bblfort bax. Small post 8vo, 5j. 
SMITH (Adam). Theory of Moral Sentiments. With Memoir of the 

Anthor by dugald stewa&t. Small post 8vo, 3^. 6d. 
SPINOZA'S Chief Works. Translated with Introduction, by k. H. M. 
BLWBS. 2 vols. Small post Sto, 5^. each. 
Voi. I. — Tractatus Theologìco-Politicus — Politicai Treatise. 
IL — Improvement of the Understanding — Ethics — Lettecs. 

HISTORY OF PHILOSOPHY. 

BAX (E. B.). Handbook of the History of Philosophy. By B. bbl- 
fort bax. 2nd tdition^ revised, Small post 8vo, 5^ . 

DRAPER (J. W.). A History of the Intellectual Dev^Iopment of 
Europe. By john William drafbr, m.d., ll.d. With Index, a 
vols. Small post 8vo, $s, each. 

PALCKENBEkG (R.). History of Modem Philosophy. By Richard 
falckbnberg, Professor of Philosophy in the University of Erlangen. 
Translated by Professor A. e. Armstrong. Demy 8vo, idr. 

HEGEL'S Lectures on the Philosophy of History. Translated by 
j. sibrbe, M.A. Small post 8vo, 5/. 

— Philosophy of Right (Grundiinien der Philosophie des Rechts). Trans- 

lated by Samuel W. Dyde, M. A., D.Sc, Professor of Mental Philosophy 
in Queen's University, Kingston, Canada. Crown 8vo, 'js. 6d, 

LAW AND POLITICAL ECONOMY. 

KBNT'8 Commentaiy on International Law. Edited by j. r. abdy, 
LL.D., Judge of County Courts and Law Professor at Gresham College, 
late Regius Professor of Laws in the University of Cambridge. 2ful 
editian^ revised and braught dcwn to a recent date, Crown 8vo, lOf. 6df. 

LAWRENCE (T. J.). Essays on some Disputed Questions in 
Modem International Law. ByT. j. lawrbncb, m.a., ll.m. znd 
editicn^ revised and enlarged, Crown 8vo, dr. 

— Handbook of Public International Law. zndedition, Fcap. 8vo, y, 
MONTESQUIEU'S Spirit of Laws. A New Edition, revised and 

corrected, with D'Alembert's Analysis, Additìonal Notes, and a Memoir, 

by j. y. PRITCHARD, A.M. 2 vols. Small post 8vo, 3^. 6d, each. 
PROTHERO (M.). Politicai Economy. By michabl prothbro, m.a. 

Crown 8vo, 4;. 6d, 
RICARDO on the Principles of Politicai Economy and Tazation. 

Edited by B. e. k:. gonner, m.a., Lecturer in University College, 

LiverpooL Small post 8vo, $/. 
BMITH (Adam). The Wealth of Nations. An Inquiry into the Nature 

and Causcs of. Reprinted from the Sixth Edition, with an Introduction 

by BRNBST BBLFORT BAX. 2 vols. Small post 8vo, 3J. 6d, each. 
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HISTORY. 

BOWES (A.). A Practical Synopsis of English History; or, A 
General Summary of Dates and Events. By ARTHUR BOWES. lO/A 
edition, Revised and brought down to the present time. Demy 8vo, is. 

COXE (W.). History of the House of Austria, 1218-1792. By 
ARCHDN. COXE, M.A., F.R.s. Together with a Continuation from the 
Accession of Francis I. to the Revolution of 1848. 4 vols. Small post 
8vo V 6^« eacha 

DENTON (W.). Èngland in the Fifteenth Century. By the late 
REV. w. DENTON, M.A., Worcester College, Oxford. Demy 8vo, I2s. 

DYER (Dr. T. H.). History of Modem Europe, from the Taking of 
Constantinople to the Establishment of the German Empire, A.D. 1453- 
1871. ByDR. T. H. DYER. A mw cdition. In 5 vols. £2 I2f. td, 

GIBBON'S Decline and Fall of the Roman Empire. Complete and 
Unabridged, v,th Variorum Notes. Edited by an English Churchman. 
With 2 Maps, 7 vols. Small post 8vo, 3J. 6</. each. 

OREGOROVIUS' History of the City of Rome in the Middle Ages. 
Translated by annie Hamilton. *Vo1s. L, II., and III. Crown 8vo, 
6j. each net. Voi. IV., in two parts, 4J. 6^. each, net. 

GUIZOT'S History of the English Revolution of 1640. Translated by 
WILLIAM hazlitt. Small post 8vo, 35. dd, 

— History of Civilization, from the Fall of the Roman Empire to the 

French Revolution. Translated by William hazlitt. 3 vols. Small 
post 8vo, 3J. ódT. each. 
HENDERSON (E. F.). Select Historical Documents of the Middle 
Ages. Including the most famous Charters relating to England, the 
Empire, the Church, etc, firom the sixth to the fourteenth centuries. 
Translated and edited, with Introductions, by ERNEST F. hendbrson, 
A.B., A.M., PH.D. Small post 8vo, 5f. 

— A History of Germany in the Middle Ages. Post 8vo, 7;. 6^. net. 
HOOPER (George). The Campaign of Sedan : The Downfall of the 

Second Empire, August-September, 1870. By GEORGE hooper. With 
General Map and Six Plans of Battle. Demy 8vo, 14;. 

— Waterloo : The Downfall of the First Napoleon : a History of the 

Campaign of 1815. With Maps and Plans. Small post 8vo, 35. dd, 
LAM ARTINE'S History of the Girondists. Translated by H. T. ryde. 
3 vols. Small post 8vo, 31*. ódT. each. 

— History of the Restoration of Monarchy in France (a Sequel to his 

History of the Girondists). 4 vols. Small post 8vo, y, 6d, each. 

— History of the French Revolution of 1848. Small post 8vo, 3J. 6d. 
LAPPENBERG'S History of England under the Anglo-Saxon 

Kings. Translated by the late B. thorpb, f.s.a. Ntiv edition, revised 
by E. e. otte. 2 vols. Small post 8vo, 3}. 6d, each. 

MACHIAVELLI'S History of Florence, and of the Affairs of Italy 
from the Earliest Times to the Death of Lorenzo the Màgnificent : together 
with the Prince, Savonarola, various Historical Tracts, and a Memoir of 
Machiavelli. Small post 8vo, 31. td, 

MARTINEAU (H.). History of England from z8oo-Z5. By harrist 
MARTINEAU. Small post 8vo, 3J. 6d, 

— History of the Thirty Years' Peace, 1815-46. 4 toIs. Small post 8ve, 

31. 6d, each 
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MAURICE (C. E.). The Revolutionary Movement of 1848-9 in 
Italy, Austria, Hungary, and Germany. With some Examinatìon 
of the previous Thirty-three Ycars. By e. Edmund Maurice. With an 
engraved Frontispiece and other lUustratìons. Demy 8vo, idr. 

MENZEL'S Histoiy of Germany, from the Earliest Period to 1842. 
3 vols. Small post 8vo, 3J. 6d, each. 

MICHELET'S History of the Prench Revolution from its earliest 
indications to the flight of the King in 179 1. Small post 8vo, 3J. 6d. 

MIGNET'S History of the Prench Revolution, from 1789 to 1814. 
Small post 8vo, 3;. 6d, 

PARNELL (A.). The War of the Succession in Spain during the 
Reign of Queen Anne, 1702-1711. Based on Originai Manuscripts 
and Contemporary Records. By COL. the hon. ARTHUR parnell, 
R.E. Demy 8vo, 14J. With Map, etc. 

RANKE (L.). History of the Latin and Teutonic Nations, X494" 
15 14. Translated by p. A. ashworth. Small post 8vo, 3j. 6d, 

— History of the Popes, their Church and State, and especially of their 

conflicts with Protestantism in the i6th and I7th centuries. Translated 
by E. POSTER. 3 vols. Small pos^8yo. 3^-. 6d, each. 

— History of Servia and the Servian Revolution. Translated by mrs. 

KERR. Small post 8vo, 3r. 6d, 
SIX OLD ENGLISH CHRONICLES : viz., Asser's Life of Alfred 

and the Chronicles of EtLclwerd, Gildas, Nennius, Geoffrey of Monmoutli, 

and Richard of Cirencester. Edited, with Notes and Index, by J. A. 

GiLES, D.C.L. Small post 8vo, 5^. 
STRICKLAND (Agnes). The Lives of the Queens of England ; 

from the Norman Conquest to the Reign of Queen Anne. By AGNES 

STRICKLAND. 6 vols. 5j. cach. 

— The Lives of the Queens of England. Abridged edition for the 

use of Schools and Families, Post 8vo, 6j. 6d, 

THIERRY'S History of the Conquest of England by the Normans; 
its Causes, and its Consequences in England, Scotland, Ireland, and the 
Continent. Translated from the 7th Paris edition by WILLIAM hazlitt. 
2 vols. Small post 8vo, 3^. 6d, each. 

WRIGHT (H. F.). The Intermediate History of England, with Notes, 
Supplements, Glossary, and a Mnemonic System. For Army and Civil 
Service Candidates. By H. F. wright, m.a., ll.m. Crown 8vo, ts. 

Por other Works of value to Students of History, see Catalogue of 
Bohn's Libraries, sent post-free on application. 

DIVINITY, ETC. 

ALFORD (DEAN). Greek Testament. WithaCriticallyrevisedText, 
a digest of Various Readings, Marginai References to verbal and idio- 
matic usage, Prolegomena, and a Criticai, and Exegetical Commentary. 
For the use of theological students and ministers. By the late henry 
alford, D.D., Dean of Canterburv. 4 vols. 8vo. £^ 2s, Sold separately. 

— The New Testament for English Readers. Containing the Authorized 

Version, with additional Corrections of Readings and Renderings, Marginai 
References, and a Criticai and Explanatory Commentary. In 2 vols. 
£2 14S, 6d, Also sold in 4 parts separately. 
AUGUSTINE de Civitate Dei. Books XI. and XII. By the rev. henry 
D. GEE, B.D., F.s.A. I. Textonly. 2J. II. Introduction andTranslation. y. 
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AUGUSTINE. In Joannis EvangeUum Tractatus XXIV-XXVII. 
Edited by the rev. henry gsb, b.d., f.s.a. I. fext only, u. 6^. 
II. Translation by the late REV. canon h. brown. is, 6d. 

BARRETT (A. C). Companion to the Greek Testament. By the late 
A. e. BARRETT,M. A., Caius College, Cambridge, ^tkcditùm, Fcap.8YO,5j. 

BARRY (BP.). Notes on the Catechism. For the use of Schools. By 
the RT. REV. BISHOP BARRY, D.D. iith edttùm, Fcap. zr. 

BLEEK. Introduction to the Old Testament. By Friedrich blebk. 
Edited by JOHANN bleek and Adolf kamphausen. Translated from 
the second edition of the German by G. H. yen ablbs under the super- 
vision of the REY. E. yenables, Residentiary Canon, of Lincoln. 2nd 
tditiofiy with Corrections. With Index. 2 vols. small post 8vo, 5^. each. 

BURGON (DEAN). The Traditional Text of the Holy Gospels Vindi- 
cated and Established. By the late john William burgon, b. d. , Dean 
of Chichester. Arranged, completed, and edited bv Edward Miller, m. a., 
Wykehamical Prebendary of Chichester Cathedra!. Demv Svo, lar. td, net 

«- The Causes of the Corruption of the Traditional Test of the Holy 
Gospels. Edited by the rey. Edward Miller, m.a. Demy Svo, 
lOif. td. net. 

BUTLER (BP.). Analogy of Religion. With Analytical Introduction 
and copious Index, by the late RT. rey. dr. stberb. Fcap. 3^. 6^. 

EUSEBIUS. Ecclesiastical History of Eusebius Pairnhilus, Bishop 
of Csesarca. Translated from the Greek by rey. c. f. crusb, m.a. 
With Notes, a Life of Eusebius, and Chronological Table. Sm. post Svo, 5x. 

GREGORY (DR.). Letters on the Evidences, Doctrines, and Duties 
of the Christian Religion. By dr. olinthus Gregory, F.R.A.S. 
Small post Svo, y, 6d, 

HUMPHRY (W. G.). Book of Common Prayer. An Historìcal and 
Explanatory Treatise on the. By w. G. humphry, b.d., late Fellow of 
Trinity Cofiege, Cambridge, Prebendary of St PauFs, and Vicar of St. 
Martin*s-in-the-Fields, Westminster. 6M edition, Fcap. Svo, 2s, 6d, 
Cheap Edition, for Sunday School Teachers. is, 

JOSEPHUS (FLAVIUS). The Works of. whiston's Translation. 
Revised by rey. a. r. shilleto, m.a. With Topographical and Geo- 
eraphical Notes bycoLONELsiR e. w. Wilson, k.c.b. 5 vols. y. 6d, each. 

LUMBY (DR.). The History of the Creeds. I. Ante-Nicene. II. 
Nicene and Constantinopolitan. III. The Apostolic Creed. IV. The 
Qnicunque, commonly cailed the Creed of St. Athanasius. By j. rawson 
LUMBY, D.D., Norrisian Professor of Divinity, Fellow of St. Catherìne's 
College, and late Fellow of Magdalene College, Cambridge. 3n/ ed^on, 
rgvisul, Crown Svo, 75. 6d. 

— Compendium of English Church History, from 1688-1830. With a 

Preface by j. rawson lumby, d.d. Crown Svo, 6j. 
MACMICHAEL (J. F.). The New Testament in Greek. With 

English Notes and Preface, Synopsis, and Chronological Tables. By the 

late REY. J. F. MACMICHAEL. Fcap. Svo (730 pp.), 4r. 6d, 
Also the Four Gospels, and the Acts of the Apostles, separately. 

In paper wTappers, 6d, each. 
MILLER (E.). Guide to the Teztual Criticism of the New Testament. 

By REY. B. MILLER, M.A., Oxon, Rector of Bucknell, Bicester. Cr. Svo, 41, 
NEANDER (DR. A.). History of the Christian Religion and 

Church. Translated by J. torrey. io vols. small post Svo, 3^. 6d, each. 

— Life of Jesus Chrìst. Translated by j. mcclintock and a blumenthal. 

Small post Svo» 3/. 6d. 
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NEANDBR (DR. A.).* History of the Planting and Training of the 
Christian Church by the Apostles. Translated by j. e. ryland. 
2 Tols. 3/. 6^. each. 

— Lectures on the History of Christian Dogmas. Edited by dr. jacobi. 

Translated by J. E. ryland. 2 vols. small post 8vo, 3^. 6d, each. 

» Meniorials of Christian Life in the Early and Middle Ages. Trans- 
lated bv j. E. RYLAND. Small post 8vo, 'y, 6d, 

PEARSON (BP.). On the Creed. CarefuIIy printed from an Early 
Edition. Edited by E. walford, m.a. Post 8vo, 5^. 

PEROWNB (BP.). The Book of Psalms. A New Translation, with 
Introductions and Notes, Criticai and Explanatory. By the right rev. 
J. J. STEWART PEROWNE, D.D., Bishop of Worcester. 8vo. Voi. I. 
8M edition, rwised, i&r. Voi. II. 7M edition, retnsed, i6s, 

— The Book of Psalms. Abridged Edition for Schools. Crown 8vo. 
JtA edition» lox. 6d. 

SADLER (M. P.). The Church Teacher's Manual of Christian Instruc- 
tion. Being the Church Catechism, Expanded and Explained in Question 
and Answer. For the use of the Clergyman, Parent, and Teacher. By the 
REV. M. F. SADLER, Prebendary of Wells, and Rector of Honiton. 43^%^ 
ihousand, 2s. 6d. 
«% A Complete List of Prebendary Sadler's Works will be sent on 

application. 

SCRIVENER (DR.). A Plam Introduction to the Criticism of the New 
Testament. With Forty-four Facsimiles from Ancient A^anuscrìpts. For 
the use of Biblical Students. By the late F. H. scrivenbr, m.a., D.aL., 
LL.D., Prebendary of Exeter. 4IA edition, thoroughly revised, by the rev. 
E. MILLER, formerly Fellow and Tutor of New College^ Oxford. 2 vols. 
demy8vo, 32J. 

— Novum Testamentum Grece, Textus Stephanid, 1550. Accedunt variae 

lectiones editionum Bezae, Elzeviri, Lacbmanni, Tischendorfii, Tregellesii, 
curante F. H. A. scrivener, a.m., d.cl., ll.d. Revised edition. 4^. 6d, 

^- Novum Testamentum Grsece [Editio Major] textus Stephanid, 
A.D. 1556. Cum variis lectionibus editionum Bezae, Elzeviri, Lachmanni, 
Tischendorfii, Tregellesii, Westcott-Hortii, versionis Anglicanae emendato- 
rum curante F. H. A. scrivener, a.m., d.cl., ll.d., accedunt parallela 
8. scrìpturse loca. Small post 8vo. 2nd edition, ys, 6d, 
An Edition on writing-paper, with marginfor notes. 4to, halfbound, I2J. 

WHEATLEY. A Rational Illustration of the Book of Common 
Prayer. Being the Substance of everything Liturgica! in Bishop Sparrow, 
Mr. L'Estrange, Dr. Comber, Dr. Nicholls, and ali former Ritualist 
Commentators upon the same subject Small post 8vo, 3^. 6d, 

WHITAKER (C). Rufinus and His Times. With the Text of his 
Commentary on the Apostles' Creed, and a Translation. To which 
is added a Condensed History of the Creeds and Councils. By the rsv. 
CHARLES WHITAKER, B.A., Vicar of Natland, Kendal. Demy 8vo, Ss, 

Or in separate Parts. — l. Latin Text, with Various Keadings, 2s. 6d. 
2. Summary of the History of the Creeds, is, 6d, 3. Charts of the 
Heresies of the Times preceding Rufinus, and the First Four General 
Councils, 6</. each. 

— St. Augustine : De Fide et Symbolo— Sermo ad Catechumenos. St Leo 

ad Flavianum Epistola — Latin Text, with Literal Translation, Notes» and 
History of Creeds and Councils. 5^. Alsoseparately, Literal Translation. 

— Student's Help to the Prayer-Book. 3/, 
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SUMMARY OF SERIES. 

blbliothbca classica. 

Public School Series. 

Cambridge Greek and Latin Texts. 

Cambridge Texts with Notes. 

Grammar School Classics. 

Primary Classics. 

Bell*s Classical Translations. 

Cambridge Mathematical Series. 

Cambridge School and College Text Books. 

FoREiGN Classics. 

Modern French Authors. 

MODBRN GERMAN AUTHORS, 

Gombert*s French Drama. 

Bell's Modern Translations. 

Bell*s English Classics. 

Handbooks op English Litbraturb. 

Technological Handbooks. 

Bbll's Agricultural Series. 

Bbll*s Reading Books and Geographical Readers. 

BIBLIOTHECA CLASSICA. 

AESCHYLUS. ByDK.PALBY. %t. 

CICERO. By G. long. Vols. L and II. 8x. each. 

DEMOSTHÉNES. By r. whiston. a VoIs. 8x. each. 

EURIPIDES. By DR. PALSY. Vols. II. and III. 8#. each. 

H ERO DOT US. By dr. blakbslsy. a Vols. xa«. 

H E S I O D. By DR. paley. 55. 

HOMER. By DR. PALBY. a Vols. X4«. 

HORACE. By A. J. MACLBANB. 8f. 

PLATO. Phaedrus. By dr. thompson. 51. \ 
80PH0CLES. Voi. I. By f. h. blaydbs. 5#. 

— Voi. II. By DR. PALKY. &r. 

VIRO IL. By CONINGTON amd NBTTLB5IIIP. 3 Vols. xof. (Ul each. 

PUBLIC SCHOOL SERIES. 

ARISTOPHANES. Peace. By dr. palbt. a«. &/. 

— Achamiana. By dr. palby. a«. òeU 

— Eroga. Bv dr. palby. a^. &/. 

— Plutua. By M. •»•. qdinn. 3*. &/. 

CICERO. Lettera to Atticua. Book I. By A. prbtor. 4^ . td, 
DEMOSTHÉNES. De Falsa Legatione. By r. shillbto. 6f. 

— Adv. Leptinem. By a. w. beatson. 34. td, 

LIVY. Book VI. By B. s. wbymouth and G. p. Hamilton, a^. &/. 

— Books XXI. and XXII. By l. d. dowdall. aj. each. 

PLATO. Apology of Socrate» and Crita by dr. w. wagnbr. 3*. ttL and 

— Phaedo. By dr. w. wagnbr. 5x. 6dL 

— Protagoraa. By w. waytb. 4^ . dd, 

— Gorgias. By dr. thompson. fa, 

— Euthyphro. By g. h. wblls. 3^. 

— Euthydemua. By g. h. wblls. 41. 
.— Republic. By g. h. wblls. 51. 

PLAUTUS. Aalularia. By dr. w. wagnbil 4«. &iL 

— Trinummua. By or. w. wagnbr. 44. (id, 
•— Menaecbmei. By dr. w.' wagnbr. 4^. td, 

— Moatellaria. By ■. a. sonnbnschbin. 51. 
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PUBLIC SCHOOL SE.KiES—conHnuid. 

SOPHOCLrBS. Trachiniae. By a. rarroK. 4/. 6d, 

— Oedipaa TTrannus. By b. r. kbnnbdy. m. 6d, 
TERBNCB. By dr. W. wagnbk. ys. 6d. 
THEOCRITUS. By DS. falby. a*. Cd. 
THUCYDIDBS. BookVI. By T. w. douoan. af. 

CAMBRIDGE GREEK AND LATIN TEXTS. 

ABSCHYLUS. ByDS.PALBr. a«. « 

CAES AR. By e. long. ts. 6d. 

CICERO. De Senectute, de Amicitia, et Bpistolae Selectae. By o. lomo. 

Tt,6d. 

— Orationet in Verrem. By g. u>wì. m. 6d. 
BURIPIDBS. By Dt. PALBT. 3 Veli. ax. each. 
HBRODOTUS. By dr. blakbslbt. aVols. u. &/. each. 
HOMER'S Iliad. ByDR. palby. ts.6d. 

BORACE. By a. t. maclbanb. zx. 6d, 

IUVBNALr ANO PERSIUS. By A. j. maclbanb. u.6d. 
fUCRETIUS. By h. a. j. MUNRa as. 
8ALLUST. ByG. LONa xt. 6d. 
80PH0CLES. By dr. palby. as. 6d, 
TE RE N CE. By DR. w. WAGtvftR. ax. 
THUCYDIDES. By dr. Donaldson, a Vola, at . eacb. 
VIRO IL. By PROF. CONINGTON. ax. 
XENOPHON. By j. r. macmichabl. xx. 6d, 
NOVUM TESTAMENTUM GRAECE. By db. scBiVBirBB. 41. 60. 

CAMBRIDGE TEXTS WITH NOTES. 

ABSCHYLUS. By db. palby. 6 Vob. xx. 6d. eadi. 

BURIPIDBS. By dr. palby. 13 Vola. (lon, ax.) zx. 6d. each. 

HOMBR'S Iliad. By dr. palby. zx. 

SOPHOCLES. By dr. palby. 5 Vola. zx. 6J. each. 

XENOPHON. Hellenica. By rby. l. d. dowdall. Booka I. and II. ax. each. 

— Anabaais. By j. f. macmichabl. 6 Vols. xx. 6d. each. 

CICERO. De Senectute, de Amicitia, et Epistolae Selectae. By g. long. 

3 Vola. zx. 6d, each. 
OVID. Selectiona. By a. j. maclbanb. xx. 6^. 

— Faati. By dr. palby. 3 Vola. ax. each. 
TERENCE. By dr. w. wagnbr. 4 Vols. zx. 6</. each. 
VIRGIL. By prof, conington. za Vols. zx. 6d. each. 

GRAMMAR SCHOOL CLASSICS. 

CAESAR, De Bello Gallico. By g. long. 4X., or in 3 parta, zx. 6d, each. 
CATULLUS, TIBULLUS, and PROPERTIUS. By a. r.wsatislaw, 

and F. N. sutton. ax. 6d. 
CORNELIUS NEPOS. By j. f. macmichaei.. ax. 

CICERO. De Senectute, De Amicitia, and Select Epistlea. By g. long. 3X. 
HOMER. Iliad. ByDR. paley. Books I.-XII. 4X. 6d., or in a Parts, sx. 60. each. 
HORACE. By a. j. maclbanb. 3X. 6</., or in a Parts, ax. each. 
1UVBNAL. By hbrman prior. 3X. 60. 
M ARTIAL. By dr. paley and w. h. stonb. 4X. 60, 
OVID. Pasti. By dr. paley. 3X. 60., or in 3 Parts, zx. 60 each. 
SALLUST. Catillna and Jugurtha. By g. long and j. g. frazer. 3X. 60., 

or in a Parts, ax.each. 
TACITUS. Germania and Ag^ricola. Byp. frost. ax. 6<^. 
VIROIL. conington's edition abrìdged. a Vols. 4X. 60. each, or in 9 Parta, 

zx. 60. each. 

— Bucolica and Georgics. conington's edition abrìdged. 3X. 
XENOPHON. By j. f. macmichabl. 3X. 60.^ or in 4 Parts, zx. 60. each. 

— Cyropaedia. By g. m. gorham. 3X. 60,, or m a Parts, ix. 60. each. 

— Memorabilia. By pbrciyal frost. 3X. 

PRIMARY CLASSICS. 

EASY SELBCTIONS FROM CAESAR. By a. M. m. stbdman. zx. 
EASY SELBCTIONS FROM LIVY. By a. m. m. stbdman. zx. 60, 
EASY SELBCTIONS FROM HBRODOTUS. By a. g. liddbll. tt,€0. 



